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This is a companion textbook for Algebra III, a course included in the
undergraduate studies in Mathematics at Faculdade de Ciéncias da Univer-
stdade de Lisboa. It is not intended to be a stand-alone book. The main
topics of Algebra IIT are polynomials and Galois theory.

This text was written for the school year 2016-2017 and revised in subse-
quent years. Initially, it was written in Portuguese, but latter the first three
chapters were translated into English so that these chapters could be used as
a reference for the Algebra course of the Master Programme in Mathematics.
The Master Programme in Mathematics has regularly foreign students.

Students are assumed to be familiar with the language of set theory, to
know the arithmetic of integers, and to have taken basic courses on linear
algebra and abstract algebra. Occasionally, calculus and topology arguments
are used. For reference, this text includes a review of some topics taught
in previous courses. Other topics are also considered to be known from
previous courses and students should review them as needed.

The symbol N denotes the set of positive integer numbers; Ng = NU{0};
Z, Q, R and C denote, respectively, the sets of integer, rational, real and
complex numbers. If X is a set, | X| denotes its cardinality. If z1,..., 2, €
Z, then ged{z,...,2,} denotes the non-negative greatest common divisor
of z1,...,2, and lem{zy,...,2,} denotes the non-negative least common
multiple of z1,..., z,.

Propositions without proofs or with incomplete proofs should be proved
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Chapter 0

Preliminaries

It is assumed that most of the topics in this chapter, but not all of
them, have been taught in previous courses on Abstract Algebra. They are
included for reference.

0.1 Modular arithmetic

Let n € N. We say that k,l € Z are congruent modulo n and write k =1
mod(n) if n divides k — [. Congruence modulo n is an equivalence relation.
Denote the equivalence class of k € Z by k. Denote the set of all equivalence
classes by Z,.

Proposition 0.1 Let n € N.
(a) For everyk € Z, k= {k+zn:z € Z}.
(b) Zn, ={0,1,...,n—1} and |Z,| = n.

The operations

k+l:=k+1,

Dy X Ly = oy (R, 1)
HeT

and Dy X Ly = Ly (

)
)

are well-defined, that is, the images k+ [ and kl do not depend on the
representatives k and [ of k and [, respectively. In fact, for all k, &/, 1,1’ € Z,

k) —k
k1) — Kkl l

k=Fk and =1 k =k mod(n) and [ =1"mod(n)

n|lk—k and n|l-1

n|(k—K)+({=10) and n|(k—-K)N+K({1-1)
n|(k+1)— (K +1U) and n |kl — KT

k+1=k +1'mod(n) and kI = k'l'"mod(n)
k+1l=FK+1U and kl=FKT.

U R



It is easy to see that these operations of addition and multiplication defined
in Z, inherit various properties of the corresponding operations in Z.

Proposition 0.2 Let n € N. Let k,I,m € Z.

(a) k+l=1+k, k+(I+m)=(k+0)+m, k+0=k k+—-k=0.
(Im) = (lkym, kl1=k.

(l+m)=kl+km, (k+l)m=km+Im.

0.2 Groups

A semigroup is a set G together with an associative binary operation
x: G X G — (. Associative binary operation means that, for all z,y, z € G,
(z*y)*xz = x*x(y*z). A semigroup, as defined above, is denoted by (G, %) or
just by the letter G when there is no ambiguity about the binary operation.
A semigroup (G, %) is said to be Abelian or commutative if * is commutative,
that is, for all z,y € G, xxy =y * x.

A monoid is a semigroup (G, x) such that * has an identity e € G, that
is, for all z € G, x xe = e * x = x. In a monoid, there is only one identity:
if e, ¢’ are two identities, then e = e x ¢/ = €'.

A group is a monoid (G, %) with an identity e such that each x € G has
an inverse ¥’ € G, that is, x 2’ = 2’ *x = e. In a group G, each z € G has
only one inverse: if 2/, 2" are inverses of z, then 2/ = 2/ xe = 2’ x (x x2") =
(@' xx)xa2" =exa’ =a.

Usually, the binary operation in a group G is denoted by either - or +.
In the first case, we say that the group is multiplicative, the operation is
called multiplication; the product x -y is also denoted by zy; the identity is
denoted by 1¢ or 1; for every x € G, the inverse of x is denoted by 2~!. For
alln € N, x € G, z" is defined as the product x---x of z by itself n times
(]ID; 20 :=1gand 27" := (z~ ).

When using the symbol +, we say that the group is additive, the oper-
ation is called addition; the identity is called zero and is denoted by O¢g or
0; for every x € G, the inverse of x is denoted by —z. For alln € N, z € G,
nx is defined as the sum = + --- + « of = by itself n times; 0z := 0g and
(=n)z :=n(—x). It is frequent to use the additive language when the group
is Abelian.

A group with only one element is called trivial. Frequently, a trivial
multiplicative group is represented by 1, while a trivial additive group is
represented by 0. Note that we are using the same symbol for the identity
and for a trivial group, what is an abuse of language. This ambiguity can
usually be solved by the context.

In this first chapter, it is assumed that we are using the multiplicative
language, unless otherwise stated.

! Recursively: ! =z and 2™ =z - 2" 1, for every n > 2.



Proposition 0.3 Let G be a (multiplicative) group. For all x,y,z € G,
m,n € 7,

(a) TY=Tz=>Y==2, Yr =2 = Yy = 2,

(:L,m)n — xmn’

8

‘+y=zx+z=>y=zandy+r=z+zx=y=z,
(—z

—(z+y) = (~y) + (—z),

)

) ) =z,
)

(d) mz +nz = (m+n)x,
)
)

m(nzx) = (mn)z,

if G is Abelian, then m(x + y) = mx + my.

Group homomorphisms

In Algebra, a homomorphism is a map between two algebraic structures
of the same kind that preserves all operations, relations and constants re-
quired in the definition of those algebraic structures.

A homomorphism of semigroups is a map f : G — H, where G, H are
semigroups, that preserves the binary operation, that is, for all z,y € G,
fxy) = f(2)f(y).

A homomorphism of monoids is a map f : G — H, where G, H are
monoids, that preserves the binary operation and the identity, that is, f is
a homomorphism of semigroups and f(1g) = 1p.

A homomorphism of groupsis amap f : G — H, where G, H are groups,
that preserves the binary operation, the identity and inverses, that is, f is
a homomorphism of monoids and, for every x € G, f(z~!) = f(z)~!.

For these algebraic structures and others to be introduced in the future,
a homomorphism f : G — H is called monomorphism if f is injective;
epimorphism if f is surjective; isomorphism if f is bijective; endomorphism
if G = H; automorphism if G = H and f is bijective.

We say that two groups (respectively, semigroups, monoids) G and H
are isomorphic, and write G =2 H, if there is an isomorphism f : G — H.

It is easy to prove that, in any of the three cases above (semigroups,
monoids, groups), the composition of homomorphisms is a homomorphism,



the inverse of an isomorphism is an isomorphism and the map identity idg :
G — G, x +— x, is an automorphism. It follows that the set Aut G of all
automorphisms of a group (or semigroup, or monoid) G is always a group
with the composition as its binary operation.

If G, H are groups (respectively, monoids), the function G — H that
maps all z € G to the identity of H is a homomorphism of groups (respec-
tively, monoids), called a trivial homomorphism.

Proposition 0.5 Given two groups G, H, a map f : G — H is a homo-
morphism of groups if and only if, for all z,y € G, f(xy) = f(x)f(y).

Proof (=) Trivial.

(<) We have f(1)f(1) = f(1-1) = f(1). When we multiply both sides
on the right (or on the left) by f(1)~!, we get f(1) = 1. Let z € G. Then
f@)f(z7Y) = f(zz™!) = f(1) = 1. Analogously f(z~!)f(z) = 1. Therefore
fl@™) = flz)~" =

Note that a map f : G — H, where GG, H are monoids, may preserve
products without preserving the identity. Consider a monoid S = {1, s},
where 1 # s, 1 is the identity and s> = s. Then f: S — S, x — s, preserves
products but f(1) # 1.

Subgroups and cosets

Let G a group. A subset H of G is said to be a subgroup of G if 1 € H
and, for all ,y € H, 2y € H and z~' € H. The symbol H < G means that
H is a subgroup of G. The symbol H < GG means that H is a subgroup of
G and H # G.

If H is a subgroup of a group G, then H is a group, with the restriction
of the multiplication to H x H as the binary operation.

Let H be a subgroup of a group G. For every x € G, let

Hr={hx:he H} and xzH = {zh:hec H}.

The sets of the form Hz are called the right cosets of H in G. The sets of
the form xH are called the left cosets of H in G.

A subgroup N of a group G is said to be normal if, for every = € G,
Nz = zN. The symbol N < G means that N is a normal subgroup of G.
The symbol N <1 G means that IV is a normal subgroup of G and N # G.

Given a group G, {1} and G are always normal subgroups of G. The
subgroup {1} is called the trivial subgroup of G and is denoted by the symbol
1. A subgroup H of a group G is said to be proper if H # G.

Proposition 0.6 A non-empty subset H of a group G is a subgroup of
G if and only if, for all v,y € H, "'y € H.



Proposition 0.7 Let N be a subgroup of a group G. The following
statements are equivalent.

(a) NQQ@G.

(b) Forallz € G, Nx C xN.

c) Forallz € G,y €N, z 'yx € N.
() y y

Given a homomorphism of groups f : G — G’, the kernel of f is
ker f=f'({1)={ze€q: f(z) =1}

Proposition 0.8 Let f: G — G’ be a homomorphism of groups.
(a) If v € G and n € Z, then f(a™) = f(x)".
(b) If H < G, then f(H) < G
(¢) If H <G, then [(H) 4 f(G).
(d) If H <G, then f~Y(H') < G.
(e) If H < G, then f~Y(H') < G. In particular, ker f < G.
(1)

(¢

f is injective if and only if ker f = 1.

Let H be a subgroup of a group G. It is said that xz,y € G are right
congruent modulo H if xy~! € H. It is said that x,y € G are left congruent
modulo H if x=1y € H.

Proposition 0.9 Let H be a subgroup of a group G.
(a) For all xz,y € G, zy~' € H if and only if Hx = Hy.
(b) For all z,y € G, v~ 'y € H if and only if tH = yH.

(¢) Right (respectively, left) congruence modulo H is an equivalence rela-
tion.

(d) The right (respectively, left) congruence modulo H class of x € G s
the right coset Hx (respectively, left coset H).

Proposition 0.10 Let H be a subgroup of a group G. Let R and L the
sets the right cosets and left cosets, respectively, of H in G.

(a) The map
R— L, Hxw— z 'H,
is well-defined and is bijective.
(b) If G is finite, then for each v € G, |Hz| = |H| = |zH|. ()

2 For students who studied transfinite cardinal numbers: these equalities are also valid
for infinite groups.




Proof @ The map is well-defined and injective: for all z,y € G, Hx =
Hy < azy ' e He yr ' €e He o 'H =y 'H. Clearly the map is
surjective. ]

With the notation of the previous proposition, let [G : H] = |R| = |L].
This cardinality is called the indez of H in G.

Proposition 0.11 Let H be a subgroup of a group G. If [G : H| = 2,
then H < G.

Proof 1f [G: H] =2, then H and G \ H are the right and also the left
cosets of H in G. As right and left cosets coincide, H < G. [ |

Proposition 0.12 [Lagrange theorem| Let H be a subgroup of a finite
group G. Then
Gl =[G H)|H| ) (1)

and |H| divides |G].

Proof Let (x;)icr be a family of representatives of the left cosets of H
in G, i.e., the cosets z; [ are all the left cosets of of H in G and z; H # x;H
whenever i # j. As the left cosets partition the set G, |G| = >,/ |z H|.

By Proposition [0.10[[(b)] |G| = |I||H| = [G : H]|H]. |
If X,Y are non-empty subsets of a group G, the product XY is defined
by
XY ={zy:zeX,yeY}.
Proposition 0.13 Let H, K be subgroups of a finite group G. Then
[HK||HNK|=[H|K]. (°)
Proof HK = |J,cx Hz is a union of right cosets of H. For all z,y € K,
Hr=Hysazy 'eHory e HNK & (HNK)x = (HNK)y.

It follows that the number of distinct cosets Hz, with z € K, is equal to
[K : HN K]. Therefore

HEK|HNK|=| | ) Ha|[H 0 K| = [K : HOK]|H||H 0 K| = |H|[K].
zeK |

3 For students who studied transfinite cardinal numbers: this equality is also valid for
infinite groups.



Proposition 0.14 Let H, N be subgroups of a group G.
) If N C H, then N < H.
) If N <G and N C H, then N < H.
(¢) HN s a subgroup of G if and only if HN = NH.
(d) If N <G, then HONN < H.
) If N <G, then NI HN =NH <.
) If N1,..., N, are normal subgroups of G, then Ny --- N, < G.

Proof (c) Suppose that HN < G. Let x = hn € HN, where h € H
andn e N. As HN < G,n 'h™' =271 € HN. Thus n='h=! = W/2/, for
some h' € H and n’ € N. Then z = (h'n/)~! = n'~'W'~! € NH. Hence
HN C NH. To prove the other inclusion, let x = nh € NH, where n € N
and h € H. Then 27! = h™'n"' € HN. As HN < G, x € HN. Hence
NH C HN.

Conversely, suppose that HN = NH. Clearly 1 € HN. Let x,y € HN
and suppose that x = hn and y = h/n/, for some h,h’ € H and n,n’ € N.
As h"'Wn' € HN = NH, h™'W'n' = n"h", for some n” € N and h” € H.
Then 'y =n~'h='A'n’ =n~'n"h" € NH = HN. Hence HN < G.

(f) Suppose that p = 2. By (c¢) and (a), NyN2 < G. Let g € G, xz € Ny,
y € Ny. Then g(zy)g~! = (9zg ) (gyg™') € N1 Ns. Hence N1 Ny < G. Tt is
easy to complete the proof by induction. [ |

Quotient Groups

Let N be a normal subgroup of a group G. Let G/N be the set of all
cosets Nz = zN of N in G. In G/N, define a multiplication as follows:

G/N x G/N — G/N, (zN,yN) — (zy)N. (2)

Proposition With the previous notation, the multiplication is
well-defined, that is, the image (xy)N does not depend on the representatives
x,y chosen in the cosets tN,yN, and, with it, G/N is a group with identity
N. The inverse of a coset N is z ' N.

If G is Abelian, then G/N is Abelian.

With the previous notation, the group G/N is said to be the quotient
group of G by N.

Proof Suppose that N = wN and yN = zN. Let g € (xy)N. Then
g = xyn, for some n € N. As yn € yN = zN = Nz, yn = n'z, for some
n € N. As zn’ € xN = wN = Nw, zn’ = n”'w, for some n” € N. Then
g =xyn = zn’z = n"wz € N(wz) = (wz)N. Thus (zy)N C (wz)N. The
other inclusion can be proved analogously. Hence (zy)N = (wz)N and
is well-defined. [ |



For every normal subgroup N of a group GG, the map
p:G— G/N, x+— zN,

is an epimorphism of groups called the canonical epimorphism from G to
G/N.

Proposition 0.15 Let G be a group, N I G, and let p: G — G/N be
the canonical epimorphism.
(a) For each subgroup H of G, p(H) = HN/N.
(b) For each subgroup S of G/N, N C p~1(S) and S = p~1(S)/N.

Proof (a) By Proposition N < HN.
Let p(h) € p(H), where h € H. As h=hl € HN, p(h) =hN € HN/N.

Thus p(H) € HN/N. To prove the other inclusion, let xtN € HN/N. As
x € HN, x = hn, for some h € H and n € N. Then «N = (hn)N =
h(nN)=hN =p(h) € p(H). Thus HN/N C p(H).

(b) Let S be a subgroup of G/N. Let p : G — G/N be the canonical
epimorphism. Then H = p~!(S) is a subgroup of G. For each z € N,
p(x) =aN =N =1gy € Sand z € p~'(S) = H. Thus N C H. By
Proposition N < H. Let us prove that S = H/N.

Let tN € S. Asp(z) =a2N € S,z € p~}(S) = H. Thus S C H/N.
Now let N € H/N, where x € H = p~!(S). Then N = p(z) € S. Thus
H/N C S. Hence S = H/N.

To prove the other inclusion, let H be a subgroup of G containing N.
As1 € H N =1N € H/N. For all z,y € H, as xy !, (zN)(yN)~! =
(xN)(y™'N) = (zy~')N € H/N. Hence H/N is a subgroup of G/N. u

Proposition 0.16 Let N be a normal subgroup of a group G.
(a) The set of all subgroups of G/N is {H/N : N < H < G}.
(b) The set of all normal subgroups of G/N is {H/N : N < H < G}.

Proof (a) It follows from Proposition
(b) Let H/N be a subgroup of G/N. Then

H/N <G/N < Vy € G,z € N,(yN) ' (xN)(yN) € H/N
sVyeG,xeN, (y lay)N € H/IN
sVyeGreNylaye He HLSG. n



Group isomorphism theorems

Proposition 0.17 [First isomorphism theorem| Let f : G — H be a
homomorphism of groups. The groups G/ker f and f(G) are isomorphic.

The map
G

“Yer f

is well-defined and is an isomorphism of groups.

o

= [(G), w(ker f) = f(x),

Proof Forallxz,y € G,rkerf =ykerf oy lockerfs fly to)=1
& fly) tf(x) =1 & f(x) = f(y). Thus ® is a well-defined map and is
injective. Clearly @ is also surjective.

For all z,y € G, ®((xker f)(yker f)) = ®((zy) ker f) = f(zy) =
f(z)f(y) = ®(xker f)P(yker f). Hence @ is an isomorphism of groups. =

Proposition 0.18 [Second isomorphism theorem| Let H be a subgroup
of a group G. Let N be a normal subgroup of G. Then the groups H/(HNN)
and (HN)/N are isomorphic. The map

H HN

@:W%T, $(HﬂN)’—>$N,

s well-defined and is an isomorphism of groups.

Proof By Proposition HNN < Hand N < HN < G. Prove that
HN
v:.H— N z— N,

is an epimorphism of groups and ker W = H N N. The conclusion follows
from Proposition ]

Proposition 0.19 [Third isomorphism theorem| Let K,L be normal
subgroups of a group G such that K C L. The groups G/L and (G/K)/(L/K)

are isomorphic. The map

G G/K
d:— > L — L K)(L/K

Lo T ke @E)L/K)
is well-defined and is an isomorphism of groups.

Subgroup generated by a set. Cyclic groups

Proposition 0.20 Let G be a group. Let (H;)ier be a non-empty fami-
ly of subgroups (respectively, normal subgroups) of G. Then (\,c; H; is a
subgroup (respectively, normal subgroup) of G.



Let X be a subset of a group X. The intersection of all subgroups (respectively,
normal subgroups) of G that contain X is called the subgroup of G generated by X
(respectively, normal subgroup of G generated by X). The subgroup generated by
X is denoted by (X). If X = {x1,...,x,} is finite, then (X) is also denoted by
(x1,...,%,); in this case, we also say that G is generated by z1,...,2z,. A group
G is said to be cyclic if there is € G such that G = (z).

The normal subgroup of G generated by X is also called the normal closure or
the conjugate closure of X. Let X¢ = {grg™': g€ G,z € X}.

Proposition 0.21 Let X be a subset of a group X. The normal closure of X
is equal to (X&) = (X)C.

Proposition 0.22 Let f : G — G’ be a homomorphism of groups. If G is
generated by a set X C G, then f(Q) is generated by X' = {f(z) : x € X}. In
particular, if G is cyclic, then f(Q) is cyclic.

Proposition 0.23 Let G be a group generated by X C G. If X = 0, then
G=1. If X #0, then
G:{xlfl-~-mfl“ neNxzy,...,xn € X, k1,... . kn €{1,-1}}.
={ah . akneNzy, . 2, € Xk, Ky € 7).
In particular, if X = {x}, then G = {z* : k € Z}.

Given a group G, the cardinality of G is called the order of the group. If z is
an element of a group G, the order of the cyclic group (z) is also called the order
of x and is denoted by |x|.

Proposition 0.24 Let n € N. With the addition defined in Section|0.1} Z,, is
an additive cyclic group of order n.

Proof By the propositions in Section [0.1} Z,, is an additive group of order n.
It is easy to see that Z, = (1). [

Proposition 0.25 Let G be a cyclic group generated by x € G.

(a) If there is a positive power of x equal to 1 and n € N is the smallest positive
integer such that " =1, then,
(Q) forallk € Z, 2* =1 n |k,
(ii) for all k,1 € Z, x* = x' if and only if k = | mod(n),
(iii) G = () ={1,2%,...,2" '} and n = |G| = |z|,
(iv) G is isomorphic to the additive group Z,,.
(b) If G is infinite, then all powers x* are different and G is isomorphic to the
additive group 7.
(¢) G is finite if and only if there is n € N such that ™ = 1.

Proof (i) Suppose that z* = 1, where k € Z. Then k = nq + r, for some q € Z
and r € {0,...,n —1}. Then 1 = z¥ = (2")%2" = z". By the minimality of n,
r = 0. Therefore n | k.

Conversely, if k = ng, for some ¢ € Z, then z* = (2™)7 = 1.

(ii) b =2l e 2l =1en|k—1< k=1mod(n).

(iii) Let 2™ € G, where m € Z. Then m = nq + r, where ¢ € Z and r €
{0,...,n —1}. Then 2™ = (2™)%z" = 2". Therefore G C {1,z!,... 2" 1}.

10



The other inclusion is trivial. From (ii), the elements 1,z!,... 2"~ are

distinct and, therefore, |G| = n.

(iv) By (i),
f:Z, — G, ks o,

is a well-defined injective map. Clearly f is surjective. For all k,[ € Z,

P+ = FEFD) = 25 = ahal = 1)1 (D).

(b) If there are k > [ such that 2* = 2!, then z¥~! = 1 and, by (a), G
would be finite, a contradiction. It is easy to see that Z — G, k — 2, is an
isomorphism.

(c) follows from (a) and (b). ]

Proposition 0.26 Let G be a group and x € G.

(a) If |z| is finite, then |z| is the smallest positive integer n such that
™ =1.

(b) If G is finite, then x!Cl =1.

Proof The first statement follows from the previous proposition. By
Lagrange theorem, |z| | |G|. As zl*l =1, 2IC1 = 1. [ ]

Lemma 0.27 Let G be a cyclic group generated by x € G. Let H be a
non-trivial subgroup of G. Let k be the smallest positive integer such that
oF € H (). Then H = (zF).

Proof Let 2™ € H, where m € Z. Then m = kq + r, where ¢ € Z and
r € {0,...,k —1}. Then 2™ = (2*)92" and 2" = (2¥)"%2™ € H. By the
minimality of k, 7 = 0. Then 2™ = (2¥)? € (2*). Therefore H C (z*). As
z¥ € H, the other inclusion is trivial. [ ]

Proposition 0.28 Let G be a cyclic group.

(a) Ewvery subgroup of G is cyclic.

(b) If G is finite, then, for every d | |G|, G has one, and only one, subgroup
of order d.

(¢) If G is infinite, then every non-trivial subgroup of G is infinite.

Proof (a) follows from Lemma

(b) Let n = |G|. Let d | n. If d = 1, then the trivial subgroup has order
d and is the only subgroup of order d. Suppose that d > 1. Let k = n/d.

Y As H # 1, there is | € Z\ {0} such that 2! € H. Then 2',27" € H, with either I € N
or —I € N. Therefore there is a positive power of = in H.

11



Then d is the smallest positive integer such that (z*)? = 1. By Proposition
0.25 [(z*)| = d.

Now let H be any subgroup of G of order d. Let [ be the smallest
positive integer such that z! € H. By Lemma H = (2, 1| n and
d =|H| =n/l. Then | = n/d = k. Therefore, H = (z*).

(c) Let H be a non-trivial subgroup of G. By Lemma H = (), for
some k € N. By Proposition all powers of z* are different. Therefore
H is infinite.

|

Proposition 0.29 Let G be a group and suppose that x € G has finite
order. If 1 < k | |z, then |z*| = |z|/k.

Proof As 1 = zl*l = (zF)l#l/k | |2F| divides |z|/k. As 1 = (LEk)lzk' =
ZHe*l |z| divides k|2*| and |z|/k divides |2*|. Therefore |2*| = |z|/k. ]
Products of groups

Proposition 0.30 Let Gy,...,Gy, be groups. In
G=G1 x--+xG, = (.%'1,...,$n) GG:.%L'GGZ'},
define a multiplication as follows: for all (x1,...,xyn), (Y1,-..,yn) € G,

(1, oy 2n) (YL, -+ oy Yn) = (Z1Y1, - - o, TpYn)-

With this multiplication, G is a group. The group G is Abelian if and only
if, for alli € {1,...,n}, G; is Abelian.

With the previous notation, G is called the product of the groups G, . .., Gy.

Sums of subgroups of an additive Abelian group

Let G be an additive Abelian group.
If (x;)ier is a non-empty family of elements of G and S = {i € I : z; # 0}
is finite, we call sum of the family (z;);es to the element

Zwi ::in when S # () and le := 0 when S = 0.

iel 1€S iel

If (X;)ier is non-empty a family of non-empty subsets of G, then

S

el

12



represents the set of all sums of families (z;);cs, where, for each i, z; € X;
and S = {i € I : »; # 0} is finite. In particular, if X1,..., X} is a finite
family of non-empty subsets of GG, then

X1+ -+ Xpy={x1+ -+ ax: foreach i, x; € X;}.

Note that the sum of subsets is commutative and associative: if ) # X,Y, Z C
G,then X+Y =Y+ Xand X+ (Y +2)=(X+Y)+Z.
IfzeG,0#Y CG, then x + Y represents the set

z+Y ={z}+Y={os+y:yeY}

Proposition Let (G;)icr be a non-empty family of subgroups of an
additive Abelian group G. Then ), ; G; is the subgroup of G generated by

Uz’el Gi.

Exercises

021 Let n € N. Prove that Z, is an additive group and a multiplicative monoid.
Prove that Z,,\ 0 is a multiplicative monoid. Prove that Z, is a multiplicative
group if and only if n is a prime number. (This is already known from previous
courses. Students should do the exercise to recall the argument.)

0212 Let k € R. In R, define a binary relation ~ as follows: = ~ y if and only if
there is n € Z such that x — y = nk.

(a) Prove that ~ is an equivalence relation.

Denote the equivalence class of x € R by T or by z is there is no risk of
confusion. Denote the set of all equivalence classes by Ry.

(b) Prove that the addition + : Ry X Ry = Ry, (T,7) — T+7 =z +y,
is well-defined and Ry, is an Abelian group with this addition.

(¢) Prove that f:R — Rg,  — T, is an isomorphism of additive groups.

(d) Suppose that k # 0. Prove that the additive groups R and Ry are not
isomorphic.
(Hint: Show that Ry, has an element w of order 2 and R has no elements
of order 2, and note that, if f: Ry — R is an isomorphism, then
|f(w)] = [w| =2.)

(e) Suppose that k # 0. To avoid ambiguities, denote the class of z in Ry
by Z and the class of z in Ry by 7.
Prove that g : Ry — Ry, T + xk, is well-defined and is an isomorphism
of additive groups.

0213 Prove that T'= {z € C : |z| = 1} is a subgroup of the multiplicative group
C* = C\ 0. Prove that f: Ro, — T, T+ €@, is well-defined and is an
isomorphism between the additive group Ry, and T

0214 Let G be a semigroup and H C G. Then H is said to be a subsemigroup of G
if, for all z,y € H, xy € H. Show that H is a semigroup with the restriction
of the multiplication to H x H as its binary operation.

13
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Let G be a monoid and H C G. Then H is said to be a submonoid of G if,
for all z,y € H, xy € H and 1¢ € H. Show that H is a monoid with the
restriction of the multiplication to H x H and 15 = 1¢.

Let G be a group. An equivalence relation ~ on G is said to be a group con-
gruence relation if, for all w,z,y,z € G, if w ~ z and y ~ z, then wy ~ xz.
Let ~ be a congruence relation on G. Prove that, for all w,x € G, if w ~ z,
then w=! ~ 271, (P))

Given n € N, note that the congruence modulo n on Z is a congruence relation
on the additive group Z.

Let G be a group.

(a) Let ~ be a congruence relation on G and let N. be the equivalence
class (frequently called congruence class) of 1.

Prove that N, < G.

(b) Let N € G. Tt is said that z,y € G are congruent modulo N (and we
write z ~y y) if xy~! € N.
Prove that ~y is a congruence relation on G.

(¢) Prove that (a) and (b) give a bijective correspondence between the set
C of all congruences on G and the set A/ of all normal subgroups of G.

Let G be a set where a binary operation is defined. (The multiplicative
notation will be used.) Prove that G is a group if and only if

(a) (associativity) for all z,y,z € G, (zy)z = z(yz),

(b) (existence of right identity) there is e € G such that, for every x € G,
re =,

(c) (existence of right inverses) and, for each x € G, there is 2’ € G such
that za’ = e.

Let G be a non-empty set where a binary operation is defined. (The mul-
tiplicative notation will be used.) Prove that G is a group if and only if
the operation is associative and, for all g, h € G, the equations gx = h and
yg = h have solutions in G.

(Hint: (<) Fix g € G. Choose e € G such that ge = g. Show that, for every
h € G, he = h. Apply Exercise )

Prove that, if a® = 1, for all elements a of a group G, then G is Abelian.

Let G be a non-empty finite set with an associative binary operation such
that, for all a,b,c € G, ab = ac = b = c and ba = ca = b = ¢. Prove that
G is a group. Show that this conclusion may be false if G is infinite. (Hint:

Apply Exercise [0.219])
Let G be a finite group and let K < H < G. Prove that

[G:K]|=|G: H|H:K].
If f: G — H is a group homomorphism, H is Abelian and N is a subgroup
of G containing ker f, then N < G.

® In abstract algebra, a congruence relation (or simply congruence) is an equivalence
relation on an algebraic structure (such as a group, ring, or vector space) that is compatible
with the structure in the sense that algebraic operations done with equivalent elements
will yield equivalent elements.

14



02114 If f : G — H is a homomorphism of groups, N = ker f, and K < G, then
Y f(K)) = KN. Hence f~'(f(K)) = K if and only if N < K.

02115 If f: G — H is a group homomorphism, a € G, and f(a) has finite order,
then |a| is infinite or |f(a)| divides |al.

02116 Prove that the additive groups Z and Q are not isomorphic. (Hint: Prove
that Q is not cyclic and recall that Z is cyclic.)

[02117 Let G be a finite group. Prove that, if a,b € G, then |ab| = |ba|.

02118 If G is an Abelian group, then the set of all elements of G with finite order
is a subgroup of G.

02119 If H and K are subgroups of finite index of a group G such that [G : H] and
[G : K] are relatively prime, then G = HK.

02120 Let H, K, N be subgroups of a group G such that H < K, HONN=KNN
and HN = KN. Show that H = K.

[0.2121 Let G be a group of order 2n, where n is odd. Prove that G has one and
only one element of order 2.

[0.2122 Let H be a normal cyclic subgroup of a group G. Prove that every subgroup
of H is normal in G.

02123 Let H be a subgroup of a group G. Prove that Coreg H := ﬂgGG gHg™!
is the largest normal subgroup of G contained in H. (Coreg H is called the
core of H in G.)

[0.2124 Prove that, if G is a group of order 4, then either G = Zy or G = Zy X Zs.

0.3 Rings

A ring is a set R, with an addition + : R x R — R and a multiplication
-1 R x R — R, such that:

e (R,+) is an Abelian group;
e (R,-) is a monoid,
e the following distributive properties are satisfied: for all a,b,c € R,

a(b+c¢)=ab+ac and (a+b)c=ac+ be.

A ring is said to be commutative if the multiplication is commutative. A
ring is said to be trivial if R = 0.

In some books, the definition of ring may be a bit different. Note that,
according to this definition, all rings have identity for multiplication and it
is not required that 1 # 0.

Note that a ring R is trivial if and only if 1 = 0.

An element a of a ring R is said to be invertible if there is a™' € R
(called inverse of a) such that aa~! = a~'a = 1. The invertible elements
of a unit ring are also called units. It is easy to prove that an invertible
element has a unique inverse.

A ring R is called a division ring if R # 0 and all non-zero elements of
R are invertible. A commutative division ring is called a field.

15



Proposition 0.31 Let R be a ring. For all a,b,c € R,
(a) 0a =a0 =0,
(b) (—a)b=a(-b) = —(ab),
(¢) a(b—c) =ab—ac, (a —b)c = ac— be.

Proposition 0.32 Let R be a ring, a,b € R and n € N. If ab = ba,

then .
(a+b)" = Z <Z> akpnF,

k=0

Ring homomorphisms

A map f: R— R/, where R and R are rings, is called a homomorphism
of rings (or ring homomorphism) if it is a homomorphism of additive groups
and a homomorphism of multiplicative monoids, that is, if for any a,b € R,

o fla+b)=f(a)+ f(b),
o f(ab) = f(a)f(b),
o f(1r) =1p.
Proposition 0.33 Let f: R — R’ be a ring homomorphism. Then, for
any a,b € R,
(a) f(ORr) =Og,
(b) f(=a) =—f(a),
(c) fla—10)=f(a)— f(b),
(d) if a is invertible, then f(a) is invertible and (f(a))~! = f(a™!).

Proposition 0.34 The composition of ring homomorphisms is a ring
homomorphism. The inverse of a ring isomorphism is a ring isomorphism.
The set of all automorphisms of a ring is a group with the composition.

Subrings and ideals

A subset S of a ring R is called a subring of R if S is an additive subgroup
of R (that is, Or € S and Vb,d € S, b—d € S), 1r € S and, for all b,d € S,
bd € S.

A subset a of a ring R is called:

e a left ideal of R if a is an additive subgroup of R and, for all r € R
and a € a, ra € q;

e a right ideal of R if a is an additive subgroup of R and, for all r € R
and a € a, ar € a;

e an ideal of R if a is a left ideal and a right ideal of R.
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If R is a division ring, then 0 and R are the unique left ideals (and the
unique right ideals) of R.

Proposition 0.35 Let S be a subring of a ring R. Then
(a) 0g =0g and 15 = 1p.
(b) The additive inverses of b € S, in rings R and S, coincide.

(c) Ifb e S isinvertible in S, then b is invertible in R and the two inverses
coincide.

(d) S, with the restrictions of addition and multiplication to S x S, is a

Ing.
Proposition 0.36 Let f: R — R’ be a ring homomorphism.

(a) If S is a subring of R, then f(S) is a subring of R/,

(b) If a is an ideal (respectively, left ideal; right ideal) of R and f is an
epimorphism, then f(a) is an ideal (respectively, left ideal; right ideal)
of R'.

(c) If S" is a subring of R', then f~1(S") is a subring of R.

(d) If a is an ideal (respectively, left ideal; right ideal) of R', then f~'(a)
is an ideal (respectively, left ideal; right ideal) of R. In particular,
ker f = f~1({0}) is an ideal of R.

(e) f is injective if and only if ker f = 0.
Proposition 0.37 Let (B;)ics be a non-empty family of subrings (respectively,
ideals; left ideals; right ideals) of a ring R.

(@) MNier Bi and ) ,c; B;i are subrings (respectively, ideals; left ideals;
right ideals) of R.

(b) If the family (B;)icr is totally ordered by inclusion, then |J
subring (respectively, ideal; left ideal; right ideal) of R.

i1 Bi s a

Subrings and ideals generated by a set

Let X be a subset of a ring R. The subring of R generated by X is the
intersection of all subrings (respectively, ideals; left ideals; right ideals) of R
that contain X.

Let Rbe aring. If X1,..., X} are non-empty subsets of R, then X7 --- X,
denotes the subset of R whose elements have the form

n
Zai,l'wai,k, where neNa;; € X;,ie{l,...,n},je{l,...,k}.
i=1

Note that this product of subsets of R is associative. If Y7,...,Y} are non-
empty subsets or elements of R, and at least one of them is a subset of R,
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then Y7 - -- Y}, denotes the set X --- X,,, where X; =Y}, if Y; is a subset of
R, and X; = {Yj}, if Y; is an element of R. In particular, if € R, then

Rx = R{z} = {ax :a € R}

is the left ideal of R generated by {z} and

RzR = R{z}R = {Zaixbi:neN,ai,bi €R,ic {1,...,n}}

i=1
is the ideal of R generated by {x}.

Proposition 0.38 Let ¢ be a left ideal and let 0 be a right ideal of a
ring R. Let X be a non-empty subset of R. Then ¢X is a left ideal of R and
¢0 and ¢X0 are ideals of R.

Quotient rings

Let a be an ideal of a ring R. In the additive group R/a, define a
multiplication as follows: for all z,y € R,

(x+a)(y+a)=2ay+a.

It is easy to prove that this multiplication is well defined and, with it, the
additive group R/a is a ring, whose identity is 1z +a. The ring R/a is called
the quotient ring of R by a.

Proposition 0.39 Let a be an ideal of a ring R. The set of all subrings
(respectively, ideals; left ideals; right ideals) of R/a is

{S/a: S is a subring (respectively, ideal; left ideal; right ideal)
of R and a C S}.

Proof Only for subrings. The proofs for ideals, left ideals and right
ideals are analogous.

Let S be a subring of R/a. In particular, S is an additive subgroup of
R/a. By Proposition S = S/a, for some additive subgroup S of R such
that a € S. Let z,y € S. Then x +a,y+a € S/a=3S. As S is a subring
of R/a, zy +a = (r+a)(y+a) € S = S/a. Thus zy € S. Analogously
lp+a€S=S/aand 1 € S. Therefore S is a subring of R.

To prove the other inclusion, let S be a subring of R such that a C S.
Then S is an additive subgroup of R and, by Proposition S/a is an
additive subgroup of R/a. For all z,y € S, zy € S and (z + a)(y + a) =
xy + a € S/a. Moreover 1p € S and 1 + a € S/a. Therefore S/a is a
subring of Ra. [ |
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Ring isomorphism theorems

Proposition 0.40 Let f : R — R’ be a ring homomorphism. The rings
R/ker f and f(R) are isomorphic. The map

R
‘I)'kerf

= [(R), x+kerf— f(z),
1S a Ting isomorphism.

Proof By Proposition ® is an isomorphism of additive groups. It
is easy to conclude that ® is a ring isomorphism. [ |

Proposition 0.41 Let a,b be ideals of a ring R such that a C b. The
rings R/b and (R/a)/(b/a) are isomorphic. The map

R Ra

U —
6 b/a’

z+b— (x+a)+(b/a),

18 a Ting isomorphism.

Proposition 0.42 Let S be a subring and a an ideal of a ring R. Then
S+ a is a subring of R, a is an ideal of S+ a, SNa is an ideal of S and the
rings (S + a)/a and S/(S Na) are isomorphic. The map

8 _)S—i—a
"SNa a ’

r+(SNa)—z+a,
18 a Ting isomorphism.

Exercises

[031 Which are the subrings and the ideals of the ring Z of the integer numbers?

0.4 Commutative rings

Proposition 0.43 Letn € N.

(a) With the operations defined in Section Zy, is a commutative Ting
isomorphic to the quotient ring Z./Zn.

(b) Z, is a field if and only if n is a prime number.
Proof @ By Proposition Zy, is a commutative ring. Prove that

Ty — )7, k — k + Zn, is a well-defined ring isomorphism.
@ Suppose that n is prime. Let T € Z,, \ 0. Prove that

[ily — Ly, Y—>TY=7TY

19



is injective. As Z, is finite, f is bijective. Then there is § € Z,, such that
Ty = 1, that is, ¥ is an inverse of Z. Therefore Z, is a field.

Conversely, suppose that n is not prime. If n = 1, then |Z,| =1 and Z,
is not a field. If n > 1, then there are x,y € {1,...,n—1} such that n = xy.
It follows that Z,y € Z, \ {0} and Tg = 0. Therefore Z! = 7Z,, \ {0} is not
a group and Z, is not a field. [ |

Field of fractions of an integral domain

A commutative ring R is called an integral domain if R # 0 and, for all
a,b € R, ab=0= (a=0o0ub=0). If Ris an integral domain, then, for
all a,b € R,c € R\ 0, ac = bc = a = b. Fields are integral domains.

Let R be an integral domain. Let R* = R\ 0. In R x R*, define an

equivalence relation ~ as follows:
(a,b) = (c,d) < ad = cb.

Let @ of the equivalence classes for this relation. If (a,b) € R x R*, the
equivalence class of (a,b) is represented as a fraction a/b. In @, define an
addition and a multiplication as follows:

¢ ad-+cb ac ac

a
b4 "bd 0 bd b

It is easy to see that, with these operations, ) is a field, called the field of

fractions of R. The map

i:R—>Q, aw—a/l,
is a ring monomorphism, which allows us to identify R with its image i(R)

and thus consider R as a subring of Q).

Polynomials in one variable

Let R be a commutative ring. Let X be a variable. Let R[X] be the set
of all sequences (an)nen, of elements of R such that {n € Ny : a, # 0} is
finite. Denote each (an)nen, € R[X] by

Z anX". (3)

n€Ng

At this point, does not represent a sum; it is just a symbol. Note that

Y X" =) b, X" & YneNg, ap =by. (4)
neNy n€Np

20



In R[X], define an addition and a multiplications as follows:

DT anX™ |+ [ D X" =D (an +b) X", (5)

neNp neNp neNp
Sox' | [Tox | =S ¥ an|x ©
reNg s€Ng neNg \r,seNg:rs=n

Proposition 0.44 With the operations and @, R[X] is a ring. The
zero of R[X] is (0,0,0,...) and the identity of R[X] is (1,0,0,...).

The elements of R[X] are called polynomials in the variable X with
coefficients in R.

The polynomials were introduced here as sequences of elements of R, but
could have been introduced as other objects. The nature of the polynomials
is not important, what is important is the way they operate. Whatever the
way the ring of polynomials is introduced, polynomials must be represented
by expressions of form , must satisfy and addition and multiplication
must be defined by and @

Later, when studying polynomials in several variables, the polynomi-
als will be introduced a little more complicated way because, among other
things, we want that, if X and Y are distinct variables, then R[X] # R[Y],
what does not happen with the previous definition.

Let a € R e k € Nyg. Then aX* denotes the polynomial (@n)nen, where
ar, = a and a; = 0 whenever j # k; X* denotes the polynomial 1X*; X also
denotes the polynomial X'; and @ also denotes the polynomial a.X°.

With this notation, X© is the identity of R[X], X* is the kth power
of X and aXF is the product of the polynomial a by the polynomial X,
Moreover, given a polynomial , there is p € Ny such that, for n > p,
an, = 0 and

p
Z anX":Zaan:a0+alX+...+apo7
nENp n=0

where, on the right side, it is the sum of the polynomials a,a1 X, ..., a,XP.
Thus all operations suggested in are real.

Extend the addition and order defined in Ny to {—oo} U Ny, according
to the usual conventions: whatever n € {—oo} U Ny,

n+(—o0) =(—0)+n=-00, —oo<n.

Let f =5 a,X™ € R[X]. If f # 0, the degree of f is the largest n such that
an, # 0. If f =0, it is said that the degree of f is —oo. The degree of f is
denoted by d(f).
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Proposition 0.45 For all f,g € R[X],
(a) d(f+g) <max{d(f),d(g)},
(

b) d(fg) < d(f)+d(g),
(¢c) if R is an integral domain, then d(fg) = d(f) + d(g),
)

(d) if R is an integral domain, then R[X] is also an integral domain.

If f € R[X]\O0 is a polynomial in a single variable X and d = d(f), then
the coefficient of X in f is called the leading coefficient of f; if the leading
coefficient of f is 1, it is said that f is a monic polynomial.

Division of polynomials

Proposition 0.46 Let R be a commutative ring. If f,g € R[X], g # 0
and the leading coefficient of g is invertible, then there are unique polyno-
mials q,r € R[X] such that f = gq+ r and d(r) < d(g).

Proof (Existence) By induction on d(f). If d(f) < d(g), take ¢ = 0 and
r=f. Ifd(f)=d(g) =0, take ¢ = g~ ' f and r = 0.

Suppose now that neither of the two previous cases occurs. Then d(f) >
1 and d(f) > d(g). Suppose that n = d(f), m =d(g), f = an X" + -+ + ao,
g =bnX™+ - +by, aj,bj € R. Let f' = f — gbla, X" ™. Note that
d(f") < d(f). By the induction assumption, there are ¢/, € R[X] such that
f'=gq¢ +r and d(r) < d(g). Thus

f — f/ + gb;blaanfm _ g(q/ + b;nlaanfm) 4o

(Unicity) Suppose that f = gg+r = g¢'+r', d(r) < d(g) and d(r") < d(g).
Then g(q — ¢') = ' — r. Suppose that ¢ # ¢/. As the leading coefficient of
g is invertible, d(g(q — ¢')) = d(g) + d(¢ — ¢') > d(g). On the other hand,
d(r’ —r) < d(g), which is absurd. Hence ¢ = ¢ e 1’ =r. ]

Euclidean rings

The integral domain Z of the integers and the integral domain F[X] of
the polynomials in a variable X with coefficients in a field F' are known to
share a Euclidean division, as reproduced below.

Proposition 0.47 Let a,b € Z, with a # 0. there are unique integer
numbers q,r such that b=aq+r and 0 <r < |al.

Proposition 0.48 Let F be a field and f,g € F[X], with g # 0. there
are unique polynomials q,r € F[X] such that f = gq+r and d(r) < d(g).

More generally, a commutative ring R is said to be Fuclidean if there is
amap 6 : R\ 0 — Ny such that, for all a,b € R,
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e if ab # 0, then d(a) < d(ab)

e and, if a # 0, then there are ¢, € R such that b =aq+r and (r =0
or §(r) < é(a)).
A Euclidean ring R is called Fuclidean domain if it is a Euclidean ring
and an integral domain.
The rings Z and F[X] are examples of Euclidean domains. In Z, §(a) =
la|. In F[X], 6(f) = d(f). Other examples: a field F, with §(a) = 0; the
ring of Gauss integers {a + ib : a,b € Z}, with §(a + ib) = a® + b2

Principal ideal rings

Let R be a commutative ring. An ideal a of R is said to be principal if
a is generated by a set with a unique element.

It is said that R is a principal ideal ring if all the ideals of R are principal.

It is said that R is a principal ideal domain if it is a principal ideal ring
and an integral domain.

Proposition 0.49 If R is a Euclidean ring, then R is a principal ideal
Ting.

Proof Let R be a Euclidean ring. Let a be an ideal of R. If a = 0, then
a is generated by {0}. Suppose now that a # 0. Choose z € a\ 0 so that
d(x) is minimal. Let y € a. there are ¢,r € R such that y = xq + r and
(r=0ord(r) <d(x)). If r #0, then r =y — xq € a\ 0, which contradicts
the choice of . Thus r =0 and y = xq € Rx. Hence a = Rx. [ |

Prime ideals and maximal ideals

Let R be a commutative ring.

An ideal p of R is said to be prime if p # R and, for all a,b € R,
abep=acpoubenyp.

An ideal p of R is said to be mazimal if m # R and m is maximal in the
set of all proper ideals of R.

Proposition 0.50 Let a be a proper ideal of a commutative ring R.
Then there is a maximal ideal m of R such that a Cm ; R.

Proof Let B be the set of all proper ideals of R that contain a. Clearly
a € B. Let C be a non-empty chain of elements of B. By Proposition [0.37]
0 = U.ec ¢ is an ideal of R. For each ¢ € C, as ¢ # R, 1 ¢ ¢. Therefore 1 ¢ d
and 0 # R. Thus 0 € B.

By Zorn’s lemma, B has a maximal element m. It is easy to conclude
that m is a maximal ideal of R that contains a. [ |
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Corollary 0.51 If R is a non-trivial commutative ring, then R contains
a maximal ideal.

Proposition 0.52 A non-trivial commutative ring R is a field if and
only if 0 and R are the only ideals of R.

Proof Let R be a field. Let a be a non-trivial ideal of R. Let z € a\ 0.
Then R=Rx ' CRxr CaC R and a = R.

Conversely suppose that 0 and R are the only ideals of a commutative
ring R. For all z € R\ 0, Rz is a non-trivial ideal of R; thus R = Rz and
there is y € R such that 1 = yx. Therefore every element of R\ 0 has an
inverse and R is a field. [ |

Corollary 0.53 Let m be an ideal of a commutative ring R. The ring
R/m is a field if and only if m is a mazimal ideal of R.

Proposition 0.54 Let p be an ideal of a commutative ring R.

(a) The ring R/m is an integral domain if and only if m is a prime ideal
of R.

(b) If p is mazimal, then p is prime.

Divisibility in integral domains

Let R be an integral domain.

The set U(R) of all units of R is a group with multiplication. If a,b € R,
a | b means that a divides b, that is, there is r € R such that b = ar; a ~ b
means that a and b are associates, that is, a | b and b | a.

An element p € R is said to be prime if p # 0, p € U(R) and, for all
a,be R, p|lab= (p|aorp|b). An element p € R is said to be irreducible
ifp#0,pgU(R) and, for all a,b€ R, p=ab= (a € U(R) or b € U(R)).

Proposition 0.55 Let R be an integral domain, a,b € R and p € R\ 0.
(a) a|b< bR C aR.

(b) a~b< bR =aR.

(c) ~ is an equivalence relation.

(d) a~ b if and only if there is uw € U(R) such that b= au.

e) p is a unit if and only if pR = R.

f) If p is prime and p | ay ---ay, then there is i € {1,...,n} such that

Pl a;.

(g) p is prime if and only if pR is a prime ideal of R.

(
(

(h) p s irreducible if and only if pR is maximal in the set of all proper
principal ideals of R.
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(i) If p is prime, then p is irreducible.

(G) If R is a principal ideal domain, then p is prime if and only if p is
irreducible.

Proof Suppose that R is a principal ideal domain and p is irre-
ducible. Let a,b € R and suppose that p | ab. Suppose that p does not
divide b. Then bR < pR. Then pR G pR +bR. As pR + bR is a principal
ideal, it follows from de that R = pR + bR. Then 1 = px + by, for some
z,y € R. Then a = apz + aby. As p | ab, p | a. Hence p is prime. [

Let R be an integral domain and ay,...,a, € R. It is said that d € R is
a greatest common divisor of ay, ..., ay if,

e forallie {1,...,n},d]|q
e and, if, for alli € {1,...,n}, e| a;, then e | d.
It is said that m € R is a least common multiple of aq, ..., a, if,
o forallie {1,...,n}, a; | m
e and, if, for alli € {1,...,n}, a; | k, then m | k.

With the above notation, if d € R is a greatest common divisor of
ai,-..,ay, then the greatest common divisors of aq,...,a, are the asso-
ciates of d. Analogously, if m € R is a least common multiple of a1, ..., a,,
then the least common multiples of a1, ..., a, are the associates of m.

Proposition 0.56 Let R be a principal ideal domain and aq, ..., a, €
R.

(a) d € R is greatest common divisors of a1, ..., an if and only if
dR=a1R+---+anR.

(b) m € R is a least common multiple of a1, ..., ay if and only if
dR=a1RN---Na,R.

Unique factorization domain
An integral domain R is called a unique factorization domain if the
following two conditions are satisfied:

e every non-zero non-unit element of R can be written as a product of
irreducible elements

e and, if p1---pr =q1---qs, where s,t € Nand p1,...,pt,q1,...,qs € R
are irreducible, then ¢ = s and there is a bijective map 7 : {1,...,t} —
{1,...,t} such that, for each i € {1,...,t}, pi ~ qr(;)-

Notation 0.57 Let R be a unique factorization domain. Later, we use
the following notation.
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Choose a set R of representatives of the equivalence classes of the relation
~ as follows: 0 € R; the class of the units is represented by 1; in each class of
irreducible elements, we choose a representative in some way; in each of the
remaining classes we choose the only element that is a product of irreducible
elements previously chosen.

The resulting set R is a multiplicative monoid. It is easy to see that, if
a,b€ R and 0 # a | b, then b/a € R.

Denote by Z the set of all irreducible elements that belong to R.

When R = Z, the ring of integers, we choose for R the set of all non-
negative integers.

When R = F[X], where F is a field, we choose for R the set formed by
0 and by all monic polynomials.

Thus, if @ is a non-zero non-unit element of R, then

— 71 Tt
a_upl ...])t7

where v € U(R), p1,...,p: are distinct elements of Z and r1,...,7 € N;
moreover, the elements u,t,p1,...,p,71,...,7¢ are unique up to the order
of the factors pi*,...,p;".

Let ai,...,a, € R\ 0. Then
ap = wp)" -,
an = unpy™ - pp",
where uq,...,u, € U(R), p1,...,p: are distinct elements of Z and the ele-
ments 7; ; are non-negative integers.
Proposition 0.58 With this notation,
(a) a1 | az if and only if, for each i € {1,...,t}, ri; <roy,

(b) p*---p/* € R, where v; = min{ry;,...,m;}, is a greatest common
divisor of ai,...,an,

(c) pi*---pi'" € R, where pj = max{rij,...,rnj}, is a least common
multiple of a1,...,an,

With the previous notation, gcd{ai,...,a,} denotes pi*---p;* which
is the unique greatest common divisor of ay,...,a, in R. Analogously,
mmec{ay,...,a,} denotes pi* - pi".

Proposition 0.59 Let R be a unique factorization domain. For all
b,ai,...,an € R, ged{bay,...,ba,} ~bged{ay,...,an}.

Proposition 0.60 Let R be a unique factorization domain. For every
p € R, p is prime if and only if p is irreducible.
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Lemma 0.61 Let R be a principal ideal domain. For every chain of
ideals a1 R C agR C - - - there is p € N such that, for eachn > p, apR = a, R.

Proof By Proposition Unen @nR is an ideal of R. As R is a
principal ideal domain, | J,,cyy an R = bR, for some b € R. there is p € N such
that b € a,R. For each n > p, bR C a,R C a, R C bR and a,R = a,R.

|

Lemma 0.62 Let R be a principal ideal domain. If a is a non-zero
non-unit element of R, then there is an irreducible element p € R such that

p|a.

Proof With a view to a contradiction, suppose that a; = a does not
have an irreducible divisor. As a; is a reducible non-unit, a; = agb, where
as,b are non-units. Then as is a non-unit and a1, as are not associates.
As ag | a1 and a; does not have irreducible divisors, as does not have
irreducible divisors. Therefore, as also has a non-unit non-associate divisor
as. By repeating this argument, we construct a sequence (ay,)nen such that,
for each n, any1 is a non-associate divisor of a,. Then a1R G a2R G -- -,
which contradicts the previous lemma. ]

Proposition 0.63 If R is a principal ideal domain, then R be a unique
factorization domain.

Proof (Existence of factorization) Let a be a non-zero non-unit element
of R. With a view to a contradiction, suppose that a; = a cannot be written
as a product of irreducible elements. By the previous lemma, there is an
irreducible element p; that divides a;. Then a; = piao, where as € R
is reducible, non-zero, non-unit and as cannot be written as a product of
irreducible elements. Then as = psag, where po is irreducible. By repeating
this argument, we construct a sequence (py,)nen of irreducible elements and
a sequence (an)nen of elements of R such that, for each n, a, = ppani1.
Then a1R G aaR G - - -, which contradicts Lemma m

(Unicity of factorization) Suppose that py---p = q1 - - - g5, where py, .. .,
Pt,q1,- - -, qs are irreducible. The proof is by induction on p = min{¢, s}.
By Proposition p¢ is prime and, therefore, p; divides one of the
elements ¢, ..., qs. Without loss of generality, suppose that p; | ¢s. As g¢s is
irreducible and p; is a non-unit, p; ~ gs. Then g5 = upy, for some u € U(R).
Suppose that © = 1. Without loss of generality, suppose that ¢ = 1.
Then 1 = ugy---qs—1. If s > 1, then ¢; would be a unit, a contradiction.
Hence s = 1 and the proof is complete in this case.
Suppose that ¢ > 1. Then p; -+ pi—1 = ¢} ---¢,_1, where ¢ = ug: and
¢, = ¢; for each i € {2,...,s — 1}. By the induction assumption, ¢t = s
and there is a bijective map 7 : {1,...,t — 1} — {1,...,¢t — 1} such that
i ~ q;(i) ~ qr(; for each i € {1,...,¢t—1}. Tt is easy to complete the proof.
|
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Unique factorization of polynomials

Let R be a unique factorization domain. The content of a polynomial
f € R[X]\ 0 is the greatest common divisor of the coefficients of f that
belongs to R (EI) The content of f is denoted by C(f). A polynomial
f € R[X] is said to be primitive if C(f) = 1.

Lemma 0.64 Let R be a unique factorization domain. Let a,b € R\ 0
and f,g € R[X]\ 0.
(a) Claf) ~aC(f). SeaeR, Claf)=aC(f).
(b) There is a primitive polynomial f" € R[X] such that f = C(f)f’.
(¢) If f and g are primitive and af = bg, then a ~ b.

Proof (a) Suppose that f = ¢, X™ + -+ 4 ¢o. Then
C(af) = ged{acy,...,ac,} ~ aged{co,...,cn} = aC(f).

As R is a multiplicative monoid, if a € R, then C(af) = aC(f).

(b) As C(f) divides all coefficients of f, f = C(f)f’, for some f" € R[X].
By (a), C(f) = C(f)C(f'). Hence C(f') =1 and f’ is primitive.

(¢) a=aC(f) ~ C(af) = C(bg) ~ bC(g) = b. =

Lemma 0.65 [Gauss| Let R be a unique factorization domain and
f,g € RIX]\0. Then C(fg) = C(f)C(g). In particular, the product of
primitive polynomials is primitive.

Proof First, let us prove that the product of primitive polynomials is
primitive. Let f = a, X"+ -+ag, g = by X"+ - -+ by € R[X] be primitive
polynomials. Then

n+m
fg= Z i X®,  where ¢ = Z a;b;.
k=0 i+j=k

With a view to a contradiction, suppose that fg is not primitive. Then
there is an irreducible element p of R that divides all coefficients ci. As f is
primitive, p does not divide all coefficients of f. Let s be the smallest index
such that p does not divide as. Analogously, let ¢ be the smallest index such
that p does not divide b;. As p divides the elements ag, ..., as_1,bg, ..., b1
and

P | Cspt = aobstt + -+ + as—1bi41 + asby + asp1b—1 + - - + aspbo,

it follows that p | asb;. As pis prime, p | as or p | by, which is a contradiction.
Hence fg is primitive.

5 The set R was introduced in page
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Now the general case. By the previous lemma, there are polynomials
1, g € R[X] such that f = C(f)f and g = C(g)g’. By the first part of this
proof, C(f'g") = 1. By the previous lemma,

C(f9) = C(C(NI'Clg)g) = C(NHC()C(f'd) = C(f)C(g)- .
Lemma 0.66 If R is an integral domain, U(R[X]) = U(R).

If R is not an integral domain, the above lemma may be false. For
example, 2X + 1 € U(Z4[X]), because (2X +1)? =1, but 2X + 1 € U(Z,).

Lemma 0.67 Let R be an integral domain. An element a € R is irre-
ducible in R if and only a it is irreducible in R[X].

Proof Suppose that a € R is irreducible in R. Suppose that a = fyg,
where f,g € R[X]. As0=d(a) =d(f)+d(g),0=d(f) =d(g) and f,g € R.
As a is irreducible in R, f € U(R) = U(R[X]) ou g € U(R) = U(R[X]).
Hence a is irreducible in R[X].

The reciprocal statement is also easy to prove. ]

Lemma 0.68 Let R be a unique factorization domain and let Q be the
field of fractions of R.

(a) If g € Q[X]\ O, then there are a/b € Q\ 0 and a primitive polynomial
g € R[X] such that g = (a/b)g’.

(b) If f € R[X] is primitive, then f is irreducible in R[X] if and only if f
is irreducible in Q[X].

Proof (a) Let b be an element of R\ 0 such that bg € R[X]. By Lemma
0.64] there is a primitive polynomial ¢’ € R[X] such that bg = ag’, where
a = C(bg).

(b) Let f € R[X] be a primitive polynomial. Suppose that f is ir-
reducible in R[X]. Suppose that f = gh, where g,h € Q[X]. By (a),
g = (a/b)g’ and h = (c¢/d)h’, where a/b,c/d € Q and ¢,/ € R[X] are
primitive. Thus bdf = acg’h’ and

bd = bdC(f) ~ C(bdf) = Clacg'h') ~ acC(g'h) = ac.

Let u be a unit of R such that ac = ubd. Then f = ug’h’. As f is irreducible
in R[X], ug’ € UR[X]) = U(R) or W € U(R[X]) = U(R). Then g =
(a/b)g € Q\ 0 =U(Q[X]) or h = (¢/d)h' € Q\ 0 =U(Q[X]). Hence f is
irreducible in Q[X].

Conversely, suppose that f is irreducible in Q[X]. suppose that f = gh,
where g, h € R[X]. As f isirreducible in Q[X], g € U(Q[X]) = U(Q) = Q\0
or h e U(Q[X]) =Q\0. Thenge R\Oor he R\0. If g€ R\ 0, then
1 = C(f) = C(gh) ~ ¢gC(h), which implies that g € U(R) = U(R[X]).
Analogously, if h € R\ 0, then h € U(R[X]). Hence f is irreducible in R[X].

|
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Proposition 0.69 Let R be a unique factorization domain. If f € R[X]
is wrreducible and d(f) > 0, then f is primitive.

Proof 1If f € R[X] is not primitive and d(f) > 0, then f = C(f)f,
where C(f) and f’ are non-units. Hence f is reducible. ]

Proposition 0.70 If F is a field, then F[X] is a unique factorization
domain.

Proof Asnoted on page[23, F[X]is a Euclidean domain. By Proposition
0.49 F[X] is a principal ideal domain. By Proposition[0.63] F[X] is a unique
factorization domain. [

Proposition 0.71 If R is a unique factorization domain, then R[X] is
also a unique factorization domain.

Proof Let @ be the field of fractions of R. Let f be a non-zero non-unit
element of R[X].

Case 1. Suppose that d(f) = 0.

(Factorization existence) As R is a unique factorization domain, f =
p1 -+ pt, where py,...,p; are irreducible in R. By Lemma [0.67, p1,...,p
are also irreducible in R[X].

(Factorization unicity) Suppose that f = pi---py = q1---qs, where
Ply---,Pt,q1,---,qs are irreducible in R[X]. As d(f) = 0, p1,..., pt,q1,
..,qs also have degree 0 and, therefore, belong to R. By Lemma
P1,---,Ptq1,---,(s are irreducible in R. As R is a unique factorization
domain, ¢t = s and there is a bijective map 7 : {1,...,t} — {1,...,t} such
that, for each i € {1,...,t}, p; and qr(;) are associates in R. Clearly p; and
x(;) are also associates in R[X].

Caso 2. Suppose that d(f) > 0.

(Factorization existence) By Lemma [ = c¢f’, where ¢ = C(f)
and f' € R[X] is primitive. As @Q[X] is a unique factorization domain,
f"'= q - q, where qi,...,q are irreducible in Q[X]. By Lemma m
for each i € {1,...,t}, there are a;/b; € @ and a primitive polynomial
pi € R[X] such that ¢; = (a;/b;)p;. Thus ¢; and p; are associates in Q[X] and,
therefore, p; is also irreducible in Q[X]. By Lemma p; is irreducible in
R[X]. On the other hand, by -+ b f' = a1 -+~ ayp1 - - - pr. By Lemma [0.64] (c),
by---b and aq - - - a; are associates in R. Thus there is u € U(R) such that
ay---a; =uby---b;. Then f' =upy---p; and f = cupy - - py.

Suppose that cu € U(R). Then f = (cupi)p2 - - - p¢ is a decomposition of
f as a product of irreducible elements of R[X].

Suppose that cu ¢ U(R). As R is a unique factorization domain, cu =
c1---c, where cq,...,c, are irreducible in R. By Lemma Cly.. . Ck
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are also irreducible in R[X]. Thus f = ¢1---¢cgp1---p is a decomposition
of f as a product of irreducible elements of R[X].

(Factorization unicity) Suppose that

f:cl...ckpl...pt:dl.--dlql..-qs

are decompositions of f as two products of irreducible elements of R[X],
where k,I > 0, c1,..., ¢, d1,...,d; have degree 0, t,s > 0 e p1,...,Pt, q1,

.., qs have degree greater than 0. By Proposition PL- D, Q1 Qs
are primitive. By Lemma c1---c, and dj ---d; are associates in R,
where ¢1---¢cp =1ifk=0,and dy---d; =1if [l = 0. Thus £ = 0 if and
only if [ = 0. Suppose that k£ > 0. As R is a unique factorization domain,
k =1 and there is a bijective map o : {1,...,k} — {1,...,k} such that, for
each i € {1,...,k}, ¢; and d,(;) are associates in R and, therefore, there is
u € U(R) such that dy ---d; = ucy - - - ¢g. Then

P1---Pt =uqi1---(gs-

By Lemma Ply--sDt,q1,---,qs are irreducible in Q[X]. As Q[X] is
a unique factorization domain, ¢ = s and there is a bijective map 7 :
{1,...,t} = {1,...,t} such that, for each j € {1,...,k}, p; and q(;) are
associates in Q[X]. Let j € {1,...,k}. thereis a;/b; € Q\ 0 = U(Q[X])
such that qr(;y = (a;/bj)p;. Then bjqr;) = a;p; and, by Lemma b
and a; are associates in R. Then a;/b; € U(R) = U(R[X]). Hence p; and
qx(j) are associates in R[X]. ]

Theorem 0.72 [Eisenstein criterion] Let R be a unique factorization
domain Let Q) be the field of fractions of R. Let

f=a, X"+ - +ap € RIX], where n=d(f)>1.
If there is an irreducible element p in R such that
ptan, plai, forie{0,1,...,n—1}, and p*fao,

then f is irreducible in Q[X]. Moreover, if f is primitive, then f is irre-
ducible in R[X].

Proof First suppose that f is primitive. Let us prove that f is irre-
ducible in R[X]. Suppose that f = gh, where g,h € R[X]. As 1 =C(f) =
C(g9)C(h), 1 =C(g) = C(h) and g, h are primitive.

With a view to a contradiction, suppose that

g=bX"+---4+0by, where r=d(g)
h=cX°+---+cy, where s=d(h)

v

L,
1.

v
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As p | ap = boco, p | bo or p | cg. Without loss of generality, suppose that
p | bo. As p?tag = boco, p t co. As g is primitive, p does not divide all
coefficients of g. Let k be the lowest index such that p { bx. Then

p|ar =bocg + -+ bp_1c1 + brco

Asp | bo,...,p | bp_1, p | brco. As p is prime p | by or p | cp, which is a
contradiction. Hence d(g) = 0 or d(h) = 0.

As g and h are primitive, g € U(R) or h € U(R). Hence f is irreducible
in R[X]. By Lemma f is irreducible in Q[X].

Now consider the general case. There is a primitive polynomial f’ =
al, X"+ -+ +ay € R[X] such that f = C(f)f’. For each i, a; = C(f)al. As
ptan, pt C(f). Asptan, ptal,. Foreachie {0,1,...,n—1}, as p| a; and
ptC(f), p|al. As p*tao, p* 1 a. By the previous case, f’ is irreducible in
Q[X]. As f and f’ are associates in Q[X], f is also irreducible in Q[X]. =

Exercises

[041 Show that Z, is a Euclidean ring but is not a Euclidean domain.

42 Let F be a field. Prove that R = F?*2, the ring of 2 x 2 matrices with entries
in F, has only two ideals: 0 e R. Conclude that R is a principal ideal ring
but is not an integral domain. (]Z])

[0413 Let S be a subset of a commutative ring R such that 0 ¢ S. Prove that the
set of all ideals of R disjoint from S has a maximal element.

" A non-trivial ring R with only two ideals is said to be simple. In general, if D is a
division ring and n € N, then D™*" is simple.
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Chapter 1

Groups

1.1 Group actions. Cauchy theorem
An action of a group GG on a set X is a map
GxX—=X, (9,z)— gz, (1.1)

such that, for all g,h € G, x € X, g(hz) = (gh)z and 1z = x (ED
Given an action (1.1)) and = € X, the orbit of x, O(z), and the stabilizer
of z, S(x), are defined by

O(z) ={gx : g € G}, S(xz)={9€G:gx =z}

Note that the orbits are the equivalence classes for an equivalence relation
~ defined on X as follows: x ~y < dg € G : y = gx.

Examples 1.1 1. The multiplication in a group G is an action of G
on G.

2. If V is a vector space over a field K, then K* = K\ {0} is a multiplica-
tive group and the scalar multiplication K* x V' — V, (\,v) — v, is
an action of K* on V.

Proposition 1.2 [Orbit-stabilizer theorem| Given an action (1.1) and

x € X, S(z) is a subgroup of G. Let L be the set of all left cosets of S(x) in
G. Then

L— O0(z), ¢gS(x)w— gz, (1.2)

is a well-defined bijective aplication and [G : S(x)] = |O(z)|. If G is finite,
|O(x)| divides |G].

L If G is an additive group, we should write g(hz) = (g + h)x and Oz =
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Proof Aslz=uxz,1¢€ S(x). Let g,h € S(x). Then gr = z and hx = z.
It follows that

1

(gh)z = g(he) =gr =z and g 'z =g '(gz) = (¢ 'g)z = 1o =z

Therefore gh, g~! € S(x) and S(x) is a subgroup of G. For all g,h € G,
gS(z) =hS(x) & hlge S(z) & (hlg)x =2 < gr = ha.

Thus (1.2)) is a well-defined injective map. Clearly (|1.2)) is also surjective.

Therefore [G : S(x)] = |O(z)]. [ ]

Conjugacy, centralizer, normalizer and center

Let G be a group. Recall that x,y € G are said to be conjugate in G if
there is ¢ € G such that y = gxg~!. Note that conjugacy is an equivalence
relation in G. The equivalence classes are called the conjugacy classes of G.
Also note that

GxG—G, (g,2)—grg !, (1.3)

is an action of G on G. The orbits associated with this action are the
conjugacy classes of G and the stabilizer of x € G is

Ca(z) ={g9 € G: gxr = xg}.

The group Cg(x) is called the centralizer of x in G. The following result
follows from the orbit-stabilizer theorem (Proposition [1.2).

Proposition 1.3 Let G be a finite group. The cardinality of the conju-
gacy class of x € G is equal to [G : Cq(x)] and divides |G)|.

Proposition 1.4 A subgroup N of a group G is normal if and only if
N is a union of conjugacy classes of G.

Proof (=) For each x € G, let K, be the conjugacy class of x. Let
r € N. Let grg~! € K,, where g € G. As N < G, gzg~! € N. Then
K, C N. Therefore UxEN K, C N. The other inclusion is trivial.

Prove the converse. ]

Now let G be the set of all subgroups of a group G. Two subgroups
K, L € G are said to be conjugate in G if there is g € G such that

L=gKg ' (={gzg ' : 2 € K}).
Now conjugacy is an equivalence relation in G and

GxG—G, (9,K)—gKg,
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is an action of G on G. The equivalence classes for conjugacy and the orbits
of this action coincide. In this case, the stabilizer of K € G is

Na(K) ={g9 € G: 9K = Kg}.
The group N¢(K) is called the normalizer of K in G.
Proposition 1.5 Let K be a subgroup of a finite group G. The car-

dinality of the conjugacy class of K is equal to [G : Ng(K)| and divides
Gl

Given a subgroup K of a group G, we call centralizer of K in G to
Co(K)={9€G:gx=uxg, forall z € K}.

The centralizer Cq(K) is equal to the intersection of the centralizers of its
elements and, therefore, Cz(K) is a subgroup of G. Note that the centralizer
of x € G coincides with the centralizer of the subgroup of G generated by .
Proposition 1.6 Let K be a subgroup of a group G.
(a) Cq(K) < Ng(K)<G@G.
(b) K < Ng(K) and Ng(K) is the largest subgroup of G containing K as

a normal subgroup.

(¢c) If L < Ng(K), then KL = LK < G.

Proposition 1.7 Let K, L be subgroups of a group G. If K, L are con-
Jugate in G, then Ng(K), Ng(L) are conjugate in G.

Proof. Suppose that L = gKg~!, for some g € G. Then y € Ng(L) <
yL = Ly & ygKg~' = gKg7'y & g 'ygK = Kg~'yg & g 'yg €
Ng(K) <y € gNg(K)g~!. Therefore Ng(L) = gNg(K)g™*. ]

We call center of a group G to
Z(G) =4z € G:gx=uxg, forall g € G} = Cx(G).
Proposition 1.8 Let G be a group.
(a) G is Abelian if and only if G = Z(QG).
(b) = € Z(G) if and only if the conjugacy class of x is {x}.
(¢) Z(G) 2 @G.

Now let G be a finite group. By the previous proposition, Z(G) is the
union of the conjugacy classes of G with only one element. Let Ki,..., K,
be the conjugacy classes with cardinality greater than 1. As G is the disjoint
union of its conjugacy classes,

|G| = |Z(G)| + |K1| + -+ + | K, |. (1.4)

This equality is called the class equation of G.
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Cauchy theorem

Proposition 1.9 Let p be a positive prime number. Let G be a finite
group such that |G| is a power of p. Suppose that G acts on a finite set X.
Let

F={reX:VgeG,gzr=ux}

F is called the set of the fized points for this action. Then |X| = |F'| (mod p).

Proof Let x € X. The orbit O(x) = {gz : g € G} has a unique element
if and only if x € F. Hence |F| is the number of orbits with exactly one
element. Let O(x1),...,0(x,) be the orbits with more than one element.
For each i € {1,...,n}, |O(z;)| =[G : S(zi)] = |G|/|S(x:)| | |G|. As |G| is a
power of p and [O(z;)| # 1, p [ [O(z:)]. As [X| = |F|+]0(z1)[+---+[O(zn)],
|X| = |F| (modp). ]

Theorem 1.10 [Cauchy theorem] Let G be a finite group and let p be a
positive prime number that divides |G|. Then G has an element of order p.

Proof Let m = |G| and

S={(ai,...,ap) €GP :ay---a, =1}

={(a1,... ,ap_l,ag_ll cearY ran,. a1 €GY

Clearly |S| = mP~t. As 1 <p|m, p|mP~L. Thus |S| =mP~! =0 (modp).
Note that, if (ai,...,a,) € S, then, for each k € {0,1,...,p — 1},

ak+1ak+2 .. .apa1a2 ceeap = (alzl . .al_l)(al .. .ap)(al .. .ak) — 1

and ag41---apay - ag € S. Prove that the function Z, x S — S, that maps
(k,(a1,...,ap)), where k € {0,1,...,p — 1}, to (akt1,--.,ap,a1,...,a%), is
an action of the additive group Z, on S. Note that the set of the fixed points

for this action is

F={(a1,...,ap) € S:Vk€{0,...,p— 1} k(a,...,ap) = (a1,...,ap)}.
={(a,...,a) € G : af = 1}.

Clearly (1,...,1) € F and |F| # 0. By the previous proposition and the
first paragraph of this proof, |F| = |S| =0 (modp). Thus 1 < p | |F| and
there is a € G'\ 1 such that a”? = 1. Then 1 < |a| | p. As p is prime positive,
la| = p. m

Exercises

[[T1 Let p be a positive prime number. A group in which the order of each element
is a power of p is called a p-group.

Prove that a finite G is a p-group if and only if |G| is a power of p. (Hint:
Use Lagrange and Cauchy theorems.)
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1.2 Finite subgroups of the multiplicative group
of a field

Proposition 1.11 Let G be a group and suppose that xr,y € G have
finite relatively prime orders. Then

(a) (z) N(y) =1.
(b) If zy = yx, then |zy| = |z||y.

(c) If y1,...,ye € G and, for all i,5 € {1,...,t} with i # j, |yi|,|y;| are
finite relatively prime and y;y; = y;ys, then |y1---ye| = |ya| - - |yl

Proof (a) Let z € (z)N(y). By Lagrange theorem, |z| | ged{|z|, |y|} = 1.
Then z = 1.

(b) As zy = ya, (zy)llW = (zlhl(ylhlel = 1. Therefore [zy] | [xly.
Let r = |xy|. Then 1 = (zy)" = 2"y". Then 2" =y~" € (x) N (y) = 1. Then
|z| | r and |y| | 7. As |z|, |y| are relatively prime, |z||y| | r = |zy|.

(c) Follows from (b) with an induction argument. ]

The exponent of a finite group G is defined as the positive lower common
multiple of the orders of its elements. Denote the exponent of G by e(G).
It follows from Lagrange theorem that e(G) | |G|.

Proposition 1.12 If G is a finite Abelian group, then there is x € G
such that |x| = e(G).

Proof The case G = 1 is trivial. Suppose that G # 1. Suppose that
e(G) = pi' ---p;*, where pq,...,p; are distinct positive prime numbers and
T1,...,7¢ € N.

Let ¢ € {1,...,t}. From the definition of e¢(G), it follows that there is
z; € G such that |z;| = p;'n;, where n; € N and ged{p;,n;} = 1. Let y; =
2", By Proposition [0.29] |y;| = pj*. By Proposition (©), lyr--ye| =
lyal -+ [ye = e(G). m

Proposition 1.13 Let F be a field. FEvery finite subgroup G of the mul-
tiplicative group F* = F \ {0} is cyclic.

Proof Let e = e(G). For every x € G, |z| | e and, therefore, 2 = 1.
Thus every element of G is a root of the polynomial X¢ —1 € F[X]. As
X°¢—1 has at most e roots in F, |G| < e. Ase | |G|, e = |G|. By Proposition

G is cyclic. [
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1.3 Permutation groups

Let X be a set. A bijective map X — X is called a permutation of
X. Let Sym X be the set of all permutations of X. With the composition,
Sym X is a group, called the symmetric group on X. The subgroups of
symmetric groups are called permutation groups.

Proposition 1.14 [Cayley theorem| Every group is isomorphic to a per-
mutation group.

Proof Let G be a group. For every z € G,
m(x):G— G, yw— xy,
is a permutation of the set G. The map
m:G— SymG, zw— w(x).

is a monomorphism of groups. Therefore G = 7(G) < SymG. [

Representations by permutations

A representation by permutations of a group G is a homomorphism from
G to a symmetric group Sym X. An injective representation is said to be
faithful. Note that, in other words, Cayley theorem says that every group
has a faithful representation by permutations.

Proposition 1.15 Let G be a group and let X be a set.
(a) Let G x X — X be an action of G on X. Then, for every g € G,

flg): X = X, zw gz,
is a permutation of X; and the map
f:G—=8SymX, g~ f(g),

1S a representation.
(b) Let f: G — Sym X be a representation. Then

GxX =X, (g,2) f(9)(z),

is an action of G on X.

(c) (a) and (b) give a bijective correspondence between the set of all group
actions of G on X and the set of all group representations G — Sym X .

Generally, the word representation can be used to designate other homo-
morphisms of a group G to a more concrete group, with additional structure,
which we hope will be easier to understand. Representations also appear
when studying other mathematical structures.

38



The finite symmetric and alternating groups

Let n € N. The symmetric group on N = {1,...,n} is denoted by S,
and is called the symmetric group of degree n. The group S, has order n!.

Let i1,...,%,, where 1 < r < n, be distinct elements of N. The permu-
tation (i1,...,4,) : N = N, defined by

i1 ig > iz > ip e ap and j— g if j & {ig, ... 00 )

is called a cycle of length r or an r-cycle. Note that (i1,...,3,) " = (ip,...,41).
A 2-cycle is called a transposition. If o € S, let

S(o)={ke{l,...,n}:0(k) #k}.

Clearly, if r > 2, S((i1,...,4r)) = {i1,...,4-} and S((i1)) = 0. Two permu-
tations o, 7 € S, are said to be disjoint if S(o) N S(7) = 0.

Proposition 1.16 If two permutations o, 7 € Sy, are disjoint, then o7 =
TO.

Proposition 1.17 Every permutation in Sy \1 is the product of disjoint
cycles of length at least 2. This factorization is unique up to the order of
the factors.

Lemma 1.18 If p € N is odd and 11,...,7, € S, are transpositions,
then 1 # 71 -+ 7).

Proof By induction on p. Suppose that 7, = (a,b). If p = 1, then
1(a) =a # b=mi(a) and 1 # 71.. Suppose that p > 1 and p € Nis odd. Let

m=1{j€{l,...,p}:a€S(1)}

The proof continues by induction on m. If m =1, then a = (71 - - - 7p—1)(a),
1(a) =a#b=(r1---7p)(a) and 1 # 71 ---7,. Suppose that m > 1. Let ¢
be the largest j € {1,...,p — 1} such that a € S(7;).

The proof continues by induction on yp = p —¢q. If p =1, then 7,1 =
74 = (a,c¢). If b = ¢, then 7,1 = 7, and, by the induction assumption on
p,l# 71 1po=m1--7. If b#c, then 7,_17, = (a,c)(a,b) = (a,b,c) =
(b, ¢)(a, c) and, by the induction assumption onm, 1 # 7 - - - 7,_2(b, ¢)(a, ¢) =
T1---Tp. Finally, suppose that > 1. Then ¢ < p — 1 and 7441 = (d,e),
where a & {d,e}. If ¢ & {d, e}, then 74, 7441 are disjoint and commute and,
by the induction assumption on p, 1 # 71 -+ - Tg_1Tg41TqTg42** Tp = T1 - * Tp.
If ¢ € {d,e}, suppose, without loss of generality, that ¢ = d; then, by the
induction assumption on i, 1 # 71 -+ 74—1(c,e)(a,e)Tg42- - Tp =T1 -+ Tp. W

Proposition 1.19 Ifn > 2, then every permutation o € S, is a product
of transpositions. The number of transpositions in any such factorization of
o is always even or always odd.
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Proof 1If (i1,...,4,) is a cycle of lenght r > 2, then
(i1, yip) = (1,40 ) (41, 0p—1) - - - (i1, 12). (1.5)

As every 0 € S, \ 1 is a product of cycles with length at least 2, it follows
that o is a product of transpositions. Moreover 1 = (1,2)(1,2).

If o =71---7, = p1---pq are two fatorizations of a permutation o as
product of transpositions, then 1 = 71.. ~7'1_1p1 -+ pg. By the previous

p
lemma, p + ¢ is even. Then p, q are both even or both odd. ]

A permutation o € S, is said to be even if it can be written as a product
of an even number of transpositions; otherwise, it is said do be odd.
By (1.5), a cycle of odd length is even and a cycle of even length is odd.

Proposition 1.20 The set A, of all even permutations in Sy, is a nor-
mal subgroup of Sy, of index 2.

The group A, is called the alternating group of degree n.

Conjugation in 5,
Proposition 1.21 Let o € S,,. Then
g = (8171, ey 817]‘1) ce (SkJ, ceey Sk,jk)7 (16)

where {11"'7n}:{81,17"'731,j1a"'7$k,la"'7sk,jk}7j1+"'+jk::n and
1< < e

Proof If o =1,1=(1)(2)---(n). Suppose that o # 1. By Proposition
o =T+ Tp, where 71, -+, 7, are disjoint cycles of lenght at least 2.
As disjoint cycles commute, we may assume that the sequence of lengths

of 7,---,7, is nonincreasing. Suppose that {1,...,n}\ Uje{l ph S(y)
has ¢ elements i1,...,iq. Then o = (i1)---(ig)71---7p is the prescribed
factorization. [ |

With the notation of the last proposition, the sequence (ji,...,jk) is
called the cycle type (em portugués tipo de ciclos) of o. From the unicity in
Proposition it follows that ¢ has a unique cycle type.

Proposition 1.22 Two permutations o,7 € Sy, are conjugate if and
only if they have the same cycle type.

Proof Suppose that o, 7 € S,, are conjugate. Let g be an element of S,
such that 7 = gog~!. Suppose that (1.6)) is a factorization of o as a product
of disjoint cycles as described in Proposition Suppose that

g: <Sl,1 “ e 317j1 .« e Sk‘,l “ e sk’,]k) . (1'7)

tia oty o tga o ey,
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Then
T = (t171, ... ,tle) .- <tk,17 - 7tk,jk)7 (1.8)

and, therefore, o, 7 have the same cycle type.

Conversely suppose that o, have the same cycle type. Suppose that
and (1.8 are factorizations of o and 7, respectively, as described in
Proposition Let g be the permutation . Then 7 = gog~!. [ |

Simple alternating groups

A group G is said to be simple if it is non-trivial and 1 and G are its
only normal subgroups.

The alternating groups A; and As are not simple, since they are trivial;
Aj is simple, since it has prime order and, by Lagrange theorem, 1 and As
are its only subgroups; A4 is not simple, since 1 # K <1 Ay, where

K ={1,(1,2)(3,4),(1,3)(2,4), (1,4)(2,3)}.

We will prove that A,, is simple for n > 5. This is the proof in [Hungerford-
2].

Lemma 1.23 Let r,s be distinct elements of {1,...,n}, with n > 3.
The alternating group A, is generated by

{(rys,k) : ke{l,...,n}\{r,s}} (1.9)

Proof The case n = 3 is trivial, since Az = ((1, 2, 3)).

Suppose that n > 3. A permutation o € S,, belongs to A, if and only if
it can be written as a product of 2-cycles with an even number of factors.
Therefore, the set of all products of two distinct 2-cycles generates A,,. That
is,

{(a,b)(c,d), (a,b)(a,c) : a,b,c,d are distinct elements of {1,...,n}}
generates A,. As
(a,b)(c,d) = (a,c,b)(a,c,d) and (a,b)(a,c) = (a,c,b),

A, is generated by the 3-cycles. After fixing r and s, any 3-cycle is of one
of the forms
(T7 s’ a)? (r7 a7 8)7 (/r7 a? b)? (87 a’? b)? (a7 b? c)?

where a,b,c are distinct elements of {1,...,n}. As (r,a,s) = (r,s,a)?,
(r,a,b) = (r,s,b)(r,s,a)?, (s,a,b) = (r,s,b)(r,s,a) and

(a,b,¢) = (r,8,a)%(r,s,c)(r, 5,b)(r, 5,a),
A, is generated by ([1.9)). [
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Lemma 1.24 If N is a normal subgroup of A, and N contains a 3-
cycle, then N = A,.
Proof Suppose that (r,s,a) € N. Then, for any k € {1,...,n}\{r,s,a},
(r,5,k) = ((a,k)(r,8)) " (r,5,a)*(a, k) (r,s) € N.
By Lemma N = A,. [ ]
Proposition 1.25 For every n > 5, A, is simple.

Proof Let N be a non-trivial normal subgroup of A,,. Choose o € N\ 1.
Suppose that ¢ = ¢; - - - ¢, where ¢y, ..., ¢ are disjoint cycles, each ¢; is an
ri-cycle and vy > -+ > r; > 1.

Case 1. Suppose that r1 > 4. Let 7 = co - - - ¢;. To simplify the notation,
suppose, without loss of generality, that ¢; = (1,2,...,7). Let 6 = (1,2,3) €
A,. As N < A,

N3o Yoo )y =77 rr—1,...,2,1)(1,2,3)(1,2,...,r — 1,7)7(3,2,1)
=(1,3,7).
By Lemma N = A,.

Case 2. Suppose thatt > 2, r1 =ry = 3. Let 7 = ¢3---¢;. To simplify
the notation, suppose, without loss of generality, that ¢; = (1,2,3) and
co = (4,5,6). Let 6 = (1,2,4) € A,. As N 1 A4,,

N oo Yoot =771(6,5,4)(3,2,1)(1,2,4)(1,2,3)(4,5,6)7(4,2,1)

=(1,4,2,6,3).
By Case 1, N = A,,.

Case 3. Suppose thatt > 2, 11 = 3 and r9 = 2. Let 7 = co--- 4.
Note that 7 is the product of disjoint 2-cycles and 72 = 1. To simplify the
notation, suppose, without loss of generality, that ¢; = (1,2,3). Then

N3o%=(1,2,3)7(1,2,3)r = (1,2,3)(1,2,3) = (1, 3,2).

By Lemma[1.24) N = A,,.
Case 4. Suppose that t =1 and r1 = 3. By Lemma N=2A,.

Case 5. Suppose that r1 = 2. Aso € A,, t > 2. Let 7 = ¢c3---¢.
Without loss of generality, suppose that ¢; = (1,2) and c2 = (3,4) Then
72 =1. Let § = (1,2,3) € A5. Then

N 3o 16061 =771(1,2)(3,4)(1,2,3)(1,2)(3,4)7(3,2,1) = (1, 3)(2,4).
Let ¢ = (1,3)(2,4) € N and £ = (1,3,5) € A,,. Then
N> C(fgfil) = (1737 5)

By Lemma[1.24] N = A,,.
In any case, N = A,,. Therefore A, is simple. [ |
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Dihedral groups

Let n > 3. We call dihedral group of degree n, denoted by D, (EI), to the
subgroup of 5, generated by x,y, where
r=1n-1)2,n-2)---(n—1)/2,(n+1)/2), ifnisodd,
r=(1n-1)(2,n—-2)---((n—2)/2,(n+2)/2), if n is even,
y=1(1,2,...,n).
Proposition 1.26 Letn > 3.

(a) D, is generated by two elements x,y satisfying

2] =2, Jyl=n and zy=1y 'z (1.10)

(b) If a group G is generated by two elements xz,y satisfying (1.10)), then
|G| = 2n, and G = D,,.

Proof The details are left as exercises.

(b) Using (1.10]), deduce that

G={y'al:ic{0,...,n—1},5 €{0,1}} = (y)(x). (1.11)
If x € (y), then zy = y~ 'z would imply that > = 1, what is impossible
because |y| =n > 3. Then x ¢ (y). Prove that |G| = 2n.

If H is another group generated by two elements w, z satisfying (|1.10]),
with z replaced by w and y replaced by z, then

H={z'w:ic{0,...,n—1},j € {0,1}}.
It is not hard to see that G — H, y'z/ — z'w’, is an isomorphism of groups.
|

The quaternion group Qs

We call quaternion group to the subgroup Qg of Sg generated by
T = (17 27 37 4)(57 67 77 8) and Y= (17 57 37 7)(27 87 47 6)
Proposition 1.27 (a) Qg is generated by two elements x,y satisfying
lz| =yl =4, 2?2=4* and yx=2%. (1.12)

(b) If a group G is generated by two elements x,y satisfying (1.12)), then
G = (z)(y), |G| =8, and G = Qs.

Proof Prove (b) by adapting the proof of Proposition m [ |

2 Alternative notation: in some publications, the dihedral group of degree n is repre-
sented by Day,.
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Exercises

[[3l1 Show that A4 has no subgroup of order 6. (EI)
32 Show that ((1,2)(3,4)) < ((1,2)(3,4)((1,3)(2,4)) < Ay and {(1,2)(3,4)) is
not normal in A4. So the relation < is not always transitive.

1.4 Solvable groups

A group G is said to be solvable if there is a finite chain of subgroups
1=Gy4G, 4--- 4G, =G
such that, for each i € {1,...,n}, G;/G;_1 is Abelian.
Proposition 1.28 Let G be a group, H < G and N < G.

(a) If G is solvable, then H and G/N are solvable.
(b) If N and G/N are solvable, then G is solvable.

Proof (a) Suppose that G is solvable and
1=GpdG14---4G, =G,

where, for each i € {1,...,n}, G;/G;_; is Abelian.
For each i € {0,...,n}, let H; = G;NH. Let i € {1,...,n}. For each
ye H;, yH; 1 =yG;_ 1 NyH = G;_1yNHy = H;_1y. Thus H; 1 < H; and

l=Ho<H,<d---<H,=H.

Note that G;—1 < G; and G; N H < G;. By Proposition (¢c), Gi-1 <
G;—1(G;NH) < G;. By Proposition the second isomorphism theorem,

H; . G,NH NGi_l(GiﬂH)< G;

Hi-y  Gi-1N(G;NH) Gi—1 ~ Gior

As G;/G;—1 is Abelian, H;/H;_ is also Abelian. Hence H is solvable.
Let p: G — G/N, g — gN, be the canonical epimorphism. Then

1 =p(Go) <p(G1) 2+ Ip(Gn) = G/N.

Prove that, for each K < G, p(K) = KN/N.
Leti e {1,...,n}. As

p(Gz) . GZN/N ~ GZN . Gz(Gz_lN) ~ Gz
p(Gi1)  Gi-1N/N — GiiiN— GiaiN G;NGi-N
Gi/Gi
(Gl N Gz;lN)/Gl;l
3 We have seen that finite cyclic groups satisfy Proposition (b), a converse of
Lagrange theorem. This exercise shows that this converse is not always true.
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and G;/G,;_1 is Abelian, we deduce that p(G;)/p(G;_1) is also Abelian.
Hence G/N is solvable.

(b) Suppose that N and G/N are solvable,

1=Ny <IN, <--- <N, = N,

where, for each ¢ € {1,...,m}, N;/N;_1 is Abelian, and

(N} =Go/N 9G1/N<-- < Gn/N =G/N,

where, for each i € {1,...,n},

Gi/N _ G,

Gi-1/N — Gi

is Abelian. As

1=No<N;<---dN,,=N=Go 4G 4--- 4G, =G,

G is solvable. [ ]

Proposition 1.29 If f : G — H is a homomorphism of groups and G
is solvable, then f(G) is solvable.

Proof By Proposition G/ ker f is solvable. As G/ker f = f(G),
f(Q) is also solvable. [ ]

Recall that a group G is said to be simple if it is non-trivial and 1 and
G are its only normal subgroups.

Examples 1.30 1. Every Abelian group is solvable.

2.

If G is a simple non-Abelian group, then G is not solvable. By Propo-
sition for n > 5, the alternating group A, is not solvable.

The symmetric group Ss is solvable: 1 < Ag < S5, where A3 (= Z3)
and S3/As (= Za) are Abelian.

. Sy is solvable: if K ={1,(1,2)(3,4),(1,3)(2,4),(1,4)(2,3)}, then 1 <

K g A4 < 54, where K (g ZQ X ZQ), A4/K (g Zg) and S4/A4 (g ZQ)
are Abelian. Note that K < S; because K < S; and K is a union of
conjugacy classes of Sy (cf. Proposition . As K < Ay < 54, K is
also normal in Ajy.

For n > 5, as S, contains the non-solvable group A,, S, is also non-
solvable.

Exercises

[[4l1 Let G and H be solvable groups. Prove that the product G' x H is solvable.

(See the definition of products of groups in page )
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1.5 Linear groups

Let V be a vector space over a field F'. Let GLV be the set of the linear
automorphisms of V. With the composition, GLV is a group, called the
general linear group of V. The set GL,, F' of the n x n invertible matrices
over I' is a group, with the usual multiplication, called the general linear
group of degree n over F. The subgroups of GLV and GL, F' are called
linear groups (ED

A linear representation of a group G is a homomorphism from G to a
group GL V, where V is a vector space. A linear representation by matrices
of a group G is a homomorphism from G to a group GL,, F, where F' is a
field. Linear representations are particularly important, as they bring the
Linear Algebra tools to Group Theory.

Example 1.31 Let G be a group and let V' be a vector space. Then
f:G — GLV, g — idy, is a representation, called a trivial representation.

Example 1.32 Let V be a vector space over a field F' with dimension
n € N. Let B = {b1,...,b,} be a basis of V.

Let o € S,,. From Linear Algebra (EI), there is a unique isomorphism f,
of V such that, for all k € {1,...,n}, fo(by) = byx). Then f: .5, = GLV,
o+ fg, is a faithful (that is, injective) representation.

Frequently, groups emerging from other areas of Mathematics or from
Physics have a topology such that the binary multiplication and the inverse
are continuous maps. These groups are called topological groups. In these
cases, it may be more useful to consider continuous linear representations
to topological linear groups.

Example 1.33 Let C* be the multiplicative group of all non-zero com-
plex numbers. The set T of all complex numbers with modulus equal to 1
is a subgroup of C*, called the circle group:

T ={e*" .0 cR} = {2 €[0,1)}. (1.13)
The map

f:T — GLyR, ﬁmH[C”m mxy

—sinx cosx

is a faithful representation of the circle group T'. With the topology induced
by the usual toplogy in C, T is a topological group. With the topology in-
duced by the usual toplogy in R?*2, GLy R is a topological group. Moreover
f is continuous.

* When GLV (or GL, F) also has a topological structure, as it is the case when
F € {R,C}, the name linear group may be reserved for closed subgroups, since they are
especially relevant in that context.

5 The following facts are known from Linear Algebra: given ui,...,u, € V, there is
a unique linear endomorphism f of V' such that, for all k € {1,...,n}, f(bx) = ug; this
endomorphism f is an isomorphism if and only if {u1,...,u,} is a basis of V.
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Exercises

[[3l1 The quotient of the additive group R by its subgroup 7Z is
R/Z={z+Z:zeR}={x+Z:2€]0,1)}.
If T is the circle group introduced in , then
T - R/Z, ™ —zx+7Z,

is an isomorphism.

[[A2 Let Qs be the quaternion group introduced in page Prove that there is
one and only one faithful representation Qg — GLy C such that

Lo Lo
A ) B A IR ~1 0 |

[[H3 Let Qs be the quaternion group introduced in page Prove that there is
one and only one faithful representation Qg — GL2(Z3) such that

IH[} _11], y»—){_ll }}
1.6 Symmetry groups

Symmetry groups

Let S be a subset (called a geometric figure) of the n-dimensional Eucli-
dean space E,. A symmetry of S is a bijective transformation T" : E,, — E,
that preserves lengths (and, consequentely, sends straight lines to straight
lines and preserves measures of angles) and satisfies T'(S) = S. The set of
all symmetries of S, together with the composition, is a group, called the
symmetry group of S.

The symmetries of a rectangle that is not a square are the identity,
two reflections R, S and their composition RS which is a rotation. These
symmetries constitute an Abelian group isomorphic to Zo X Zs.

R

The symmetry group G, of a regular n-sided polygon in F, is gener-
ated by a reflection x and a rotation y satisfying (1.10]), and, therefore, is
isomorphic to the dihedral group D,,.
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x (reflection) 6 x (reflection)

y (rotation)

y (rotation)

The symmetries of a regular tetrahedron in F3 constitute a group iso-
morphic to Sy. To justify this, observe that any transposition of the four
vertices of the tetrahedron can be obtained by a symmetry and, therefore,
any permutation of the vertices can be obtained by a symmetry.

Students can find more details and, in particular, the symmetry groups
of the other Platonic solids in [Cameron, p. 140-144].

NS

In the previous examples, the symmetry groups are finite, but many
geometric figures, as the sphere, have infinite symmetry groups.

Symmetry groups of bilinear forms

Let F be afield. Let V = F™*! the vector space of column vectors with n
coordinates. Let (eq,...,e,) be the canonical basisof V. Let : V xV — F
be a bilinear form. Then, for all u,v € V,

B(u,v) = u" Bv, where B = [b;;] € F"™ ", b;; = B(e;, e;).

The matrix B is called the matrix of the bilinear form S (relative to the
canonical basis).

An invertible matrix P € GL,, F is said to be a symmetry of 5 (or is said
to preserve f3; or is said to be an automorphism of ) if,

Yu,v eV, pB(Pu,Pv)=p(u,v), (1.14)

that is,
Vu,v eV, uw'PTBPv=u"Bu, (1.15)

It is easy to see that ([1.15) is equivalent to PTBP = B. It is also easy to
see that the set
A(B) ={P e GL,F: P'BP =B}

of all symmetries of 3 is a subgroup of GL,, F.
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Now let F' = C. With the notation used above, let 3: V xV — C be a
sesquilinear form. Sesquilinear form means that, for alla € C, u, v/, v,v € V,

6(u+ul7v) = B(u7v) —i—ﬁ(u',v), B(au7v) :aﬁ(uﬂ))a
Bu,v+v") = Bu,v) + B(u,v"), Blu,av) = aB(u,v).

Then, for all u,v € V,
B(u,v) = u* B, @ where B = [b; ;] € C"" b, ; = B(e;, e;).

The matrix B is called the matrix of the sesquilinear form f (relative to
the canonical basis). A symmetry of § is defined as any matrix P € GL,, C

satisfying ((1.14). Now (|1.14)) is equivalent to P*BP = B. The set
A(B)={P € GL,C: P"BP = B}

of all symmetries of 3 is a subgroup of GL,, C.

Matrix Lie groups

Following [Hall, p. 4], a matriz Lie group is any subgroup G of a general
linear group GL,, C such that, for every sequence (Ag)gen of matrices in G,
if (Ag)ren converges to some matrix A € GL,, C, then A € G.

Consider in GL,, C the topology induced by the usual topology in C™**".
The definition means that a subgroup G of GL, C is a matrix Lie group if
and only if it is a closed subset of GL,, C.

The general linear group GL,, C is a matrix Lie group, since it is closed
in GL,, C.

The real general linear group GL, R is also a matrix Lie group. Let
(Ag)ken be a sequence of real invertible matrices converging to A € GL,, C.
Then (Ag)ken is a Cauchy sequence. As R™ ™ is a complete space, (Ag)ren
converges in R™ ", Hence A is a real matrix. As A is invertible, A € GL,, R.
Therefore GL, R is closed in GL,, C.

The set

SL,C={AecGL,C:detA=1}

is a subgroup of GL,, C called the special linear group. As
d:GL,C—>C, A~ detA,

is a continuous function and {1} is closed in C, SL,, C = d~!({1}) is closed
in GL,, C. Therefore SL,, C is a matrix Lie group.
The real special linear group

SL,R={A€GL,R:detA=1}=GL,RNSL,C

u = ET7 the conjugate transpose of u.
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is also a matrix Lie group.

Let F' € {R,C}. Recall that a matrix B € F"*" is said to be symmetric
if BT = B; Hermitian if B* = B; antisymmetric if BT = —B; orthogonal if
BTB = BB"T = I,,; unitary if B*B = BB* = I,,.

Using the notation introduced above, let 8 : V x V — F be a bilinear
form and let B be its matrix. The function

¢:GL,F — F"", P~ P'BP— B,

is continuous and, therefore, A(8) = ¢~1({0}) is closed in GL,, F. As GL,, F
is closed in GL,, C, A(p) is closed in GL, C. Hence A(f) is a matrix Lie
group. Analogously, if ' = C and §: V x V — C is a sesquilinear form,
then A(p) is a matrix Lie group. Some of these groups appear as symmetry
groups in Physics.

Using the notation above, a bilinear form f is said to be symmetric if
its matrix B is symmetric; S is said to be antisymmetric if its matrix B is
antisymmetric. Usually, the group of symmetries of a symmetric bilinear
form is said to be an orthogonal group and the group of symmetries of an
antisymmetric bilinear form is said to be a symplectic group.

If the bilinear form ( has matrix I, then A(f) is the group of all or-
thogonal n x n matrices over F' and is denoted by O, F'. Note that, if I’ =R
and S has matrix I, then § is the usual inner product in R".

The space-time of special relativity is R*. The bilinear form # with ma-
trix B = diag(1,1,1, —1) is used to measure it, replacing the inner product.
In this case, A(S) is called the Lorentz group.

If a bilinear form S has matrix

[ o I
B_[—Ik 0}’

then the symplectic group A(f) is denoted by Spy. F'. Its elements are called
symplectic matrices.

If F = C and a sesquilinear form  has matrix I,,, then A(3) is denoted
by Uy, C. These groups are called unitary groups.

The matrix Lie group SO,, = SL, RN O, R is called the special orthogo-
nal group and SU,, = SL, C N U, C is called the special unitary group. In
Example [I.33] the image of the faithful representation f is SOj. SOg is
also isomorphic to the group of rotations of R?. SQOj is isomorphic to the
group of rotations of R®. In Particle Physics, SUs arises in the electroweak
interaction and SUjz in quantum chromodynamics.
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Chapter 2

Modules, algebras, and
polynomials

2.1 Modules

Let R be a ring. A left module over R (or, simply, left R-module) is an
additive Abelian group M with a map, called scalar multiplication,

Rx M — M, (a,z)— ax, (2.1)

such that, for all a,b € R, x,y € M,
(M1) a(z +y) = az + ay,
(M) (a+b)z = ax + bz,
(My) (ab)z = a(ba),
(My) 1z ==.

Analogously, a right R-module is an additive Abelian group with a scalar
multiplication
MxR— M, (z5a)+— za,

such that, for all a,b € R, z,y € M, (M}) (x + y)a = za + ya, (M))
z(a+0b) = za+ xb, (M§) z(ab) = (za)b, (M) z1 = x.

In any case, if M is an R-module, R is said to be the ring of scalars of
M.

A left R-module M can be represented by rM if this is convenient to
clarify which is the ring of scalars. Analogously, a right R-module M can
be represented by Mpg.

Left modules and right modules have analogous properties. Thus, unless
otherwise stated, we study only left modules and the word ‘module’ means
‘left module’.
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Remark 2.1 Suppose that R is a commutative ring. If M is a left
R-module, it is easy to see that M can be turned into a right module by
defining that the right scalar product of z € M by a € R is equal to the left
scalar product of @ by x. Analogously a right module over a commutative
ring can be turned into a left module.

This remark shows that, when the ring of scalars is commutative, left
modules and right modules can be viewed as the same mathematical objects,
the only difference being the representation of the scalar product.

In general, this remark is not true if the ring of scalars is non-commutative.

Examples 2.2 1. If V is a vector space over a field F, then V is an

F-module. In general, the modules over a division ring D are called
vector spaces over D.

A ring R is a left module over itself with the usual operations. This
module is called the left reqular module. Analogously, R is a right
module over itself, called the right regular module.

Let R be a ring. The set R" = {(a1,...,an) : a1,...,a, € R} is an
R-module with the operations defined as follows:

for all (ai,...,an), (b1,...,b,) € R" and ¢ € R,

(al,...,an)—i—(bl,...,bn):(al—i—bl,...,an—l—bn),

clat,...,an) = (cay,...,cay).

. Let G be an additive Abelian group. Then G is a module over the ring

of the integers Z. The scalar product of elements of Z by elements of
G is defined in the usual way: for all n € N, z € G, nz is the sum
x + -+ 4z of x by itself n times; Oz := 0g and (—n)z := n(—=x). See
Proposition [0.4}

Let G be an additive Abelian group and suppose that there is n € N
such that, for all z € G, nx = 0. Then G is a Z,-module with the
scalar multiplication Z, x G — G, (k,z) — k.

Let ¢ : S — R be a homomorphism of rings. Let M be an R-module.
Then M is an S-module with the scalar multiplication

SXM— M, (s,z)— ¢(s).

Proposition 2.3 Let M be a module over a ring R. Then, for all a,b €
R, x,y e M,

(a) 0z =al0=0.
(b) (—a)z =a(—x) = —(azx).

(c
(d

a(r —y) = ar — ay.

(a—b)x=azx — bz.
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Proof (a) 0x = (04 0)x = 0z + 0z. Then 0 = 0z. Analogously 0 = a0.

(b) 0 =0z = (a + (—a))x = ar + (—a)x, which shows that (—a)z =
—(ax). Analogously a(—x) = —(ax).

(c) a(z —y) = a(z + (—y)) = az + a(—y) = ax + (—ay) = ax — ay.

The proof of (d) is analogous to the proof of (c).

Module homomorphisms

A map f: M — M', where M and M’ are left modules over a ring R,
is called a module homomorphism or linear map if it is a homomorphism of
additive groups and, for all a € R, z € M, f(ax) = af(x). The definition of
homomorphism of right modules is analogous.

Proposition 2.4 A map f : M — M', where M and M' left modules
over a ring R, is a module homomorphism if and only if, for all a € R,

z,y €M, f(z+y) = f(x)+ f(y) and f(ax) = af(z).
Proof Tt follows from Proposition [ ]

It is easy to prove that the composition of homomorphisms (of modules)
is a homomorphism, the inverse of an isomorphism is an isomorphism and
the set of all automorphisms of an R-module M, denoted by Autr M, is a
subgroup of Aut M, the group of all automorphisms of the additive Abelian
group M.

Remark 2.5 Let f: M — M’ be a module homomorphism. As f is a
homomorphism of additive Abelian groups, for all z,y € M,

(a) f(Or)=Opr,

(b) f(—=z) = —f(=),

(c) flx—y)=[f(=)—fy)

(d) f is a monomorphism if and only if ker f = 0. ([I)
Submodules

Let M be a module over a ring R. It is said that a subset N of M is a
submodule of M if N is an additive subgroup of M (that is, 0 € N and, for
all z,y € N,z —y € N) and, for all a € R and x € N, ax € N. It is easy to
prove that, if N is a submodule of an R-module M, then N is an R-module
with the restrictions of the operations to V.

It is said that a module M is simple or irreducible if M # 0 and 0 and
M are the only submodules of M.

! Recall that ker f was defined when studying groups. With the additive language,
ker f = {x € M : f(x) =0}.
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If R is a ring, then the submodules of the regular module pR are the left
ideals of R.

Proposition 2.6 Let f: M — M’ be a module homomorphism.
(a) If S is a submodule of M, then f(S) is a submodule of M’,
(b) If S" is a submodule of M', then f~1(S’) is a submodule of M.

In particular, ker f is a submodule of M.

Proposition 2.7 Let (N;);cr be a non-empty totally ordered family of
submodules of a module M. Then
U

el
is a submodule of M.

Proposition 2.8 Let (N;)icr be a non-empty family of submodules of a
module M. Then
()

el
is a submodule of M.

Submodule generated by a set

Let X be a subset of a module M over a ring R. The intersection of all
submodules of M that contain X is called the submodule of M generated by
X. Thus the submodule of M generated by X is the smallest submodule of
M that contains X. It is said that M is cyclic if there is x € M such that
M is generated by {x}. A linear combination of X is any element of the
form

aix1 + -+ apxy, (2.2)

where n € N, ay,...,a, € R, x1,...,x, € X.
If)#£ACRand ) #X C M, then

AX ={ajz1+ -+ apz, :n€Njay,...,ap € A,x1,...,2, € X}.

In particular, RX is the set of all linear combinations of X. If a € R, then
aX denotes the set {a}X = {ax: 2z € X}. If x € M, entdo Az denotes the
set A{z} ={ax:ac A}.

Proposition 2.9 Let X be a non-empty subset of a module M. Then
RX is the submodule of M generated by X.

Proposition 2.10 Let (N;);er be a non-empty family of submodules of
a module M. Then
>N

iel
is the submodule of M generated by |J;c; N;.
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Quotient module

Let S be a submodule of a module M over a ring R. In the additive
quotient group M/S, define a scalar multiplication as follows: for all a« € R
and z € M,

a(x 4+ S) = (azx) + S.

It is easy to prove that this scalar multiplication is well defined and, with
it, the additive group M/S is an R-module. This module M/S is called the
quotient module of M by S. The map

p:M—M/S, x—x+S,

is an module epimorphism called the canonical epimorphism from M to
M/S. The map
i:S—>M, zw—uz,

is a module monomorphism called inclusion from S to M.

Proposition 2.11 Let S be a submodule of a module M. The set of all
submodules of M/S is

{N/S : N is a submodule of M and S C N}.

Proposition 2.12 Let f : M — M’ be a module homomorphism. The
modules M/ ker f and f(M) are isomorphic and

M
ker f

— f(M), x+kerf— f(z),
18 a module isomorphism.

Proof By Proposition ® is an isomorphism of additive groups.
Suppose that M, M’ are modules over a ring R. For all a € R and z € M,
O(a(x + ker f)) = ®((az) + ker f) = f(az) = af(x) = a®(z + ker f). ]

Proposition 2.13 Let S, T be submodules of a module M such that S C
T. The modules M/T and (M/S)/(T/S) are isomorphic and

;Aféﬂjf//g, 54T o (34 S) + (T/S),

18 a module isomorphism.

Proposition 2.14 Let S and T be submodules of a module M. The
modules (S +T)/T and S/(T'NS) are isomorphic and

LS S+T
"TnNS T 7

18 a module isomorphism.

z+(TNS)—z+T,
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Free modules

Let M be a module over a ring R.
It is said that a subset X of M is linearly independent if, for all n € N|
a1,...,ap € R, x1,..., 2, € X, where x1,...,x, are distinct,

a1+ -+ apry, =0 = ap=---=a, =0.

In particular, ) is a linearly independent subset of M. Every subset of a
linearly independent set is also a linearly independent set.

A subset B of M is called a basis of M if it generates M and is linearly
independent. If M has a basis, it is said that M is free.

Examples 2.15 1. A trivial module M = 0 is free and (0 is a basis
of M.

2. Let R be a ring. The regular module rR (respectively, Rg) is free and
{1} is one of its bases.

3. If Ris a ring and n € N, then
{(1,0,...,0),(0,1,0,...,0),...,(0,...,0,1)}

is a basis of gR" (respectively, R}%) called the canonical basis of this
module.

4. We know, from elementary Algebra Linear courses, that every finitely
generated vector space over a field is free. The non-finitely generated
vector spaces are also free. To justify this assertion, take any vector
space V' and, using the Zorn lemma, prove that V' has a maximal
linearly independent subset X; then prove that X generates V.

5. If G is a finite non-trivial additive Abelian group, then G is not free as
Z-module. To justify this assertion, suppose that a finite non-trivial
additive Abelian group G is free and that B is one of its bases. If
either B = () or B = {0}, then the group G generated by B would be
trivial, a contradiction. Thus B # (), B # {0} and there is b € B\ {0}.
As G is finite, there is n € Z \ 0 such that nb = 0, which contradicts
the linear independence of B.

6. A free module can have bases with different cardinalities. For example,
if R = 0 is a trivial ring, then () and {0} are basis of a trivial R-module
M =0.

Exercises

211 Let R be a ring, a a left ideal of R, M a left R-module and § # X C M.
Prove that aX is a submodule of M.

2112 Prove that, if S,T,U are submodules of a module M and U C S, then
SN(T+U)=(SNnT)+U.
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213 Let K and L be submodules of a module M. Prove that K UL is a submodule
of M if and only if K C Lor L C K.

214 Let M be a module over a ring R and a an ideal of R. Prove that M/aM is
an (R/a)-module with the scalar multiplication

R M M
PRy AREPTYa (r+a,z+aM)— (r+a)(z+aM) :=rz+ abl.

In particular, when aM = 0, M is an (R/a)-module with the scalar multipli-
cation

Rjax M — M, (r+a,z)— (r+a)z:=rz.
In this case, the submodules of the R-module M coincidem with the sub-
modules of the (R/a)-module M.

215 Let R be a principal ideal domain and let p € R be irreducible. We already
know that Rp is a maximal ideal of R and R/Rp is a field. Let M be an
R-module and

M, ={z e M :px =0}

Prove that M, is a submodule of M and is a vector space over R/Rp with
the scalar multiplication

R/Rp x M, = M, (r+ Rp,z),— (r+ Rp)z :=rz.

2716 Let a be a proper ideal of a ring R. Prove that the left R-module R/a is free
if and only if a = 0.
2117 Let M be a module over a ring R and X C M. Prove that:
(a) X is a basis of M if and only if every element of M can be written in
a unique way as a linear combination of X. (ﬂ)

(b) If there is x € X such that z is a linear combination of X \ {z}, then
X is linearly dependent.

(¢) In the regular module Z, {2,3} is linearly dependent, but 2 is not a
linear combination of {3} and 3 is not a linear combination of {2}.

(d) If R is a division ring and X is linearly dependent, then there is z € X
such that x is a linear combination of X \ {z}.

2.2 Rings and modules of matrices and operators

Matrices

Let R be a ring.
A matrix of size n x m, where n, m € N, with entries in R is any map

(1.0} x{1,....m} > R, (i,5) — ai;. (2.3)

2 “y can be written in a unique way as a linear combination of X” means that y is a
linear combination of X and, for all families (az)zex and (cz)zex of elements of R such
that {z € X : a, # 0} and {x € X : ¢; # 0} are finite, y = > v a.b = b=
Ve e X az = cs.
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We will use the usual language of matrices known from elementary linear
algebra. In particular, a matrix (2.3 is represented by a rectangular array
with n rows and m columns:

a1 Glm

an,1 -~  Gnm

or, briefly, by [a; j]. The identity matrix of order n is denotes by I,,. The set
of all matrices of size n x m with entries in R is denoted by R™*™. Matrix
operations are also defined as usual:

Addition: if A= [a;;], B = [b;;] € R™™, then A+ B € R™ has its
entry (i,7) equal to a;; + b; ;.

Left scalar multiplication: if 1 € R and A = [a;;] € R™™, then
rA € R™™ has its entry (7,7) equal to ra; ;.

Right scalar multiplication: if r € R and A = [a;;] € R™™, then
Ar € R™™ has its entry (7,7) equal to a; ;.

Multiplication: if A = [a;;] € R™P and B = [b ;] € RP*™, then
AB € R™™ has its entry (4,7) equal to Y »_; a; xb ;.

Transpose: if A = [a; ;] € R™™, then AT € R™ ™ has its entry (j,1)
equal to a; ;.
Proposition 2.16 Let R be a ring. Let A, A’ € R"*P, B,B" € RP*4,
C € R™™, Then
(a) (AB)C = A(BC),
(b) InA= A= Al,
(¢c) (A+A"YB=AB+ A'B,
(d) A(B+ B')=AB+ AB'.

Proposition 2.17 Let R be a ring.
(a) R™™ is a left R-module and is a right R-module.
(b) R™*™ s a ring.

(c) R™™ is a left R"*™-module and is a right R™*™-module.

Rings and modules of homomorphisms

Let G and H be additive Abelian groups. Let Hom(G, H) be the set of all
homomorphisms of groups G — H. The set Hom(G, G) is also represented
by End G.

In Hom(G, H), define an addition as follows: for all f,¢g € Hom(G, H),
f + g is the function G — H that maps each x € G to f(z) + g(x).
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Proposition 2.18 Let G and H be additive Abelian groups. The sum of
homomorphisms of groups is a homomorphism of groups. With this addition,
Hom(G, H) is an Abelian group.

Proposition 2.19 Let G be an additive Abelian group. With the addi-
tion and the composition, End G is a ring. The identity of End G is the
identity map idg : G — G, x — x.

Now let M and N be left modules over a ring R. For all a € R, f €
Hom(M, N), the product of a by f is defined as the map af : M — N,

x> af(r).

Proposition 2.20 Let M and N be left modules over a ring R. The
product of a € R by f € Hom(M, N) is a homomorphism of groups. With
this scalar multiplication, the additive group Hom(M, N) is an R-module.

With the previous notation, Hompg(M, N) denotes the set of all homo-
morphisms of R-modules M — N. The set Hompg(M, M) is also denoted
by Endpr M.

Proposition 2.21 Let M and N be left modules over a commutative
ring R. The product of a € R by f € Hom(M, N) is a homomorphism of
R-modules (). Moreover, Hompg(M, N) is a submodule of Hom(M, N).

Proposition 2.22 If M is a module over a ring R, then Endg M is a
subring of End M.

Proposition 2.23 Let M be a module over a ring R. Let S = Endgr M.
The additive group M is an S-module with the scalar multiplication

SxM—M, (fx)— fr:=f(x).

Other examples of rings and modules of operators

Example 2.24 Let U, V,W be normed vector spaces over F € {R,C}.
Denote by B(U,V) the set of all continuous linear maps U — V. Recall
that a linear map f : U — V is continuous if and only if there is u € R
such that, for all u € U, ||f(u)|| < pl||lu||. Using this characterization of
continuous linear maps, it is easy to deduce that, for all a € F, f, f' €
B(U,V), g € B(V,W),

af € BU,V), f+f eBUYV), gfeBUW), idyeB(UU).

It is easy to conclude that

3 Assuming that R is not commutative, give an example that shows that the product
af is not always a homomorphism of R-modules.
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e B(U,V) is a vector subspace of Homp(U, V') over the field F,
e B(U,U) is a subring of Endy U,
e B(U,V) is a right module over B(U,U),

e B(U,V) is a left module over B(V, V),

taking the composition as scalar multiplication.

Example 2.25 Let F € {R,C}. Let C°°(F) be the set of functions
f :F — F that have derivatives of all orders. In C*°(IF), define an addition
and a scalar multiplication as follows: for all f,g € C*°(F), a € F,

f+g:F=F = f(z)+g(),
af :F—F, z—af(x).

With these operations, C*°(F) is a vector space over F.

As the composition of any two maps belonging to C'*°(F) also belongs to
C>(IF), it is easy to deduce that C°°(FF) is a ring with the addition defined
above and the composition.

For each polynomial p = b, X" + -+ + b1 X + by € F[X], let

B=p (dci) C>®(F) — C=(F), [~ by dn—‘z—k +b1%+b0f- (2.4)

For the convenience of notation, we can write

Zbdka

if we agree that the operator “derivative of order 0,” d°/dx?, is the identity
idgeo(r). The maps of the form (2.4)) are linear.

Proof that p repects the sum (The proof that P respects the scalar product
is analogous.) Let f,g € C*°(F). For all z € F,

B0+ 0)(x (Zb dkf+g>()zzan(x)

k
n k n k k
~Y b, (dxk( t jxi(m)) Dt RS gt 109
k=0 0
=p(f)(=) +p(9)(z) = ((f) + P(9)) ().

Thus 5(f + g) = B(f) + B(9). "

In
D = {p:pecFX]},
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define an addition and a scalar multiplication as follows: for all p,q € F[X],
a €T,

p+q:C?([F) = C=(F), f=Dp(f)+a(f),
ap: C*(F) — C®(F), f~ ap(f).

With these operations, D is a vector space over F and
FX] =D, p—Dp,

is an isomorphism of vector spaces.

Moreover, for all p,q € F[X],

Pq=pq,

where, on the left side, pq is the composition of the functions p and g,
and, on the right side, pq is the product of the polynomials p and ¢q. With
the addition defined above and the composition, D is a commutative ring
isomorphic to F[X].

Finally, the additive Abelian group C*°(F) is a D-module with the scalar
multiplication

D x C®(F) — C>®(F), (B, f)— p(f).

Exercises

221 Let M be a left module over a ring R. Prove that the additive group
Homp(M, R) is a right R-module with the scalar multiplication defined as
follows: if f € Hompg(M, R) and a € R, then fa : M — R is the function
that maps each € M to f(z)a. (The right R-module Homp(M, R) is called
the dual module of M.)

2.3 Algebras over commutative rings

Let R be a commutative ring. An algebra over R or R-algebra is a set
B with an addition (+ : B x B — B), a multiplication (- : B x B — B)
and a scalar multiplication (- : R X B — B) such that B is a ring, B is an
R-module and, for all a € R, b,d € B,

a(bd) = (ab)d = b(ad).

An algebra is said to be commutative if the multiplication is commutative.

A subalgebra of an R-algebra B is a subset S of B that is both a subring
of the ring B and a submodule of the module B. If S is a subalgebra of
an R-algebra B, then, by restricting the operations from B to S, S is an
R-algebra.
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An ideal of an R-algebra B is a subset a of B that is both an ideal of the
ring B and a submodule of the module B. If a is an ideal of an R-algebra
B, then B/a is an R-algebra with the operations defined in the usual way.

Let (S;)ier is a non-empty family of subalgebras of an algebra B. We
have seen that (7,c;S; is both a subring and a submodule of B. Hence
(Nicr Si is a subalgebra of B.

Given a subset X of an algebra B, we call subalgebra of B generated by
X to the intersection of all subalgebras of B that contain X. The subalgebra
of B generated by X is the smallest subalgebra of B that contains X.

Analogously, the intersection of a non-empty family of ideals of an alge-
bra B is an ideal of B. Given a subset X of an algebra B, we call ideal of
B generated by X to the intersection of all ideals of B that contain X. The
ideal of B generated by X is the smallest ideal of B that contains X.

A map ¢ : B — D, where B and D are R-algebras, is called a ho-
momorphism of R-algebras if it is both a homomorphism of rings and a
homomorphism of R-modules.

Examples 2.26 In the following examples, R is a commutative ring.
1. With the usual operations, R"*™ is an R-algebra.

2. If M is an R-module, then Endgr M is an R-algebra.

3. Let B be a ring. The center of B is

Z(B) = {b€ B :Vd € B,bd = db}.

The center of B is a commutative subring of B.

Suppose that R is a subring of B contained in Z(B). With the usual
operations, B is an R-algebra.

4. Let X be a set and B an R-algebra. In the set F(X, B) of the func-
tions from X to B, define an addition, a multiplication and a scalar
multiplication as follows: for all ¢,v € F(X, B), a € R,

¢+¢: X =B, x> d)+¢(z),
¢ : X = B,z (x)v(x),
ap: X — B, = a(x).

With these operations, F'(X, B) is an R-algebra.

5. In example B(U,U) is an F-algebra. In example C>(F) is
an F-algebra, and D is an F-algebra.
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The algebra of the quaternions

An algebra B is said to be a division algebra if B is a division ring. An
algebra B over a field F' is said to be finite dimensional if B is a finite dimen-
sional vetor space over F. It is easy to verify that, with the usual operations,
R and C are finite dimensional division algebras over R. A theorem due to
Frobenius states that, up to isomorphism, the only finite-dimensional divi-
sion algebras over R are R, C, and the algebra of the quaternions described
below.

Proposition 2.27 (a) There is a real division algebra H of dimension
4 (as a vector space over R) with a basis {1,1,7,k} such that

i =2 =k =ijk=—1. (2.5)
(b) Given such an algebra H,
Q:{l)_1717_17j7 _jak;)_k} (26)

is a multiplicative group isomorphic to the quaternion group Qg introduced
in page [43]

(¢) Such an algebra H is unique up to isomorphism and is called the real
algebra of the quaternions and the elements of H are called quaternions.

Proof Suppose that H is a non-trivial real algebra and that {1,4, j, k} is
a linearly independent subset of H with cardinality equal to 4 that satisfies
(2.5). Then Q = {1,-1,i,—4,j, —j, k, —k} is a subset of H with cardinality
equal to 8. By doing the math, we deduce that @ is closed for products and
has the following multiplication table.

L v i1l J—i]lj|—j]lFk]-Fk]
T[T =134 | —=i] j -] k]| —k
S T T Qe S N ey
i | i | =i | =1 1| k | —=k|—j] j
il =i i | 1| —1]| k| k| j |—j (2.7)
il ==k k [ =1] 1 [ | —i
=513 [k | =k | 1 [ =1] =i i
k| k| k| j | =5 | =i ] @ | -1] 1
"k =k | k | =j | j | @i | =i|1]-1

It is easy to conclude that @) is a multiplicative group. Let z =4 and y = j.

Then (1.12)) is satisfied and, by Proposition Q = Qg, which proves (b).

(a) Let H be the subspace of the real space R*** with basis B =
{1,4,7,k}, where

1000 0 -1 0 O 0 0 -1 0 00 0 -1
1= 0100 = 1 0 0 O j= 0 0 0 1 b — 00 -1 0
001 0|’ 0 0 0 —-1|’ 10 0 of’ 01 0 O
0001 0 0 1 O 0 -1 0 O 10 0 O
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It is easy to see that is satisfied. By the previous paragraph, () =
{1,-1,i,—i,5, —j, k, —k} is a multiplicative group with table (2.7)). It follows
that the product of two elements x,y € H, which are linear combinations
of B, is also a linear combination of B and zy € H. It follows that H is
a subring of R**% and, therefore, a subalgebra of R**4. It is easy to check
that each z = a + bi + ¢j + dk € H\ 0, where a,b, ¢,d € R, has inverse

1
a? 4+ 0?42 4 d?

(a —bi —cj — dk).

Hence H is a division algebra.

(c) Given any such algebra H, Q = {1, 1,4, —i, 7, —7j, k, —k} is a multi-
plicative group with table (2.7). The multiplication in H is uniquely deter-
mined by this table. It follows that the algebra H is unique up to isomor-
phism. ]

Banach algebras

A real or complex algebra B is said to be a Banach algebra if it is a
Banach space, ||1|| = 1 and, for all a,b € B, ||ab|| < ||a||||b||- The last con-
dition implies that the multiplication is continuous. The theory of Banach
algebras is a large area in functional analysis.

Example 2.28 If x = a + bi + ¢j + dk € H, then the non-negative real
number |x| = Va2 + b2 + c2 + d? is called the absolute value of x. R, C and
H are real Banach algebras with the norm given by the absolute value.

Example 2.29 Let F € {R,C}. Let X be a set. Let B(X,F) be the
set of all bounded functions X — F (EI) Then B(X,F) is a subalgebra
of F(X,F) (see Example 4). With the supremum norm, B(X,F) is a
Banach algebra.

Example 2.30 Let U,V be normed spaces over F € {R,C}. In B(U,V)
(see Example [2.24]), define the operator norm, induced by the norms of U
and V, as follows: for each f € B(U,V),

1 = sup M@ 1F@I
z€U\0 [zl zeU\0 ||zl

It is known from the Topology course that, if V' is a Banach space, then
B(U,V) is a Banach space with the operator norm. (See also [Fabian&al,
Proposition 1.27].) Therefore, if V' is a Banach space, then B(V,V) is a
Banach algebra.

1 Recall that f : X — F is bounded if there is M € R* such that, for all z € X,
|f(x)] <M.
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Example 2.31 Let F € {R,C}. In the algebra of matrices F"*", define

the operator norm as follows: for each A € F"*",
Ax Ax
A= oup Mol sl
zeryo Izl eeFo (]

Then F™*" is a Banach algebra.

Example 2.32 Let V be a normed space over F € {R,C}. Let M be a

closed subspace of V. It is not difficult to prove that
VIM - R, x4+ M= |lz+ M| := inf |y| = inf ||z +m|,
yex+M meM

is a norm in the quotient space V/M, called the quotient norm. The closed
nature of M is required to prove that ||z + M| =0 =z + M = M but is
not required to prove the other axioms of normed spaces.

It is more difficult to prove that, if V is a Banach space and M a closed
subspace of V, then V/M is a Banach space. For a proof, see [Fabian&al,

Proposition 1.35]. Consequently, if V' is a Banach algebra and M is a closed
ideal of V| then V/M is a Banach algebra.

Exercises

231 Enounce and prove the three theorems of isomorphism for algebras over com-
mutative rings.

232 Let a be an ideal of an algebra B over a commutative ring R. Describe the
set of the subalgebras of B/a. Describe the set of the ideals of B/a. Justify.

2313 Let A be a non-trivial (i.e., A # 0) algebra over a field F'. Prove that
¢: F — A XA— Al 4, is a monomorphism of F-algebras.

234 Let R be a commutative ring. Let ¢ : R — B be a homomorphism of rings
such that im ¢ C Z(B). Prove that the ring B is an R-algebra with the scalar
multiplication R x B — B, (r,b) — ¢(r)b.

235 Let B be an algebra over a commutative ring R. Prove that ¢ : R — B,
a — alp, is a homomorphism of rings such that im ¢ C Z(B).

2.4 Monoid algebras

Let R be a commutative ring. Let G be a multiplicative monoid. Let
R[G] be the set of all maps a: G — R such that

{9 € G:alg) #0}

is finite. Define an addition and a scalar multiplication as follows: for all
a,f € R[G], a € R,

a+p:G—=> R, g—alg)+5(9),
ac: G — R, g— aa(g).
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Proposition 2.33 With these operations, R|G| is an R-module. The
zero of R|G] is the function that maps each g € G to Og.

Given a € R and g € G, define ag € R[G] as follows:
ag:G— R, g—a and,forallh#g, h—O0.

It is easy to see that ag is equal to the scalar product of @ € R by 1g € R[G].
Let a € R[G]. For each h € G,

a(h) = (a(h)h)(h) =) _(a(g)g)(h) = (Z a(g)g) (h).

geG geq
Thus « can be written as a sum of elements of the form ag:
a=>alg)g.
geG

With this notation, the addition and the scalar multiplication defined above
can be described by the following formulas: for all o, 8 € R[G], a € R,

atB="> (alg)+B8(9)), (2.8)
geG

ac =Y (aa(g))g. (2.9)
geG

Next, let us define a multiplication in R[G] so that the R-module R[G]
becomes an R-algebra and the map

i:G— RG], g~ l1g, (2.10)

becomes a monomorphism of monoids. Suppose such a multiplication exists.
Then, for all «, 5 € R[G],

aB = (Z a(k)k:) (Z 5(l)l> = > (alk)k)(BO)1)

keG 1€G kG
= Y (ak)AR)(BU)AL) = > (a(k)BD)((Lk)(11))
e kleG
= Y (a®)BW)AKRD) =Y S (a(k)B(1))(1g)
kl€G geG Ficd
=S S awsw |19 =>"| 3 ams@ | g
9eG \ isg €6 \ sy
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Therefore, if such a multiplication exists, it must be defined by

af = (Z a(k)k) (Z /3<l>l> =S D atk)B@) g (211)

keG leG g€eG \ kleG
kl=g

Proposition 2.34 With the addition defined by (2.8)), the scalar multi-

plication defined by (2.9)) and the multiplication defined by (2.11)), R[G| is an
R-algebra, the map i (2.10)) is a monomorphism of monoids, and the map

j:R— R[G], aw~—al, (2.12)

is a monomorphism of rings. The monoid G is Abelian if and only if the
algebra R[G] is commutative.

The monomorphisms ¢ and j allow us to identify G and R with their
images in R[G]. Thus, if g € G and a € R, i(g) = 1g is represented by g and
j(a) = al is represented b a. With this notation, ag is the scalar product of
a € R by g € R|G] and is also the product of a, g € R[G].

Note that

R[G] = Zagg:Vg €G,ay € R
geG

is the set of all linear combinations of G. Thus G generates the R-module
R[G]. On the other hand,

Zaggzo = Vg€ G,ay =0,
geG

whereby G is linearly independent. Hence G is a basis of the R-module R[G]
and this module is free.

Proposition 2.35 Let B be an R-algebra and h : G — B a homomor-
phism of monoids. There is a unique homomorphism of

R-algebras 1 : R[G] — B that extends h, that is, for all G R[G]
(]
9 € G, ¥(g) = h(g). h g

Proof 1If such a homomorphism 1 exists, then, whatever a € R[G],

)= | Y alg)g | =D alg)v(g) =D _ alg)hlg),

geG geG geG

which proves unicity. It is easy to prove that
VRG] = B, arm Y alghlg),

geG

is a homomorphism of R-algebras that extends h. [ |
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Representations and modules

The definition of linear representation of a group was introduced in Sec-
tion More generally, a linear representation of a group G is any ho-
momorphism of groups G — Autr M, where Autrp M is the group of all
automorphisms of a module M over a commutative ring R. Throughout
this section, “representation” means “linear representation”.

Proposition 2.36 Let G be a group and let R be a commutative ring.
There is a faithful (that is, injective) representation f : G — Autg R[G].

Proof Let g € G. Prove that

fq : RG] — R[G], Z Az Z az(gx),

zeG zeG

is an automorphism of the R-module R[G]. Prove that
[:G = Autgr R[G], g~ fy
is a faithful representation. [ |

When representations by permutations of a group G were introduced
in page [38 it was remarked that, given a set X, there is a bijective cor-
respondence between representations G — Sym X and actions of G on X.
This correspondence allows us to carry problems about representations by
permutations to the language of actions and vice versa. Representations
by permutations and actions can be viewed as two languages for the same
mathematical idea. In the next two propositions, two alternative languages
for linear representations are given.

Let R be a commutative ring. A representation of an R-algebra A is any
homomorphism of R-algebras F': A — Endgr M, where M is an R-module.

Proposition 2.37 Let G be a group and let R be a commutative ring.
(a) If f: G — Autg M is a representation of G, then

F: R|G] — Endp M, Z ApT — Z a f(x),
zeG zeG
is a representation of the R-algebra R[G].

(b) If F : R|G] — Endr M is a representation of R[G], then, for each
r€G, F(z) € Autg M and Fig : G — Autr M is a representation of
G.

(c) @ and@ give a bijective correspondence between representations of
the group G and representations of the algebra R[G].
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Proposition 2.38 Let G be a group and let R be a commutative ring.

(a) If F : R[G] — Endr M is a representation of R[G], then M is an
R[G]-module with the scalar multiplication

RG] x M — M, (a,m)+— F(a)(m).

(b) Let M is an R[G]-module. By restricting the scalar multiplication to
R x M, M becomes an R-module. Then, for each a € R|G],

F(a): M — M, m~ am,
is an endomorphism of the R-module M and
F:R|G] - Endr M, aw F(a),

is a representation of R|G].

(c) @ and@ give a bijective correspondence between the representations
of R[G] and the R|G]|-modules.

Exercises

241 Let R be a commutative ring and let h : G — G’ be a homomorphism of
monoids. Prove that there is a unique homomorphism of R-algebras
¥ : R[G] — R|G'] that extends h.

242 Let G be a monoid and let ¢ : R — R’ be a homomorphism of commutative
rings. Prove that there is a unique homomorphism of R-algebras
¥ : R[G] — R'[G] that extends ¢.

2.5 Algebras of polynomials

Let R be a commutative ring. From now on, X, Xi,...,X,, are distinct
variables.
Let G be the set of all maps k : {X1,...,X,} — No, which we call primi-

tive monomials in the variables X1, ..., X,,. Denote k € G by Xf(l) e Xﬁ(n).
In G, define a multiplication as follows: for all Xfl oo X X{l o Xine @,

(XFro xkny(xh Xy = X ket

It is easy to see that, with this multiplication, G is an Abelian monoid.
The identity of G is X{--- X0.

We make convention that the symbol X; also represents
X7 XX XD X € G

In this way, Xfl -+~ XFn is the product of the elements Xfl, ooy XFEn where
each Xfi is the k;th power of X; € G.
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The commutative R-algebra R[G] is called R-algebra of the polynomials
in the variables X1, ..., X,. This algebra is denoted by R[X1,...,X,]. The
elements of R[X1, ..., X,] are called polynomials in the variables X1, ..., X,

with coefficients in R.
As in the previous section, we identify the elements of G and the elements

of R with their images in R[X1,..., X;] by the monomorphisms ¢ and j (cf.
1’ and ) The polynomials of the form aX fl -« XFkn wwhere a € R,

are called monomials.
With the previous notation, each polynomial f € R[X7,...,X,] can be
written in the form

f= Z Z gy oy XPT o X

k1€Ng kn€Ng
where the elements ay, . x, belong to R and the set
S(f)={(k1,...,kn) e NGt ag, .k, #0}
is finite. As S(f) is finite, there are my, ..., m, € Ny such that
mi My
f= Z Z gy, X X
k1=0  kn,=0

Note that two polynomials

F=00 > o X Xar, g = Y e > by X X

k1€Ng kn €No k1€Ng kn€Np
(2.13)
are equal if and only if, for all k1,...,k, € No, ag, ..k, = Oky ..o k-
The operations in R[X7,...,X,] can be described as follows: for any
polynomials f and g, with the forms , and any c € R,
FHg=> > (@b + bk )X X, (2.14)

k1€Np kn€Ng

cf = E E cak1,~-.,anfl"'Xﬁn>

k1€Ng kn€Ng

fg: Z Z Z Z Qry ..., rnbsl ..... Sn Xfl"'X,S".

k1€Ng kn €Ng r1,81€Ng Tn,sn ENg
rit+s1=k1 rntsn=kn

Degree
The degree of a primitive monomial X fl -+~ XFn is the integer
dXFr Xk =k ok

Let
F=Y > an, kXt X € RIXy,. . X,
k1 kn
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Each ag, ..k, is called the coefficient of Xfl o« XFnin f. Tt is said that a
primitive monomial Xfl - XEn occurs in f if k.. kn, 7 0. If f # 0, the
degree of f is the largest degree of the primitive monomials that occur in f.
If f =0, it is said that the degree of f is —oo. The degree of f is denoted

by d(f).
Addition and order in Ny are extended to {—oo} UNj as follows: for all
n € {—oo} U Ny,

n+(—o0) =(-00)+n=-00, —oo<n.

Define a total order in the set of the primitive monomials in the variables
X1,..., X, as follows: it is said that X¥ ... Xkn > X0 ... Xl if
e cither d(XF ... Xkn) > q(xb ... xln)
o or d(XF ... Xkny = q(Xb ... XIn) and (ku,. .. kn) > (L. .., 1) for
the lexicographic order (E[}

In variables X1, X2, we have

1< Xo< X1 < Xo< X1 Xo< X< X3 < X1 X2 < XXy < X3 < XJ <1,

Proposition 2.39 For dall f,g € R[X1,...,Xy],
(a) d(f +g) < max{d(f),d(g)},
(b) d(fg) < d(f)+d(g),

(¢) if R is an integral domain, d(fg) = d(f) + d(g),
(d) if R is an integral domain, then R[X1,...,Xy] is also an integral do-
main.

Proof Suppose that f and g have the forms . If any of these
polynomials is equal to 0, then (a), (b) and (c) are trivial. Suppose that f
and g are different from 0.

It follows from that, if a primitive monomial occurs in f + g, then
it occurs in f or in g. Therefore (a) is satisfied.

On the other hand,

_ r1+s rn+s
fg = E aﬁ,...,rnbsl,...,snXll e Xnn ",

T1yeeesTny 8148 ENg

which shows that primitive monomials occuring in fg have at most degree
d(f) 4+ d(g). Therefore (b) is satisfied.

Suppose now that R is an integral domain. Let X!* - - - XE™ be the largest
primitive monomial occuring in f. Let X' --- X" be the largest primitive
monomial occuring in g. Then d(f) =p1+---+prand d(g9) = g1+ + qn-
As R is an integral domainl, a,, . p.bg,.... ¢, 7 0.

5 “(ky,...,kn) > (l1,...,1,) for the lexicographic order” means that (ki,..., k) #
(ll,...,ln) and k1 :l1,...7]€1‘71 = li717ki > [; for some i € {1,...7TL}.
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In the following paragraph, we will prove that, if X{*--- X" occurs in
f, X5 X3 oceurs in g and XPVPO L. XEetan — xTitst L Xraten then
XPLo XD = X7 X and X® - X = X5 X0, From this fact, it
follows that Xflﬂl oo XPrTn gecurs in fg with coefficient N
Therefore R[X1,...,Xy] is an integral domain and d(fg) > d(f)+d(g). By

(b), d(fg) = d(f) + d(g).
Suppose then that X{*--- X/» occurs in f, Xi'--- XS occurs in g and
D AL CLAL LD CERSLRRND CARELS (2.15)
Taking the degrees of both sides of (2.15]),
(pr+--dpn) (@ -+ g0) = (4o + ) + (14 -+ 50). (2.16)

By the maximality of X' ... X#" and X{ - X",

ptotpnzrito+r, and @t gn >S4+ Se. (217)

By (2.16) and ([2.17),

pr+-+pp=r1+---+r, and @ +---+ g =s1+-+ s, (2.18)

As X'  XBm > X7 X and these monomials have the same degree,
p1 > r1. Analogously ¢; > s1. By , p1+q =r1+s1. Thus py = r;
and ¢1 = s1. Again by the maximality of X}"--- X5" and X{'--- X",
p2 > 1o and go > So. By , P2 + g2 = ro + so. Then py = r9 and
q2 = s2. By repeating this argument, we deduce that p; = r; and ¢; = s;,
for i € {1,...,n}. Hence XI'--- X" = X['... X! and X{" .- Xi" =
X X,

|

Evaluation homomorphism

Lemma 2.40 Let G be the monoid of the primitive monomials in the
variables Xq,...,X,. Let H be a monoid and hy,...,h, € H. If H is
Abelian or n = 1, then there is one and only one homomorphism of monoids
¢ G — H such that, for alli € {1,...,n}, ¢(X;) = h;.

Proof If such a homomorphism ¢ exists, then, for all Xfl - XEe @,
qb(Xfl - Xﬁn) = ¢(X1)k1 - ¢(Xn)kn — hllﬂ . hf;ln’

which proves unicity.
It is easy to prove that ¢ : G — H, Xf1~~Xf;" — h]fl‘--hfl”, is a

homomorphism of monoids such that, for all i € {1,...,n}, #(X;) =h;,. =
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Proposition 2.41 Let R be a commutative ring, B an R-algebra and
b= (b1,...,b,) € B"™. If B is commutative or n = 1, then there is one and
only one homomorphism of R-algebras ¥y, : R[Xy,...,X,] — B such that,
foralli e {1,...,n}, ¥p(X;) = ;.

Proof 1If such a homomorphism Wy exists, then, for each

f — Z . Z akl,.--,anfl .. Xjfbn c R[Xl, .. .,Xn],
k1€Np kn€Np

Up(f) = D o D ke Up(X)™ - By (X

k1€N0 k‘nENo
= Z “ee Z akl,...,knblfl PPN bﬁn’
k1€Ng kn€Ng
which proves unicity.

Let G be the monoid of the primitive monomials in the variables X1, ...,
X,,. By lemma there is a homomorphism of monoids ¢ : G — B such
that, for each i € {1,...,n}, ¢(X;) = b;. By Proposition there is a
homomorphism of R-algebras ¥y, : R[G] = R[X1,...,X,] — B that extends
¢. In particular, for each i € {1,...,n}, ¥y(X;) = ¢(X;) = b;. ]

With the previous notation, the element Wy(f) is usually denoted by

f(0):
FO)=Ty(f)= > - > any kb
k1€Np kn€Ng
The homomorphism W, is called the evaluation homomorphism at b. The

image of Uy, is denoted by R[by,...,b,] :
Rlby,...,bn) ={f(b1,....bn) : f € R[Xy,..., X,]}.

Corollary 2.42 Let R be a commutative ring, B an R-algebra and
b= (by,...,bn) € B". If B is commutative or n = 1, then for all f,g €
R[Xi,...,X,]) and c € R,

(f +9)(b) = F(0) +9(b),  (Fg)(0) = f(b)g(b), (cf)(b) = cf(b).

Proof (f+g)(b) = Wy(f+g) = Vo(f)+ ¥s(g) = f(b) +g(b). The proofs
of the other equalities are analogous. [ |

Corollary 2.43 Let R and B be commutative rings, ¢ : R — B a
homomorphism of rings and b = (b1, ...,b,) € B™. There is a unique homo-
morphism of rings ¥y, : R[X1,...,X,] — B such that, for alli € {1,...,n},
Uy (X;) = b; and, for all c € R, Vy(c) = ¢(c).

Corollary 2.44 Let R be a subring of a commutative ring B and b =
(b1,...,by) € B™.

There is a unique homomorphism of rings ¥y, : R[X1,...,X,| — B such
that, for alli € {1,...,n}, Uy(X;) = b; and, for all c € R, Vy(c) =
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Subalgebra generated by {b;,...,b,}

Proposition 2.45 Let B be an algebra over a commutative ring R. Let
bi,...,b, € B. Suppose that B is commutative or n = 1.
(a) R[b1,...,by] is the subalgebra of B generated by {b1,...,bn}.
(b) If R is a subring of B, R[b1,...,by] is also the subring of B generated
by RU{b1,...,bn}.

Proof (a) As R[by,...,by]is the image of the evaluation homomorphism
at b, R[b1,...,by] is a subalgebra of B. Clearly {b1,...,b,} C R[b1,...,by],
and, if S is a subalgebra of B containing {b1,...,b,}, then R[b;,...,b,] C S.
Hence R[by,...,by,] is the subalgebra of B generated by {b1,...,b,}. ]

Proposition 2.46 Let B be a commutative algebra over a commutative
ring R. A homomorphism of R-algebras ¢ : R[ X1, ..., X,| — B is surjective
if and only if R[¢p(X1),...,¢(Xy)] = B.

Polynomial functions

Let B be an algebra over a commutative ring R. Let F(B", B) be the
R-algebra in example with X = B"™. Suppose that B is commutative
or n = 1. For each polynomial f € R[X7,...,X,], the map

¢s:B" = B, b f(b),
is called the polynomial function associated with f and defined in B".
Proposition 2.47 With the previous notation,
®: R[Xy,...,X,| = F(B",B), [~ &y,

is a homomorphism of R-algebras.

Algebraic independence

Let B be a commutative algebra over a commutative ring R. The ele-
ments b1,...,b, € B are said to be algebraically independent over R fi, for
all f e R[Xy,...,Xn],

Flbi, ..., b)) =0 = f=0.

The elements X, ..., X, of R[X1,...,X,] are algebraically independent
over R.

Remark 2.48 Let B be a commutative algebra over a commutative ring
R. The elements by,...,b, € B are algebraically independent if and only
if the elements of the family (blf1 .“b’llfbn)kly--wknENO are distinct and the set
{ofr . bkn kg, K, € No} is linearly independent.
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Proposition 2.49 Let B be a commutative algebra over a commutative
ring R. A homomorphism of R-algebras ¢ : R[X1,...,X,] — B is injective
if and only if $(X1),...,0(X,) are algebraically independent over R.

Proof Suppose that ¢ is injective. Let f € R[X,...,X,] and suppose
that f(o(X1),...,90(Xy)) =0. As ¢ is a homomorphism of algebras,

o(f) = f(@(X1),...,6(Xy)) = 0.

As ¢ is injective, f = 0. Hence ¢(X1),...,o(X,) are algebraically indepen-
dent.

Conversely, suppose that ¢(Xi),...,¢(X,) are algebraically indepen-
dent. Let f € R[X1,...,X,] and suppose that ¢(f) = 0. As ¢ is a homo-
morphism of algebras,

f(@(X1),...,0(Xn)) = o(f) = 0.

As ¢(X1),...,¢(X,) are algebraically independent, f = 0. Hence ker ¢ =0
and ¢ is injective. [ |

The isomorphism R[ X}, ..., X,| = (R[X1,..., X,)[Xpt1, -+, Xi)

Let R be a commutative ring.

Recall that B = (R[X1,..., Xp))[Xps1,..., Xp] is an R[Xy,..., Xp]-
algebra and X, 11, ..., X, are algebraically independent over R[X1,...,X,].
As R is a subring of R[X1,...,X,], by restricting the scalar multiplication
to R x B, B becomes an R-algebra.

Proposition 2.50 Let R be a commutative ring. There is a unique
isomorphism of R-algebras

¢: R[X1,...,X,) = (R[X1,..., X)) [ Xpt1,- - X0

such that, for alli € {1,...,n}, ¢(X;) = X;. Moreover, for each

f = Z . 'Zaklwn’an]]_ﬁ .. X’rlin c R[Xl,. ) -,Xn],
k1 kn

)= gy, X1 X € (RIX0, . X)) [Xprs -, X
k1 kn

In particular, for each ¢ € R, ¢(c) = c.
Proof Let B = (R[X1,...,X,])[Xp41,...,Xp]. By Proposition m

there is a unique isomorphism of R-algebras ¢ : R[Xy,...,X,,] — B such
that, for all 7 € {1,...,n}, ¢(X;) = X;.
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Let us see that ¢(X1),...,#(X,) € B are algebraically independent over
R. Let

f = Z T Z aklv---yk'anl e Xﬁ;n G R[X17 cee ?Xn]

and suppose that
0p = f(S(X1) - (X)) = F(Xuyeo o, Xa) = DD ang,p X X,
k n

Then

kl kP kP+1 kn
SDINE 3] SRS SYSISTINS 1) PUHRIEES
kp

kp+1 kn k1

As Xpy1,..., X, are algebraically independent over R[Xj,...,X,], for all
kp+17 ces 7kn € N07

OREX, Xy = D7 Zakl, e X X
k1

As Xi,...,X, are algebraically 1ndependent over R, for all ky,... k, €
No, Or = ak,,. k,- Hence f = 0 and ¢(X1),...,4(X,) are algebraically
independent over R. By Proposition [2.49] the homomorphism ¢ is injective.

Let
b= - kapﬂ, I Xp53 - X[ e B,
kpt+1
where
k
Frperden = D+ Zakh e XX e RIXY,. .., X))
k1

and, for all k1,...,k, € NO, ak,,..k, € R. By replacing and using the
properties of the operations in B,

=D Za/ﬁ XD XN =YY, (X))

k‘l kl k?n
k kn :
= (Z5 Z...Zak_hm’anll...Xn €1m¢,

which shows that ¢ é surjective. [ |

Corollary 2.51 If R is a unique factorization domain, then
R[X1,...,X,] is also a unique factorization domain.

Proof By induction on n. This result is Proposition [0.71] when n = 1.
Suppose that n > 2. By the induction assumption, R[X1,...,X,—1] is a
unique factorization domain. By Proposition R[X1,..., Xpn_1][X5] is
a unique factorization domain. As R[X1,...,X,] = R[X1,..., Xp—1][Xy],
R[X3,...,X,] is also a unique factorization domain. [
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Exercises

231 Let R be a commutative ring and f = a, X" 4+ -+ + a9 € R[X]\ 0. Prove
that, if there is g € R[X] \ 0 such that fg = 0, then there is b € R\ 0 such
that a,b =+ = apb = 0.

2.6 Hilbert basis theorem

A module M is said to be Noetherian (or M is said to satisfy the as-
cending chain condition) if, for each chain of submodules of M,

M C---CM,C-, (2.19)

there is p € N such that, for all n > p, M,, = M,. It is said that a chain
(2.19) is stationary if there is p € N such that, for all n > p, M, = M,,.

Proposition 2.52 A module M is Noetherian if and only if all submod-
ules of M are finitely generated.

Proof. Suppose that all submodules of M are finitely generated. Let
My C---CM,C-,

be a chain of submodules of M. Then N = |J,,~, M, is a submodule of M.
Suppose that N is generated by {x1,...,z,}. Foreachi € {1,...,7}, choose
pi € N so that x; € M,,. Let p = max{p1,...,pr}. Then x1,..., 2, € M,.
Thus, for each n > p, N € M,, € M,, € N and M, = M,,. Therefore M is
Noetherian.

Conversely suppose that there is a submodule N of M that is not finitely
generated. Recursively define a sequence of elements of N, z1,...,z,,..
as follows. Choose 1 € N. Let n > 2. As N is not finitely generated
N # R{x1,...,xp—1}. Choose x,, € N\ R{x1,...,Zp_1}.

For each n > 1, let M,, = R{z1,...,x,}. Taking into account how the
sequence i,...,ITn,... has been chosen, My G --- G M, G ---, which
implies that M is not Noetherian. [ |

A ring R is said to be left Noetherian if the left regular module rR is
Noetherian, that is, if, for each chain of left ideals of R,

alg...gang...

Y

there is p € N such that, for all n > p, a, = a,. Right Noetherian rings are
defined analogously. A ring is said to be Noetherian if it is left Noetherian
and right Noetherian. For commutative rings, all three concepts coincide.
If D is a division ring, then 0 and D are the unique left ideals and the
unique right ideals of D. Therefore D is Noetherian.
By Lemma [0.61], principal ideal domains are Noetherian.
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Proposition 2.53 If R is a Noetherian commutative ring, then the ring
R[X] is also Noetherian.

Proof. Suppose that R is a Noetherian commutative ring. Let B be an
ideal of R[X], in order to prove that B is finitely generated. As the case
B =0 is trivial, suppose that B # 0.

Let n € Ny. Let b, be the subset of R whose elements are 0 and all
first coefficients of polynomials of degree n that belong to B. For each
b€ b,\0, let p,p be a polynomial of degree n that belongs to B and whose
first coefficient is b.

Let us prove that b,, is an ideal of R. By definition of b,,, 0 € b,. Let
b,ceb, Ifb=00orc=0o0r b—c=0, it is trivial that b — ¢ € b,,. Suppose
that b # 0, c # 0 and b — ¢ # 0. Then p,, , — pn ¢ is a polynomial of degree n
that belongs to B and whose first coefficient is b — ¢. Thus b — ¢ € b,,. Let
a € Randbc b,. If ab= 0, then ab € b,. Suppose that ab # 0. Then ap,
is a polynomial of degree n that belongs to B and whose first coefficient is
ab. Thus ab € b,,. Therefore b,, is an ideal of R.

Let b € by, \ 0. Then Xp, is a polynomial of degree n + 1 that belongs
to B and whose first coefficient is . Thus b € b, 11. Therefore b,, C by41.

As R is Noetherian, there is k € Ny such that, for all n > k, by = b,,.
As R is Noetherian, for each n < k, the ideal b,, is generated by a finite set
C,,. Let

Z={pnp:n<kebeC,\O0}

The set Z is finite. Let us prove that Z generates the ideal B. Let B’ =
R[X]Z be the ideal of R[X]| generated by Z. As Z C B, B C B. Let
f € B\ 0. Let us prove, by induction on d(f), that f € B’.

Suppose that d(f) = 0. Then f € by and there are ay,...,a, € R,
b1,...,b, € Cp\ 0 such that

f=abi+ - +ab = arpop, + -+ arpop, € B

Now suppose that 1 < d(f) = n < k. Let ¢ be the first coefficient of
f. Then ¢ € b,, and, therefore, there are ay,...,a, € R, by,...,b, € C, \ 0
such that ¢ = a1by +--- + a;b,. Then g = f — a1ppp, — - — @rPnp,
is a polynomial of degree less than n. As f,pnp,,...,Pnp, € B, g € B.
By the induction assumption, g € B'. AS ppp,,---,Pnp,. € Z C B, f =
g+ aippp, + -0+ rPnb,. € B'.

Finally suppose that d(f) = n > k. Let ¢ be the first coefficient of f.
Then ¢ € b, = by, and, therefore, there are ay,...,a, € R, by,...,b. € C;\0
suh that ¢ = a1b1 +---+a,b,. Then g = f—alX”*kpm1 — -—a,«X”*kp;@br
is a polynomial of degree less than n. As f,ppp,,...,prp, € B, g € B.
By the induction assumption, g € B’. AS pgp,,....pkp. € Z C B, f =
g+ar X" Fppy + o+ a, X" Fpry, € B

Then B = B’ and, therefore, the ideal B is finitely generated. Conse-
quentely the ring R[X] is Noetherian. ]
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Theorem 2.54 [Hilbert basis theorem| If R is a Noetherian commuta-
tive ring, then the ring R[X1,...,X,] is also Noetherian.

Proof. By induction on n. The case n = 1 has already been studied in
the previous proposition. Suppose that n > 2. By the induction assumption,
the ring R[X7,...,X,_1] is Noetherian. By the previous proposition, the
ring (R[X1,...,Xn-1])[Xn] is Noetherian. As the rings R[X;,...,X,]| and
(R[X1,...,Xn-1])[X,] are isomorphic, R[X1, ..., X,] is Noetherian. ]

Exercises

26l1 Prove that a vector space over a field is Noetherian if and only if it is finitely
generated.

282 [Converse of Hilbert basis theorem] Let R be a commutative ring. Prove that,
if the ring R[X1, ..., X,] is Noetherian, then the ring R is also Noetherian.

2.7 Algebraic varieties

Throughout this section, K is a field.

A point b = (by,...,by) of the space K™ is said to be a zero (or a root)
of a polynomial f € K[Xy,...,X,]if f(b) = f(b1,...,b,) =0.

For each G C K[X1,...,X,], let

V(G)={be K":Vf eqG, f(b) =0},

that is, V(G) is the set of zeros common to all polynomials belonging to G.
A set of the form V(G) is called the affine algebraic variety or, simply, the
variety in the space K™ defined by G (ED

Examples 2.55 Let K be a field.

1. 0 is the variety in K™ defined by {1} and also by K[X7,...,X,].

2. If b= (b1,...,b,) € K", then {b} is the variety in K™ defined by
(X1 = b1, Xy — o).

3. K™ is the variety in K™ defined by {0} and also by 0.

4. The set of solutions of a system of linear equations, in n variables, with
coefficients in K, is a variety in K™ defined by a set of polynomials of
degree < 1. Usually, these varieties are called affine subspaces of K.

5. In R?, the circle with center in (0,0) and radius 1 is the variety in R?
defined by the set {X? + X3 — 1}.

5 Algebraic varieties are the central objects of study in Algebraic Geometry. In some
publications, the sets V(G) are called algebraic sets.
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Proposition 2.56 Let K be a field. For each S C K™,
I(S)={feK[X1,...,X,,] : Vb€ S, f(b)=0}.
is an ideal of the ring K[X1, ..., X,].

The ideal I(S) is said to be the ideal of the set S.

Proof. Clearly 0 € I(S). Let f,g € I(S) and h € K[Xy,...,X,].
For all b € S, f(b) = ¢g(b) = 0. Then (f — g)(b) = f(b) — g(b) = 0 and
(hf)(b) = h(b)f(b) = 0. Then f —g,hf € I(S). Therefore I(S) is an ideal
of K[X1, ..., Xn]. -

Proposition 2.57 Let K be a field, G,H C K[Xy,...,X,], S,T C K".

(a) G CIV(G).
(b) S CVI(S).
(¢c) If G C H, then V(H) C V(G).
(d) If SC T, then I(T) C I(S).
(e) V(G) =VIV(G). Thus a variety is always defined by an ideal.
(f) 1() = IVI(9).
)

(g) Let V be the set of all varieties of K™. Let S the set of all ideals of
K[Xi,...,Xy] of the form I(V), with V € V. The maps

e

V:S§S—=YV and I:V—S

are invertible and one is the inverse of the other.
(h) IfV(H) G V(G), then IV(G) & IV (H).
(i) If 1(S) G I(T), then VI(T) & VI(S).
Proof. (a) Let f € G. By the definition of V(G), for all b € V(G),

f(b) = 0. By the definition of IV(G), f € IV(G). Hence G C IV (QG).

(c) Suppose that G C H. Let b € V(H). For all f € H, f(b) = 0. As
G CH, forall feG, f(b)=0. Then b € V(G). Hence V(H) C V(G).

(e) By (b), V(G) C VIV(G). By (a), G C IV(G). By (c), VIV(G) C
V(G). Hence V(G) = VIV (G). ]

Corollary 2.58 Let K be a field. Let G C R = K[X1,...,X,] and let

RG:{flgl+"'+fpgp:peNvfla"'vfpeRaglv"'aQPEG}v

the ideal of K[X1,...,X,] generated by G. Then V(RG) =V (G).

Proof. As G C IV(G), G C RG C IV(G). By Proposition 2.57, V(G) =
V(IV(GQ)) CV(RG) CV(Q). ]
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Proposition 2.59 Let K be a field. For each variety V in K", there is
a finite subset F' of K[X1,...,Xy,] such that V.=V (F).

Proof. Let V be a variety and let G be a subset of R = K[X1,...,X,]
such that V' = V(G). By the Hilbert basis theorem, there is a finite set
F C K[Xj,...,X,] that generates the ideal RG. By Corollary[2.58 V(G) =
V(RG) =V (RF) =V(F). ]

Proposition 2.60 Let K be a field. Let (V;)icr be a non-empty family
of varieties in K™. Suppose that, for each i € I, V; = V(G;), where G; C

K[Xy,...,X,]. Then
ﬂw:v(UGJ.

i€l i€l

Proof. Let b € ();c;Vi. Foralli € I, b € V; = V(G;). Then, for all
i€l and fe Gy f(b) =0. Then, for all f € (J;c;Gi, f(b) = 0. Then
be V(U;er Gi). Hence ;o Vi € V(U;er Gi)-

Let j € I. As G C Uie; Gi, V(Uier Gi) € V(G5) = Vj. Therefore
V(Uier Gi) € Nier Vi- u

Proposition 2.61 Let Vi,..., V), be varieties in K™. Suppose that, for
each i € {1,...,p}, Vi =V (G,;), where G; C K[Xy,...,X,]. Let

G={fify: fL€Cr o fy € Gy}
Then ViU --- UV, =V(G).

Proof. Let be Vi U---UV,. Thereisi € {1,...,p} such that b € V; =
V(Gi). Then, for all f; € G;, fi(b) = 0. Let fi--- f, be an element of G,
where f1 € Gy, ..., fp € Gp. Then (f1 s fp)(b) = fl(b) s fp(b) = 0, which
shows that b € V(G). Therefore Vi U---UV, C V(G).

Conversely, let b€ V(G). Ifbe ViU---UV,_1,then be Vi U--- UV,
Now suppose that b ¢ V3 U---UV,_1. Then, for all i € {1,...,p — 1},
b ¢ V; =V(G;) and there is f; € G; such that f;(b) # 0. Let f, € G,. Asb €
V(G), 0= (fi- fo-1fp)(b) = fi(b) - fp—1(b)fp(b). As fi(b),..., fp-1(D)
are non-zero, f,(b) = 0. Then b € V(G,) =V, € Vi U---UV,. Then
V(G)CViU---UV,, m

Zariski topology

Let K be a field. We have seen, in Example that () and K™ are
varieties. By Proposition the intersection of a non-empty family of
varieties is a variety. By Proposition the finite union of varieties is a
variety. Thus the varieties in K™ are the closed sets in a topology defined
in K™. This topology is called the Zariski topology in K".

Let 7 and 7/ topologies in a set X. It is said that 7 is weaker that 7/ if
all closed sets in 7 are closed sets in 7’.

81



Proposition 2.62 Let K be a field. Let F € {R,C}. In F", the Zariski
topology in weaker than the usual topology.

Proof. Let V be a variety in F", that is, a closed set in the Zariski
topology. Suppose that V' =V (G), where G C F[X;,..., X,].
Let f € G. With the usual topologies in F" and F , the polynomial
function
fF"=TF, b f0), ()
is continuous. As {0} is closed in F with the usual topology, f~1({0}) is
closed in F" with the usual topology. Then

U =Nvdmh = r"'qoh

fea feGa feG

is closed in F™* with the usual topology. [ |

Chain conditions in topological spaces

Chain conditions are also used when studying other structures, in addi-
tion to modules and rings.

A topological space is said to be Noetherian if any ascending chain of
open sets is stationary or, equivalently, if any descending chain of closed sets
is stationary.

Proposition 2.63 Let K be a field. The Zariski topology in K" is
Noetherian.

Proof. Let V7 D V5 D --- be a descending chain of varieties, that is,
closed sets in the Zariski topology. For each n € N, suppose that V,, =
V(Gy), where G, C K[X1,...,X,]). Thus V,, = V(G,) = VIV(G,) =
VI(V,). By the Hilbert basis theorem, K[X1,...,X,] is Noetherian. As
I(Vi) C1(Va) C---, there is p € N such that, for all n > p, I(V,,) = I(V,,).
Thus, for all n > p, V,, = VI(V,) = VI(V,) = V,. |

Lemma 2.64 IfT is a Noetherian topological space, then T is compact.

Proof. Let T be a topological space that is not compact. Then there is a non-
empty family of closed sets (F;);er such that (), = () and, for each finite subset
IO of I7 miGIo Fl 7& @

Let 3, € I. As Fil £ and ﬂiel F; = 0, there is i3 € I such that F;, € F;,.
Thus F;, 2 F;, N F,. As Fj, i, # 0 and (,c; F; = 0, there is i3 € I such that

F;, gF andF th QF NE,NF,.
By repeatlng, we recurswely deﬁne a descending chain of closed sets F;

D)
11 £
F;, N FZ2 2 F;, N F, OF23 2. Hence T is not Noetherian. |

Corollary 2.65 Let K be a field. The Zariski topology in K" is com-
pact.

LEI

" To simplify, we use the same letter f to represent the polynomial and the polynomial
function.
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Chapter 3

Teoria de Galois

“A major question in classical algebra was whether or not there were
formulas for the solution of higher-degree polynomial equations (analo-
gous to the quadratic formula for second-degree equations). Although
formulas for third- and fourth-degree equations were found in the six-
teenth century, no further progress was made for almost 300 years.
Then Ruffini and Abel provided the surprising answer: There is no
formula for the solution of all polynomial equations of degree n when
n > 5. This result did not rule out the possibility that the solutions of
special types of equations might be obtainable from a formula. Nor did
it give any clue as to which equations might be solvable by formula.
It was the amazingly original work of Galois that provided the full
explanation, including a criterion for determining which polynomial
equations can be solved by a formula. Galois’ ideas had a profound
influence on the development of later mathematics, far beyond the
scope of the original solvability problem.”

[Hungerford-2, p. 407]

Este capitulo segue de perto [Hungerford-2].

3.1 Extensoes de corpos

Sejam K um corpo e F' C K. Diz-se que F' é um subcorpo de K se F for
um subanel de K e, qualquer que seja x € F'\ 0, 27! € F\ 0. Um subcorpo
F de um corpo K é um corpo com as restricoes das operacoes definidas em
K a F. Se F for um subcorpo de K, também se diz que K é uma extensdo do
corpo F. Se K for uma extensao de um corpo F, chama-se corpo intermédio
da extensao K de F' a qualquer extensao E de F' que ¢é subcorpo de K :
FCFECK.

Proposicao 3.1 Se o : K — L for um homomorfismo de anéis, onde
K e L sdo corpos, entdo, qualquer que seja x € K\ 0, o(x™1) = o(z)~!.

Demonstragdo. Qualquer que seja z € K\ 0, 1 = (1) = o(za™ 1) =
o(x)o(z~1). Logo o(z) é invertivel e o(x~1) é o seu inverso. ]
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Se 0 : K — L for um homomorfismo de anéis, onde K e L sao corpos,
diz-se que o é um homomorfismo de corpos.

Proposicao 3.2 Se (F;)ier for uma cadeia nao vazia de subcorpos de
um corpo K, entdo | J;c; F; € um subcorpo de K.

Proposicao 3.3 Se (F;)icr for uma familia nao vazia de subcorpos de

um corpo K, entdo (\,c; F; € um subcorpo de K.

Se X for um subconjunto de um corpo K, chama-se subcorpo de K gerado

por X a interseccao de todos os subcorpos de K que contém X. Assim, o
subcorpo de K gerado por X é o menor subcorpo de K que contém X.

Se K for uma extensao de um corpo F' e uq,...,u, € K, representa-se
por F(u1,...,u,) osubcorpo de K gerado por FU{uy,...,u,}. Também se
diz que F(uq,...,u,) é a extensao de F' gerada por {uy,...,u,}. Chama-se

extensdo simples de F' a qualquer extensao da forma F'(u).

Sejam K e L extensoes de um corpo F. Um homomorfismo de corpos
f : K — L chama-se homomorfismo de extensées de F' ou, mais simples-
mente, F-homomorfismo se, para cada a € F, f(a) = a.

Proposicao 3.4 Sejam K e L extensoes de um corpo F. Uma aplicacdo
f: K — L é um F-homomorfismo se e so se f for um homomorfismo de
F-dlgebras.

Demonstra¢do. Suponhamos que f é um F-homomorfismo. Quaisquer que
sejam a € F, b € K, f(ab) = f(a)f(b) = af(b). Logo f é um homomorfismo de
F-algebras.

Reciprocamente suponhamos que f é um homomorfismo de F-algebras. Qual-
quer que seja a € F, f(a) = flalg) = af(lx) = aly, = a. Logo f é um F-
homomorfismo. [ ]

Proposigao 3.5 Sejam K,L e M extensées de um corpo F.

(a) idg € um F-automorfismo de K.

(b) Seoc: K - L et :L— M forem F-homomorfismos, entio 7o : K — M
também € um F-homomorfismo.

(¢) Se o : K — L for um F-isomorfismo, entio o~' : L — K também é um
F-isomorfismo.

(d) O conjunto Galp K de todos os F-automorfismos de K é um grupo.

Exercicios
BIl1 Prove que Q(i +5) = Q(3 —i/2) e C = R(e + mi).
B2 Sejam K uma extensdo de um corpo F e uq,...,Up,...,u, € K. Prove que

F(ui,ug) = Fug,us +u2) € F(ug,...,up) = F(ug, ..., up)(Upt1s- -, Un)-
BI13 Prove que {1,+/2,1/3} é linearmente independente sobre Q. (Sugestdo: prove

que {1,v/2} é linearmente independente sobre Q e v/3 néo é combinacao linear
de {1,v/2} com coeficientes em Q.)

B4 Sejam K uma extensdo de Q e o um automorfismo de K. Mostre que o é
um Q-automorfismo de K.
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3.2 [Extensoes algébricas e extensoes finitas

Seja K uma extensao de um corpo F e seja u € K. Diz-se que u € K é
algébrico sobre F' se u for raiz de algum polinémio f € F[X]\ 0. Se u nao
for algébrico sobre F, diz-se que u é transcendente sobre F'. Diz-se que K
é uma extensao algébrica de F se todos os elementos de K forem algébricos
sobre F.

Proposicao 3.6 Seja K uma extensao de um corpo F e seja E um
corpo intermédio: F C E C K.

(a) Sewu € K for algébrico sobre F, entdao u é algébrico sobre E.

(b) Se K for uma exstensdo algébrica de F, entao K € uma extensdo
algébrica de E e E € uma extensdao algébrica de F'.

Exemplos 3.7 1. Na extensao C de R, i é algébrico sobre R, pois é raiz
do polinémio X2 + 1.
2. /2 é algébrico sobre Q pois é raiz do polinémio X3 — 2.

3. Veremos mais adiante que e e 7w sdo transcendentes sobre Q.

Se K for uma extensao de um corpo F, entao K é um espago vetorial
sobre F' com as operagoes que ja estao definidas em K. Se K for finitamente
gerado, como espago vetorial sobre F), diz-se que K é uma extensdo finita
de F' e a dimensao de K, como espaco vetorial sobre F, chama-se grau da
extensao K de F e representa-se por [K : F.

Exemplo 3.8 C é uma extensao finita do corpo R e [C : R] = 2 uma
vez que {1,7} é uma base de C como espaco vetorial real.

Exemplo 3.9 Seja K uma extensao finita de um corpo F, seja n a
dimensao de K sobre F e seja {u1,...,u,} uma base de K sobre F. Clara-
mente F(uq,...,u,) € K. Reciprocamente, se v € K, entdo v é com-
binagao linear de {u,...,u,} e, por isso, v € F(uq,...,u,). Assim K =
F(uy, ... up).

Proposicao 3.10 Sejam K e L extensdes finitas de um corpo F. Se
o: K — L for um F-isomorfismo, entio [K : F] =[L: F].

Demonstracdo. Pela proposicao o é um isomorfismo de espacos
vetoriais sobre F. Logo [K : F|=[L: F]. ]

Proposicao 3.11 Sejam L uma extensdo finita de um corpo K e K
uma extensdo finita de um corpo F. Entdo L € uma extensdo finita de F e

[L:F]=[L:K]|K:F].

Demonstragdo. Sejam m = [L : K] e n = [K : F]. Seja {u1,...,um}
uma base de L sobre K e seja {v1,...,v,} uma base de K sobre F.
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Suponhamos que

m n
0= E E a;ju;vj, onde a;; € F.
i=1 j=1
Entao
n n
0= E E Qi jV; | Ui, onde E a; jV; € K.
i=1 \j=1 j=1
Como u1, ..., Uy, sao linearmente independentes sobre K,
n
0= E Qi jVj, iE{l,...,m}.
Jj=1
Como v, ..., v, sao linearmente independentes sobre F),

Ozai,j, iE{l,...,m},jE{l,...,n}.

Este argumento implica que os elementos u;v; sao todos distintos e sao

linearmente independentes. Seja w € L. Como uq,...,u, geram L sobre
K,
m
w = Z b;u;, para alguns b; € K.
i=1
Como v1,...,v, geram K sobre F,

n
b; = E a; jvj, para alguns a;; € F.
j=1

Assim,

i=1 \Jj=1 i=1 j=1
Portanto o conjunto
{uwjie{l,...,m},je{l,...,n}} (3.1)
gera L sobre F. Logo (3.1) é uma base de L sobre F' com cardinal mn, o
que completa a demonstracao. [ |

Proposicao 3.12 Se K for uma extensao finita de um corpo F, entdo
K € uma extensdo algébrica de F'.

Demonstragao. Sejan = [K : F], a dimensao de K sobre F. Sejau € K.
Vejamos que u é algébrico sobre F'.

Caso 1. Suponhamos que existem 4,j € N tais que i # j e u! = /.
Entdo v é raiz do polinémio ndo nulo X’ — X7 e, portanto, u é algébrico
sobre F.
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Caso 2. Suponhamos que todas as poténcias u’, com i € N, sdo distintas.
Entao u,u?,...,u""! sdo n + 1 elementos distintos do espaco vetorial K, o
qual tem dimensdo n. Assim u,?,...,u""! sdo linearmente dependentes e
existem escalares ar,...,a,+1 € F, ndo todos nulos, tais que aju + aqu® +
S an+1un+1 = 0. Portanto u é raiz do polinémio nao nulo a1 X + as X2 +
o+ ap1 XL e u é algébrico sobre F.

Em qualquer caso, u é algébrico sobre F. Logo K é uma extensao
algébrica de F'. ]

Polinémios minimos

Seja F' um corpo. Recordemos que o anel de polindmios F[X] é um
dominio de ideais principais. Se I for um ideal de F[X] e g € F[X] gerar I,
entdo f € F[X] gera I se e s6 se f e g forem associados em F[X]. Assim
um ideal nao nulo I de F[X] tem um tnico gerador ménico.

Proposicao 3.13 Seja K uma extensao de um corpo F' e seja u € K.

(a) O conjunto I de todos os polinémios f € F[X] tais que f(u) =0 € um
ideal de F[X].

(b) w € algébrico sobre F se e sé se I # 0.

(¢) Se u for algébrico sobre F' e g € I, entdo g gera o ideal I se e sd se g
for irredutivel em F[X].

Demonstragdo. (a) é um exercicio facil e (b) resulta imediatamente das
definicoes.

(c) Como u é algébrico sobre F, I # 0. Note-se que g ¢ U(F[X]) porque
as unidades nao tém raizes.

(=) Suponhamos que g gera I. Como I # 0, g # 0. Com vista a
uma contradicao, suponhamos que g é redutivel. Entao g = g1g92, onde
91,92 ¢ U(F[X]). Entao 0 = g(u) = g1(u)g2(u). Como K é um corpo,
gi(u) = 0 ou g2(u) = 0. Suponhamos que g;(u) = 0. (O outro caso é
andlogo.) Entao g1 € I e g | g1. Como g = g192, g1 | g Logo g e g1 sdo
associados e g2 € U(F[X]), o que é absurdo. Logo g ¢ irredutivel.

(<) Suponhamos que g é irredutivel. Seja h um gerador de I. Entao
h | g. Como as unidades nao tém raizes, h nao é uma unidade. Como g é
irredutivel, g e h s@o associados. Como h gera I, g também gera I. [ |

Seja K uma extensao de um corpo F' e seja u € K algébrico sobre F. O
unico gerador moénico do ideal

I'={f e F[X]: f(u) =0}

chama-se polinomio minimo de u sobre F'. Note-se que o polinémio minimo
de u sobre F' também é o tinico polinémio moénico de grau minimo que per-
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tence a I. Da proposicao anterior também resulta que o polinémio minimo
de u sobre F' é o inico polinémio monico e irredutivel que pertence a I.

Exemplo 3.14 Seja u = /3 + /5 € R. Entdo v =3+ 2v3V5+5 =
8 +2v/15. Donde u? — 8 = 2v/15 e (u? — 8)% = 60. Portanto u = /3 ++/5 é

raiz do polinémio
(X2 -8)2 - 60 = X* - 16X%+4 c Q[X].

Verifique que este polindmio é irredutivel sobre Q. Logo este é o polinémio
minimo de u sobre Q.

Exemplo 3.15 Os reais V3 e /5 nao sao racionais, mas sao algébricos
sobre Q. Assim Q(v/3,v/5) é uma extenséo finita de Q. Podemos calcular a
dimensao de Q(v/3, v/5) sobre Q, considerando a cadeia de extensdes simples:

Q CQ(v3) CQ(V3)(V5) =Q(V3,V5).

Como /3 é raiz de X% — 3 € Z[X] e este polinémio é irredutivel em Q[X]
pelo critério de Eisenstein, X2 — 3 é o polinémio minimo de v/3 sobre Q.
Assim [Q(v/3) : Q] = 2 e {1,V/3} é base de Q(v/3) sobre Q.

Por outro lado, o polinémio X2 — 5 € Q(+/3)[X] tem duas raizes em
C : 5 e —V5. Seja u € {f,—\/g} e suponhamos, com vista a uma
contradicdo, que v € Q(v/3). Entdo u = a + byv/3, onde a,b € Q. Donde
5 =u? = a® +3b% 4+ 2abV/3. Se ab # 0, V3 = (5 —a® — 3b%)/2ab € Q, o
que é absurdo. Também é facil mostrar que é impossivel ter a = 0 ou b = 0.
Assim X? — 5 nao tem rafzes em Q(\/g) e, portanto, X2 —5 é irredutivel em

Q(v/3)[X]. Logo [Q(V3,V5) : Q(v3)] =2.
Logo [Q(v/3,v5) : Q] = [Q(V3,V5) : Q(v/3)][Q(V3) : Q] = 4.

Pela proposigao e pelo corolério se F' for um corpo e f € F[X],
entdo f é irredutivel se e s6 se F[X]f for um ideal maximal de F[X] se e s6
se F[X]/F[X]f for um corpo.

Proposicao 3.16 Seja K uma extensdo de um corpo F e uw € K um
elemento algébrico sobre F' com polindmio minimo p € F[X]| de grau n.

(a) F(u) = Flu].

(b) [F(u): Fl=n e B ={1,u,...,u" '} é uma base do espaco vetorial
F(u) sobre F'.

(c) FIX]/F[X]p € um corpo e a aplicagio
Vg P FHFXp e fu), (3-2)

estd bem definida e € um isomorfismo de corpos.
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Demonstracao. Vejamos que
Flul ={r(u) : r € F[X] ed(r) <n}. (3.3)
Seja w € Flu|. Entao w = f(u), com f € F[X]. Dividindo f por p, f = pg+
r,onde ¢, € F[X]ed(r) <n=d(p). Entao f(u) = p(u)q(u)+r(u) = r(u),
0 que prova uma das inclusoes de . A outra inclusao é trivial.

(a) Como F U {u} C Fu] C F(u) e F(u) é o menor subcorpo de K que
contém F'U{u}, basta provar que o anel F'[u] é um subcorpo de K. Seja r(u)
um elemento nao nulo de Flu|, onde r € F[X]\ 0 e d(r) < n = d(p). Como
r # 0 e p é irredutivel, deduzimos que r e p sdo relativamente primos. Assim
existem s,t € F[X] tais que 1 = rs + pt. Donde 1 = r(u)s(u) 4+ p(u)t(u) =
r(u)s(u) e, portanto, r(u) é invertivel. Logo F[u] é um subcorpo de K.

(b) De (.3)), deduzimos que B gera o espaco vetorial F[u] = F(u) sobre
F. Suponhamos agora que

0=ag+aiu+-+ap_1u™ ", ondea; €F.
Entao
0=r(u), onde r=ap+a1X +---+a, 1 X" '€ F[X].

Como u é raiz de r e r tem grau inferior ao grau de p que é o polinémio
minimo de u, deduzimos que r = 0. Portanto 0 =ay = --+- = a,_1. Logo os
elementos 1, u, ..., u" ! sdo todos distintos e B é linearmente independente,
o que conclui a demonstracao de (b).

(¢) Como p é irredutivel, F[X]/F[X]p é um corpo. A aplicacao
¢: F[X]— Flu] = F(u), f = f(u), é um epimorfismo de anéis e

ker¢ = {f € F[X]: f(u) = 0} = F[X]p.

Pelo primeiro teorema de isomorfismo, proposicao (3.2) é um isomor-
fismo de anéis e, portanto, de corpos. [ |

Exemplo 3.17 Vimos no exemplo que X4 —16X2+44 é o polinémio
minimo de v/3 + v/5 sobre Q. Assim

{1,V3+ V5, (V3+V5)% (V3+V5)*}
é uma base do espaco Q(v/3 + v/5) sobre Q e [Q(v/3 +/5) : Q] = 4.

Proposicao 3.18 Seja K uma extensao de um corpo F'. Seuy, ..., u, €
K forem elementos algébricos sobre F, entio K = F(u1,...,u,) € uma
extensao finita e algébrica de F.

Demonstragao. Consideremos a cadeia de corpos

F=ECE CEC---CE,=K,
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onde, para cada i € {1,...,n}, F; = F(ui,...,u;) = E;—1(u;). Como u;
¢é algébrico sobre F, u; também é algébrico sobre F;_;. Pela proposicao
3.16, [F; : Ei—1] = [Fi—1(u;) : E;—1] é finito. Aplicando repetidamente a
proposicao deduzimos que K é uma extensao finita de F' e

[K : F] = [En : En—l][En—l : En_g] cee [El : E()]
Pela proposicao K é uma extensao algébrica de F. [ |

Proposicao 3.19 Se L for uma extensao algébrica de um corpo K e K
for uma extensdo algébrica de um corpo F, entdo L € uma extensdao algébrica

de F'.

Demonstragao. Seja uw € L. Como u é algébrico sobre K, existe um
polinémio f = a, X" + -+ + a1 X + a9 € K[X]\ 0 tal que f(u) = 0. Pela
proposigéo E = F(ap, a1, ...,a,) é uma extensao finita de F. Por outro
lado, como f(u) = 0, u é algébrico sobre E. Pela proposigao E(u) é
uma extensao finita de E. Pela proposicao E(u) é uma extensao finita,
e, portanto, algébrica, de F'. Donde u é algébrico sobre F. Como u é um
elemento arbitrario de L, L é uma extensao algébrica de F. [ |

Proposicao 3.20 Seja K uma extensao de um corpo F. Seja E o con-
jJunto de todos os elementos de K que sao algébricos sobre F'. Entao E é
um corpo intermédio da extensdo K de F' e € uma extensdo algébrica de F.

Demonstragao. Claramente FF C E C K. Sejam u,v € E. Pela
proposicao F(u,v) é uma extensao algébrica de F. Portanto u — v
e uv sdo algébricos sobre F e, se u # 0, entdo u~! também ¢ algébrico so-
bre F. Logo E é um subcorpo de K. Como todos os elementos de F sao
algébricos sobre F, ¥ é uma extensao algébrica de F. [ |

Proposicao 3.21 Seja 0 : K — L um F-homomorfismo, onde K e L
sao extensoes de um corpo F. Seja f € F[X]. Seu € K for uma raiz de f,
entdo o(u) também € uma raiz de f.

Demonstragao. Suponhamos que f = ap, X" + -+ 4+ a1 X + ap. Supon-
hamos que f(u) = 0. Entao

flo(u)) =apo(u)” 4+ -+ aro(u) + ap
= o(an)o(u)" +---+o(ar)o(u) + o(ao)
=o(au” + -+ aju+ag) = o(f(u)) = o(0) = 0. ]

Proposicao 3.22 Seja 0 : K — L um homomorfismo de anéis. Para
cada f=ap X"+ -+ a1 X + ap € K[X], seja

of =0(an) X" +---+o0(a1)X + o(ap) € L[X].

90



Entao
¢: K| X]— L[X], f—of,

é um homomorfismo de anéis que estende o (i. e., Va € K, ¢(a) = o(a)). Se
o for um isomorfismo, ¢ também € um isomorfismo.

Demonstragdao. Claramente ¢ estende o. Assim ¢(1) = o(1) = 1. Quais-
quer que sejam,

F= a X", g=> bX"€K[X],

neNy nENp

df+9)=0(f+9) =0 (an+b)X"= > olan+b,)X"

neNy

neNg
= (0(an) + o) X" = " o(an) X"+ Y o(by) X"

n€Ny neNg n€Ng

=of +og=09¢(f)+ &(9),

¢(f9)=0(f9)=<fz ( Z akbl) X" = Za( Z akbl) xn

n€Ny k,leNp,kl=n n€Np k,leNg,kl=n
-5 (5 otwen) 2= (5 otoan) (5 o)
n€Ny k,leNp,kl=n n€Np n€Ny

= (af)(og) = o(f)o(g)-

Portanto ¢ é um homomorfismo de anéis. Fica ao cuidado do leitor provar
a ultima afirmagao da proposicao. [ |

Proposicao 3.23 Seja o : ' — E um isomorfismo de corpos. Suponha-
mos que u € um elemento algébrico sobre F, pertencente a alguma extensao
de F, com polinémio minimo f € F[X] sobre F. Suponhamos que v €
um elemento algébrico sobre E, pertencente a alguma extensdo de E, com
polindmio minimo of € E[X] sobre E. Entdo existe um isomorfismo de
corpos T : F(u) — E(v) que estende o e aplica u em v.

Em particular, se FF = E e 0 = idp, entao existe um F-isomorfismo
7: F(u) = F(v) tal que 7(u) = v.

Demonstragdo. Pela proposicao ¢: FIX] — E[X], g+ og, é um
isomorfismo que estende o. Seja

p: B[X] - E[;E([])(if), his bt E[X](0f),
o epimorfismo candnico. Entao
v=po: FIX] o i Lo g og + BLXI(0)
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é um epimorfismo de anéis. Qualquer que seja g € F[X],
gE€kery < og+ E[X|(of) = E[X](of) < og € E[X](of) < of |og
< o(f) | olg) = flgege FIX]f

Donde kery = F[X]f. Pelo primeiro teorema de isomorfismo, proposi¢ao

0.40,
PIX]FX) | E[Y]
FIX]f  kery  E[X](of)’
é um isomorfismo de anéis. Pela proposicao F[X]/F[X]|f e
E[X]/E[X](cf) sao corpos e, portanto, £ é um isomorfismo de corpos. Pela
proposicao [3.16] existem isomorfismos de corpos

g+ F[X|f = og+ E[X](cof),

N s F@. g+ FIXIT o o),
e /L:E[i:[])(if)%E(v), h+ E[X]|(af) — h(v).
Assim
T=prA"" F(u) = B(v),  g(u) = (0g)(v),
é um isomorfismo de corpos que estende o e 7(u) = v. |

Exemplo 3.24 O polinémio X3 — 2 é irredutivel em Q[X] pelo critério
de Eisenstein e tem uma raiz /2 € R. Verifique que /2w e /2w, onde
w = (=1++/3i)/2 € C é uma raiz ciibica de 1, também sio raizes de
X3 — 2. Assim X2 — 2 é o polinémio minimo de qualquer uma destas trés
raizes.

Pela proposicio anterior, existe um Q-isomorfismo 7 : Q(¥/2) — Q(+/2w)

tal que 7(v/2) = v/2w.

Exercicios

B21 Prove que os elementos 3 + 5i, Vi — /2, e 1 4+ /2 séo algébricos sobre Q.
B212 Prove que /7 é algébrico sobre Q(7).
[B:213 Prove que os niimeros complexos sdo algébricos sobre R.

B24 Sejam K uma extensao de um corpo F e u € K. Prove que, se u? for algébrico
sobre F, entao u é algébrico sobre F'.

B2l5 Seja K uma extensao de um corpo F. Seja E o corpo dos elementos de K
algébricos sobre F' (cf. proposicao [3.20). Prove que os elementos de K \ E
sao transcendentes sobre F.

B216 Seja K uma extensido de um corpo F. Seja u € K um elemento algébrico
sobre F' cujo polinémio minimo tem grau primo. Prove que, se E for um
corpo intermédio F C E C F(u), entdo E = F ou E = F(u).

B217 Calcule os polinémios minimos de /1 + V5 e vV3i+ /2 sobre Q.

B2l8 Calcule uma base para cada uma das seguintes extensoes de Q : Q(v/5,1),
Q(V5,VT7), Q(V2,v3,v5), Q(V2,V3).

329 Verifique que [Q(v/3,4) : Q] = 4 e [Q(v/2,v/5,110) : Q] = 4.
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3.3 Corpos de decomposicao

Seja K uma extensao de um corpo F. Seja f € F[X]\ F. Dizse que f
se decompoe no corpo K se

f=cX—u) - (X —uy), paraalguns ce€F e uy,...,u, € K.

Se, além disso, K = F(uq,...,uy), diz-se que K é um corpo de decomposi¢ao
de f sobre F'.

Se f = ¢X+d € F[X] tiver grau 1, entao f = ¢(X —(—d/c)) decompde-se
em F e F' é o tnico corpo de decomposicao de f sobre F.

Exemplo 3.25 O polinémio f = X*—-X2-2 = (X2-2)(X2+1) € Q[X]
tem quatro raizes complexas =v/2 e £i. Assim Q(v/2,7) = Q(v/2, —v/2,i, —i)
é um corpo de decomposicao de f sobre Q.

Exemplo 3.26 O corpo C dos nuiimeros complexos é um corpo de de-
composicao do polinémio X2 + 1 = (X —4)(X +14) sobre R, uma vez que

R(i,—i) =R(:) ={a+bi:a,be R} =C.
Contudo C nao é um corpo de decomposicio de X2 + 1 sobre Q.

Proposicao 3.27 Sejam K uma extensdo de um corpo F' e E um corpo
intermédio: F C E C K. Se K for um corpo de decomposicdo de algum
polinémio f sobre F, entdo K é um corpo de decomposicao de f sobre E.

Sejam F um corpo e f € F[X] um polinémio que nao é invertivel.
Entao F[X]f # F[X] e o anel F[X]|/F[X]|f nao ¢ trivial. Consideremos
o homomorfismo de anéis

, F[X]
jF = ———, a—a+ F[X]f.
FIX]f A
Como j(1) = 1+ F[X|f # 0+ F[X]f, kerj # F. Como F é um corpo,
kerj =0 e j é um monomorfismo. Se identificarmos os elementos de F' com
as respetivas imagens por j, entdo F' = j(F') é um subanel de F[X|/F[X]f.

Proposicao 3.28 Sejam F um corpo, f € F[X] um polinémio mdnico
e K = FIX|/F[X]|f. Para cada g € F[X], sejag=g+ F[X]f.

Se f for irredutivel, entdo, considerando K como extensao de F, X € K
¢ uma raiz de f no corpo K, X é algébrico sobre F e f € o polindmio minimo
de X sobre F.

Demonstragcdo. Suponhamos que f = X" + a,_1 X" ' + -+ + ag, com
a; € F. Entao

1 ~n—1

fFX)=X"+a, 1 X"+ ta=X +aGaX +-+ap
=f=[f+FX]f=FX]f =0k
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Logo X é raiz de f. Como f # 0, X é algébrico sobre F. Como f é
irredutivel e ménico, f é o polinémio minimo de X sobre F. [ |

Proposicao 3.29 Sejam F um corpo e f € F|X] um polinémio de grau
n > 1. Existe wm corpo de decomposicao K do polinémio f sobre F tal que
[K : F] <nl

Demonstragao. Por inducao em n. Se n = 1, entao F' é um corpo de
decomposicao de f sobre F'e [F: F] =1 <1l

Suponhamos que n > 2. Sabemos que f se fatoriza como produto de
polinémios irredutiveis em F[X]. Seja p € F[X] um polinémio ménico e
irredutivel que divide f. Pela proposigao [3.28] existe uma extensao F de F
tal que p tem uma raiz v € E e p é o polinémio minimo de u sobre F.
Pela proposicao [F(u) : F] = d(p) < d(f) =n. Como X —u | f,
f=(X—u)g, onde g € F(u)[X]. Como d(g) = n— 1, a hipdtese de indugao
garante que existe um corpo de decomposicao K do polinémio g sobre o
corpo F'(u) tal que [K : F(u)] < (n—1)l. Assim

g=cX —u1)- - (X —up_1),
onde ¢, uq,...,u,_1 € K, e, portanto,
f = C(X — u)(X — ul) cee (X — un_l).

Como
K=F(u)(ui,...,up—1) = F(u,ui,...,up-1),

concluimos que K é um corpo de decomposicao de f sobre F. Além disso,
[K:F)=[K:Fu)][F(u): F]<(n—1)n=nl n

Proposicao 3.30 Sejam o : F — E um isomorfismo de corpos e f €
F[X]|\F. Se K for um corpo de decomposi¢ao de f sobre F' e L for um corpo
de decomposicdo de of sobre E, entdo existe um isomorfismo d : K — L
que estende o. Em particular, se F' = E e ¢ = idp, entdo existe um F'-
isomorfismo K — L.

Demonstragao. Por inducao em n = d(f). Note-se que d(f) = d(o f). Se
n=1,entao K = F, L = F e o resultado é trivial. Suponhamos que n > 2.
Pela proposic¢ao [3.22], o estende-se a um isomorfismo de anéis

¢: F[X]|— E[X], hw~ oh.
Como K é um corpo de decomposicao de f sobre F)

f:C(Xful)"‘(X*un) e K:F(U17~--7un)v
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para alguns ¢ € F,uy,...,u, € K. Como L é um corpo de decomposicao de
of sobre E,

of=c()(X —v1) (X —v,) e L=E(vi,...,v,),

para alguns vi,...,v, € L.

Seja p € F[X] o polinémio minimo de u; sobre F. Claramente op é
monico. Como f(ui;) =0, p| f. Como ¢ é um isomorfismo, deduzimos que
op = ¢(p) é irredutivel em FE[X] e op|of. Como op | of, op é produto de
alguns dos polinémios X — v;. Sem perda de generalidade, suponhamos que
v1 é raiz de op. Assim op é o polinémio minimo de v; sobre E.

Pela proposi¢ao[3.23] existe um isomorfismo de corpos 7 : F(u) — E(v1)
que estende o e aplica u; em v;. Pela proposicao [3:22] 7 estende-se a um
isomorfismo de anéis

Y F(up)[X] — E(n)[X], hw~ Th.
Como f = (X —up)g, onde g = ¢(X —ug)--- (X —uy) € F(u)[X],

of =7f =9(f) = (X —u)d(g) = (1(X —w))(rg) = (X —v1)(79).

Assim 7g = o(c)(X —va) -+ (X — wvy).

Como K = F(ui,...,up) = F(u1)(ug,...,uy), K é um corpo de decom-
posicao de g sobre F(u1). Como L = E(vy,...,v,) = E(v1)(ve,...,v,), L
é um corpo de decomposicao de 7g sobre E(v1). Pela hipdtese de indugao,
existe um isomorfismo de corpos & : K — L que estende 7 e, portanto,
também estende o. [ |

Exercicios

B3l1 Prove que X2 — 3 e X2 — 2X — 2 sio irredutiveis em Q[X] e tém o mesmo
corpo de decomposicao Q(v/3) sobre Q.

332 Calcule um corpo de decomposiciao de X* — 4X? — 5 sobre Q e mostre que
tem dimenséao 4 sobre Q.

B:313 Calcule corpos de decomposicio dos seguintes polinémios sobre Q : X4 4 1,
X*—2, e X0+ X3 4+1.

B34 Prove que Q(v/2,4) é um corpo de decomposicio de X2 — 2v/2z 4 3 sobre
Q(v2).

B35 Calcule um corpo de decomposicao de X3 + X + 1 sobre Zs.

3.4 Corpos algebricamente fechados

Recorde-se que um corpo K diz-se algebricamente fechado se todo o
polinémio f € K[X]\ K tiver uma raiz em K.

Uma extensao K de um corpo F chama-se fecho algébrico de F se K for
algebricamente fechado e for uma extensao algébrica de F'.

95



Proposicao 3.31 Seja K um corpo. Sao equivalentes:
(a) K ¢ algebricamente fechado.
(b) Todo o polinomio f € K[X]\ K se decompéoe em K.

(¢) Qualquer que seja u pertencente a alguma extensao de K, se u for
algébrico sobre K, entdo u € K.

(d) K € a dnica extensao algébrica de K.

Proposicao 3.32 Seja K um fecho algébrico de um corpo F'. Qualquer
que seja o corpo intermédio F C E C K, se E for algebricamente fechado,
entao EF = K.

Demonstragao. Seja u € K. Como u é algébrico sobre F, u é raiz de um
polinémio f € F[X]\ F. Como E ¢ algebricamente fechado, u € E. Logo
KCFEFeK=E. [

Proposicao 3.33 Seja K uma extensdo de um corpo F. Seja A o corpo
intermédio formado pelos elementos de K que sao algébricos sobre F. (Cf.
Proposicao )

Se K for algebricamente fechado, entdo A € o unico fecho algébrico de
F contido em K.

Demonstra¢do. Para provar que A é um fecho algébrico de F, s6 falta
ver que A é algebricamente fechado. Seja g € A[X]\ A. Como K é alge-
bricamente fechado, g tem uma raiz u € K. Entao u é algébrico sobre A
e A(u) é uma extensao algébrica de A. Como A é uma extensao algébrica
de F, A(u) também é uma extensao algébrica de F'. Portanto u é algébrico
sobre F' e u € A. Logo A é algebricamente fechado.

Suponhamos agora que F também é um fecho algébrico de F' contido em
K. Como os elementos de F sao algébricos sobre F, E C A. Pela proposigao

332 E = A. |

Lema 3.34 Se K for uma extensao algébrica de um corpo F, entdo
[ K| < Ro| F.

Demonstragao. Para cada n € N, seja P, o conjunto dos polinémios
f € F[X] com grau n. Entao |P,| = |[(F\ 0) x F"| < Ng|F.

Como F[X]\ F =, ey Pn, [FIX]\ F| < Rg(Rg|F|) = Ng|F|.

Como cada elemento de K ¢é raiz de algum polinémio f € F[X]|\ F e
todos os polinémios pertencentes a F[X]\ F' tém um nimero finito de raizes,
[ K| < Ro[ FIX]\ F| < Ro(Ro| F'|) = Ro|F. u

Teorema 3.35 Todo o corpo F' tem um fecho algébrico.
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Demonstragdo. Seja S um conjunto tal que FF C S e Nyo|F| < |9] (EI)
Seja § o conjunto de todas as extensoes algébricas de F' contidas em S.
(Duas extensoes algébricas de F' contidas em S com o mesmo conjunto
suporte

'Por exemplo, S = P(N x F)U F, a unido do conjunto das partes de N x F' com F.
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contam como elementos distintos de S se as operagoes forem distintas.)
Como F € 8, S # (). Definimos uma ordem parcial em S do seguinte modo:
E; < E5 se e s6 se Fy for uma extensao de Ej. Seja (E;);e; uma cadeia
nao vazia de elementos de S. Seja E = J;c; E;. Sejam z,y € E. Como
(Ej)ier € uma cadeia, existe j € I tal que x,y € E;. Representamos por
T 4y e xy a soma e o produto, respetivamente, de x e y em E;. Verifique
que x +y e zy nao dependem de Ej, isto é, se E; e Ej forem elementos
de S tais que z,y € E; N Ej, entao as somas de v e y em E; e em K,
coincidem e os produtos de x e y em E; e em L), também coincidem. Deste
modo, ficam definidos, sem ambiguidade uma adicdo e uma multiplicagcao
em E. Verifique que, com estas operacoes, F é um corpo que pertence a S e
é um majorante da familia (E;);c;. Pelo lema de Zorn, S tem um elemento
maximal K.

Vejamos que K é algebricamente fechado. Com vista a uma contradigao,
suponhamos que nao é. Pela proposicao|3.31} existe um elemento u algébrico
sobre K pertencente a alguma extensao de K e que nao pertence a K.
Entao K(u) é uma extensao algébrica de K diferente de K. Como K é
uma extensao algébrica de F, K (u) também é uma extensao algébrica de F.
Pelo lema [3.34] |K(u)| < Ro|F| < |S|. Donde |[K(u) \ K| < |S\ K|. Seja
€: K(u)\ K — S\ K uma aplicagao injetiva. Entao

(:K(u)—S, a—aseacK, ar—ela)sead K,

é uma aplicacao injetiva. Em L = ((K(u)), definimos uma adigdo e uma
multiplicagao do seguinte modo: quaisquer que sejam a,b € K (u),

((a) +¢(b) == Cla+b),  ((a)((b) := ¢(ab).

Claramente K ; L C S, L é um corpo K-isomorfo a K(u) e, portanto,
também F-isomorfo a K(u). Donde L é uma extensao algébrica de F e
L € S, o que contradiz a maximalidade de K. Logo K é algebricamente
fechado. Logo K é um fecho algébrico de F. [ |

Teorema 3.36 Sejam K e L fechos algébricos de um corpo F. Entdo
K e L sao F-isomorfos.

Demonstragao. Seja S o conjunto dos ternos (F, N, 7) tais que E é um
corpo intermédio da extensao K de F, N é um corpo intermédio da extensao
Lde Fer:FE— N éum F-isomorfismo.

Como (F, F,idr) € S, § # (. Definimos em & uma ordem parcial do
seguinte modo: (E,N,7) < (E',N',7") se e 86 se E for subcorpo de E', N
for subcorpo de N’ e 7 = T|’E.

Seja (FEj, Nj, Ti)icr uma cadeia nao vazia de elementos de S. Entao E =
Uier £i € um corpo intermédio da extensao K de F'e N = J;c; N; é um
corpo intermédio da extensao L de F. Definimos uma aplicacdo 7: £ — N
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do seguinte modo: se x € E, entdo 7(x) = 7;(x), onde j é um indice tal
que x € E;. Verifique que 7 estd bem definido, isto é, 7(z) nao depende do
indice j escolhido. Mostre que 7 é um F-isomorfismo. Assim (E,N,7) € S
e é um majorante da familia (E;, N;, 7;)ic;. Pelo lema de Zorn, S tem um
elemento maximal (D, M, o).

Suponhamos que D # K. Sejau € K\ D. Seja f € F[X]\ F tal que
f(u) =0. Como f se decompoe em K, K contém um corpo de decomposigao
C de f sobre D. Analogamente L contém um corpo de decomposi¢ao P de
of = f sobre M. Pela proposicao [3.30, existe um isomorfismo o : C' — P
que estende ¢. Note-se que D & C porque u € C'\ D. Logo (D, M,0) <
(C, P,7), o que contradiz a maximalidade de (D, M, o). Logo D = K.

Analogamente, se supusermos que M # L, podemos encontrar um F-
isomorfismo 7 : P — C,onde M G P C L, D C C C K e 7 estende
v=0"1:M — D. Assim (D, M,0) < (C,P,7~'), uma contradicio.

Logo ¢ : K — L é um F-isomorfismo. [ |

Exercicios

B4l1 Prove que néo existe um corpo algebricamente fechado finito. (Sugestéo: se
F = {a1,...,a,} for um corpo algebricamente fechado finito com a; # 0,
considere o polinémio a1 + (X —a1) -+ (X —a,) € F[X].

B2 Seja K uma extensao algébrica de um corpo F tal que todo o polinémio
f € F[X]\ F se decompde em K. Prove que K é um fecho algébrico de F.

3.5 Extensoes normais

Diz-se que um corpo K é uma extensao normal de um corpo F se K
for uma extensao algébrica de F' e, para qualquer polinémio irredutivel p €
F[X], se p tiver uma raiz em K, entao p decompoe-se em K.

Um corpo F' é uma extensao normal de F, uma vez que, se um polinémio
irredutivel p € F[X] tiver uma raiz em F, entao d(p) = 1 e p decompde-se
em F.

Exemplo 3.37 Considere-se o exemplo O polinémio irredutivel
X3 — 2 € Q[X] tem uma raiz real v/2. Assim Q(¥/2) C R e Q(v/2) ndo
contém a raiz complexa nio real v/2w de X3 — 2. Logo Q(+v/2) ndo é uma
extensao normal de Q.

Proposicao 3.38 Seja K uma extensao normal de um corpo F e seja
E um corpo intermédio (FF C E C K). Entdo K € uma extensdo normal de
E.

Demonstracao. Como K é uma extensao normal de F, K é uma extensao

algébrica de F e, portanto, K é uma extensao algébrica de E. Seja g €
E[X] um polinémio irredutivel que tem uma raiz u € K. Seja f € F[X] o
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polinémio minimo de u sobre F. Sejam ¢,r € E[X] tais que f = gg+1r e
d(r) < d(g). Como g é irredutivel, g é o polinémio minimo de u sobre F, a
menos do produto por uma unidade. Como 0 = f(u) = g(u)q(u) + r(u) =
r(u) e d(r) < d(g), deduzimos que r = 0. Assim f =gge g | f. Como f
se decompoe em K, g também se decompoe em K. Logo K é uma extensao
normal de F. m

Proposicao 3.39 Seja F' um corpo. Uma extensdo K de F' € um corpo
de decomposicdo de algum polinomio f sobre F' se e s se K for uma extensdo
finita e normal de F.

Demonstragao. Suponhamos que K é um corpo de decomposicao de um
polinémio f € F[X]. Entao f decompde-se em K ¢ K = F(uy,...,up),
onde u1,...,u, sao as raizes de f em K. Pela proposicao K é uma
extensao finita e algébrica de F'. Seja p € F[X] um polinémio irredutivel
que tem uma raiz v € K. Seja L um corpo de decomposicao de p sobre K.
Assim FF C K C L. Para provar que p se decompde em K basta mostrar
que as raizes de p em L pertencem a K.

Seja w € L uma raiz de p. Pela proposigao[3.23] existe um F-isomorfismo
7: F(v) —» F(w) tal que 7(v) = w. Como

K(w)=F(uy,...,up)(w) = F(w)(u,..., u,),
K (w) é um corpo de decomposigao de f sobre F'(w). Como v € K,
K =K(v)=F(u1,...,un)(v) = F(v)(uy,...,up)

e, portanto, K é um corpo de decomposigao de f sobre F'(v). Pela proposicao
3.30, o F-isomorfismo 7 estende-se a um F-isomorfismo 7 : K — K(w).
Pelas proposicdes e [K: F]l=[K(w): F]=[K(w): K|[K : F].
Assim [K(w) : K] = 1. Donde K (w) = K e w € K. Provdmos que todas as
raizes de p em L pertencem a K. Logo K é uma extensao normal de F.

Reciprocamente, suponhamos que K é uma extensao finita e normal de
F. Seja {ui,...,u,} uma base de K sobre F. Entao K = F(uy,...,uy).
Como K é uma extensao algébrica de F, cada u; é algébrico sobre F. Seja
pi € F[X] o polinémio minimo de u; sobre F. Como K ¢é uma extensao
normal de F), cada p; decompoe-se em K. Portanto f = p; - - - p, decompoe-

-se em K. Como o conjunto das raizes de f em K contém {uq,...,u,},
deduzimos que K é um corpo de decomposicao de f sobre F. ]
Exercicios

BAl1 Sejaw = e2™/3. Quais das seguintes extensoes de corpos sdo normais e quais
nao sao?

(a) A extensdo Q(v/—3) de Q.
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(b) A extensdo Q(i,/3) de Q
(c) A extensio Q(3/2) de
(

w -

) (i

) (
(d) A extensio Q(w, v/2) de Q(w).
(e) A extensdo Q(w) de Q
f) A extensdo Q(wv/2) de Q.
(g) A extensdo Q(+/2,/3,i) de Q.

(h) A extensdo Q(V/2,v3) de Q.
B2 Seja K uma extensdo de um corpo F tal que [K : F] = 2. Prove que K é
normal.

3.6 Extensoes separaveis

Seja F' um corpo. Um polinémio f € F[X]\ F de grau n diz-se separdvel
se tiver n raizes distintas em alguma extensao de F' onde f se decompoe.

Seja K uma extensao de um corpo F. Um elemento u € K diz-se sepa-
ravel sobre F' se u for algébrico sobre F' e o polinémio minimo de u sobre
F for separavel. O corpo K diz-se uma extensao separdvel de F' se todos os
elementos de K forem separdveis sobre F. Assim, as extensoes separaveis
sao algébricas.

Proposicao 3.40 Seja F' um corpo. Um polinémio f € F[X]|\F de grau
n € separdvel se e so se [ tiver n raizes distintas em qualquer extensao de
F onde f se decompdie.

Demonstragao. Seja f € F[X]\ F um polinémio de grau n. Suponhamos que
f € separavel sobre F. Entao f tem n raizes distintas nalguma extensao M de F
onde f se decompode. O subcorpo K de M gerado por F' e pelas raizes de f em M
é um corpo de decomposicao de f sobre F.

Seja N uma extensao de I’ onde f se decompoe. O 5
subcorpo L de N gerado por F e pelas raizes de f em IV
também é um corpo de decomposicao de f sobre F'. Pela
proposigao [3.30} existe um F-isomorfismo o : K — L.
Pela proposicao [3.21} o aplica raizes de f em raizes de
f. Como o é bijetivo, f tem n raizes distintas em L e,
portanto, f tem n raizes distintas em N.

Reciprocamente, suponhamos que f tem n raizes distintas em qualquer extensao
de F onde f se decompoe. Pela proposicao [3.29] existe um corpo de decomposicao
de f sobre F. Logo f é separdvel sobre F'. [ ]

Proposicao 3.41 Sejam K uma extensdo de um corpo F' e E um corpo
intermédio (F C E C K).

(a) Sewu € K for separdvel sobre F, entdo u € separdvel sobre E.

(b) Se K for uma extensao separdvel de F, entdo K € uma extensdio
separdvel de E e E € uma extensdo separdvel de F.

Demonstragao. (a) Sejam u € K um elemento separédvel sobre F, f o po-
linémio minimo de u sobre F' e n = d(f). Seja L um corpo de decomposi¢ao
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de f sobre K. Sejam ui,...,u, as raizes de f em L. Como f é separavel,
Ui, ..., U, sao distintas. Seja ¢ o polinémio minimo de u sobre F. Como
feEX]e flu =0,q| fem E[X]. Assim ¢ decompoe-se em L e as
raizes de ¢ em L s@o todas distintas e sao wi,,...,u;,, onde m = d(q) e
1<4 <+ <iym < n. Logo q é separavel e u é separavel sobre E.

(b) E uma consequéncia de (a) e da definicao de extensao separdvel. m

Sejam F um corpo e f = ap X" + -+ asX? + a1 X +ag € F[X]. O
polinémio
f=na, X" 14 4 2aX +a; € F[X].

chama-se derivada de f.

Proposicao 3.42 Seja F' um corpo. Quaisquer que sejam a € F, f g €
FIX],n>2,

(@) =af'. (f+9)=f+d. (fo)=td+ 9. (" =n/""'f"

Proposigao 3.43 Sejam F um corpo e f € F[X|. Se f e f' forem
relativamente primos em F[X], entao f € separdvel.

Demonstracao. Suponhamos que f nao é separavel. Seja K um corpo
de decomposicao de f sobre F'. Entao f tem uma raiz multipla u € K, isto
6, f = (X —u)?g, para algum g € K[X]. Derivando

f=(X—u)’g +2(X —u)g.

Assim u € K é uma raiz comum a f e f'. Se p € F[X] for o polinémio
minimo de u sobre F, entdo p | f e p | f', o que mostra que f e f’ ndo sao
relativamente primos em F[X]. ]

Proposicao 3.44 Seja K uma extensao de um corpo F' de caracteristica
0.

(a) Todo o polindmio irredutivel f € F[X] € separdvel.

(b) K € uma extensdo algébrica de F se e s6 se K for uma extensdo sepa-
ravel de F.

Demonstragdo. (a) Seja f € F[X] um polinémio irredutivel. Suponha-
mos que f =cX"+g,onde c€ F\0,n>1eg e F[X] tem grau inferior
an. Entdo f' = ncX" ! 4 ¢, onde ¢’ tem grau inferior a n — 1. Como F
tem caracteristica 0, nc # 0. Assim f’ é um polinémio nao nulo com grau
inferior a n. Como f é irredutivel, f e f’ sao relativamente primos. Pela
proposi¢ao anterior, f é separavel.

(b) Suponhamos que K é uma extensao algébrica de F. Por (a), para
cada u € K, o polinémio minimo de u sobre F' é separavel. Logo K é uma
extensao separavel de F.

A afirmacao reciproca resulta da definicao de extensao separavel. [ |
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Teorema 3.45 [Teorema do elemento primitivo] Seja F' um corpo in-
finito @ Seja K uma extensao finita e separdvel de F'. Entao K = F(u),
para algum u € K (EI)

Demonstracdo. Como K é uma extensao finita de F, existem u1, ..., u, €
K tais que K = F(uy,...,uy). A demonstracdo é por inducdo em n. Se
n =1, o resultado é trivial.

Suponhamos que n = 2. Suponhamos que K = F(v,w). (Estamos a
substituir uj,us por v,w para simplificar a escrita.) Sejam p o polindémio
minimo de v sobre F' e ¢ o polinémio minimo de de w sobre F'. Como K é
uma extensao separavel de F, os polinémios p, g sdo separaveis. Seja L um
corpo de decomposigao do polinémio pg € F[X] C K[X] sobre K. Sejam
V] = V,V2,...,Un as raizes de p em L e wy = w,ws,...,w; as raizes de ¢
em L. Como

L=K,...,om,wi,...,wg) = F(v,w1)(vi,...,0m,w1,..., wk)
=F(v1,...,Um,W1,..., W),

L também é um corpo de decomposicao de pq sobre F'.
Como F ¢ infinito, existe ¢ € F' tal que
Vi — U

c# , quaisquer que sejam i € {1,...,m},j € {2,...,k}.
w — Wy

Seja u = v 4 cw. Vamos provar que K = F(u).

Seja h = p(u — cX) € F(u)[X]. Entao h(w) = p(u — cw) = p(v) = 0.
Suponhamos que existe j € {2, ..., k} tal que h(w;) = 0. Entao 0 = h(w;) =
p(u — cwj) = p(v + cw — cw;). Assim v — cw — cw; = v;, para algum
i € {1,...,m}. Donde ¢ = (v; —v)/(w — wj), 0o que é uma contradigao.
Portanto w é a nica raiz comum de g e h.

Seja r o polinémio minimo de w sobre F'(u). Entao r | ¢ e r | h. Como ¢
se decompoe em L, r também se decompoe em L. Como ¢ e h tém uma tinica
raiz comum, d(r) = 1 e w é a Gnica raiz de r em L. Assim, comor € F(u)[X],
w € F(u). Donde v =u — cw € F(u). Donde K = F(v,w) C F(u). Como
u=v+cwe Flv,w) =K, F(u) C K. Logo K = F(u).

Suponhamos que n > 2. Seja £ = F(uq,...,up—1). Como F C E C K,
FE também é uma extensao finita e separdvel de F'. Pela hipdtese de indugao,
E = F(v), para algum v € E. Assim K = E(uy) = F(v)(un) = F(v,uy).
Pelo caso anterior, K = F(u), para algum u € K. [ |

2 Este teorema é verdadeiro se F' for finito, mas ndo demonstraremos isso nesta disci-
plina. Mais adiante, a proposicao [3.54] e o teorema também sao validos em corpos
finitos mas estdo enunciados para corpos infinitos porque dependem deste teorema.

3 Um tal elemento u chama-se elemento primitivo de K sobre F.
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Exercicios

B.a1

3.612

13.613

3.0l4

3.615

3.616

3.7

Demonstre a proposigao Sugestao para demonstrar (fg) = f¢' + f'g:
suponha que g = b, X™ + - - - 4 by; para cada k, tome g = b, X"* e prove que
(fgr) = fg), + f'g; utilize a férmula para a derivada da soma.

Sugestdao para demonstrar (f™) = nf" ! f’: demonstre por indugao em n e
utilize a férmula para a derivada do produto.

Seja F' um corpo. Sejam f,g € F[X] tais que 0 # g | f. A fragdo f/g
representa o tnico polinémio h € F[X] tal que f = gh. Prove que

9l fg—fg e (f) Spi i g ;fg/-
g g

Sugestao: tomando h = f/g, derive ambos os lados da igualdade f = gh.

Sejam F um corpo e p € F[X] um polindémio irredutivel. Prove que p é
separdvel se e s6 se p’ # 0.

Utilize a demonstracao do teorema do elemento primitivo para provar as
seguintes igualdades.

(8) Q(v2,v3) = Q(vV2 + V3).

(b) Q(v2,v3) = Q(v2 + rV/3), para qualquer r» € Q \ {0}.
(c) Q(v2,i) =Q(V2+1).

(d) Q(V2,V3) =Q(V2+ V/3).

(e) QV2+v3,v5) =Q(V2+ V3 + V).

(f) Q(w, V2) = Q(w + V/2), onde w = €27/3,
Prove que, se p,q € N forem nimeros primos distintos, entao
Q(vp, V1) = Qvp +q).-

Seja K uma extensao de um corpo infinito F. Sejam v,w € K algébricos
sobre F' e suponhamos que w é uma raiz de um polinémio separavel com
coeficientes em F'. Prove que F(v,w) = F(u), para algum u € F. Sugestdo:
adapte a demonstragao do teorema do elemento primitivo.

Grupos de Galois

Seja K uma extensao de um corpo F'. Seja Galp K o conjunto de todos
os F-automorfismos de K. Vimos, na proposicao que Galp K é um
grupo, que se chama grupo de Galois de K sobre F'.

Proposicao 3.46 Sejam K uma extensao de um corpo F, f € F[X] e
o € Galp K. Para cada u € K, u € raiz de f se e sé se o(u) for raiz de f.

Demonstragao. Resulta da proposigao [3.21 [ |

Proposicao 3.47 Seja F' um corpo. Seja K um corpo de decomposi¢do
de algum polinomio sobre F. Sejam u,v € K. FExiste 0 € Galp K tal que
o(u) =v se e s6 seu ewv tiverem o mesmo polindmio minimo sobre F.
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Demonstragdo. Suponhamos que existe o € Galp K tal que o(u) = v.
Para qualquer polinémio f € F[X], f(u) =0 < f(o(u)) < f(v) =0. Como
u e v sao raizes dos mesmos polinémios f € F[X], u e v tém o mesmo
polinémio minimo.

Reciprocamente, suponhamos que v e v tém o mesmo polinémio minimo
sobre F. Pela proposi¢ao existe um F-isomorfismo 7 : F(u) — F(v)
tal que 7(u) = v. Como K é um corpo de decomposigao de algum polinémio
g sobre F, K também é um corpo de decomposicao de g sobre F'(u) e sobre
F(v). Pela proposigao existe um automorfismo o de K que estende 7.
Assim o € Galp K e o(u) = v. ]

Exemplo 3.48 E f4cil verificar que a aplicacao conjugacao
c:C—-C, a+bira—bi

é um R-automorfismo de C. Note-se que i e —i sdo as raizes de X2 +1 €
R[X], o(i) = —i, o(—i) = 1.

Seja 7 € Galg(C). Como i é uma raiz de X2 + 1, 7(i) também é uma
raiz de X2 + 1.

Suponhamos que 7(i) = i. Qualquer que seja a + bi € C, 7(a + bi) =
7(a) + 7(b)7(i) = a+ bi. Assim 7 = idc.

Suponhamos que 7(i) = —i. Qualquer que seja a + bi € C, 7(a + bi) =
T(a) + 7(b)7(i) = a — bi. Assim 7 = 0.

Logo Galg(C) = {idc, o }.

Note-se que qualquer R-automorfismo de C fica completamente determi-
nado pela imagem de i. A proposicdo seguinte generaliza este facto.

Proposicao 3.49 Seja K = F(uy,...,u,) uma extensio algébrica de
um corpo F. Sejam o,7 € Galp K.
Se, para cada i € {1,...,n}, o(u;) = 7(w;), entdo o = 7.

Demonstragdo. Seja 3 =7 1o. Paracadai € {1,...,n},
Bu;) = T_la(ui) = T_lT(u,;) = ;. (3.4)

Seja up = 1. Vamos provar, por indugao em ¢ € {0,...,n}, que, qualquer
que seja v € F(ug,...,u;), f(v) = v. Esta afirmagao é verdadeira quando
i = 0 porque F(up) = F e  é um F-automorfismo. Seja i € {1,...,n}.
Seja v € F(ug,...,u;). Como u; é algébrico sobre F, u; também é algébrico
sobre F(UO, . . ,uifl). Assim v € F(UO, . ,ui,l)(ui) = F(UO, ... ,ui,l)[ui]
e

v=co+clu; +---+ ckuf, para alguns cg, c1,...,ck € F(ug, ..., ui—1).
Pela hipétese de inducdo, S(c;) = ¢;, para cada i € {0, ..., k}. Por (3.4),

Bv) = Blco) + Bler) Blui) + - + Bler) Bwi)* = co + crui + - + ey = v,
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Logo, para cada v € K = F(uy,...,uy), S(v) =v. Logo B =idg e 0 = 7.
|

Exemplo 3.50 Seja 0 € G = Galg(Q(v/3,v/5)). Como /3 é raiz do
polinémio X? — 3 € Q[X], o(v/3) também é raiz de X2 — 3, pela proposi¢ao
Assim o(v/3) € {V/3,—v/3}. Analogamente o(v/5) € {v/5, —V/5}.

Pela proposigao [3.49, o fica completamente determinada pelos valores
o(v/3) e o(v/5). Assim existem quando muito quatro elementos em G:

o1: V3—+V3, V55,
o V3= —V3, V5 V5,
o3: V3—=+V3, V5= -5,
oy V3 —V3, V5 -5

Vejamos agora que, para cada j € {1,...,4}, existe de facto o; € G cujas
imagens de V3 e /5 sao as indicadas acima.

Suponhamos que j = 4. Os argumentos nos outros casos sao analogos.
Pelo critério de Eisenstein, X2 — 3 é irredutivel em Q[X] e, portanto, é o
polinémio minimo de v/3 e de —v/3 sobre Q. Pela proposicio existe
um Q-isomorfismo 74 : Q(v/3) = Q(—v/3) = Q(v/3) tal que 74(v/3) = —V/3.

De acordo com o exemplo o polinémio ¢ = X2 — 5 é irredutivel
em Q(v/3)[X]. Assim g é o polinémio miimo de v/5 e de —/5 sobre
Q(v/3). Pela proposicao existe um isomorfismo o4 : Q(v/3)(v/5) —
Q(v3)(—v/5) que estende 74 e tal que o4(v/5) = —/5.

Claramente 04 € G, 04(vV3) = —V3 e 04(v/5) = —V/5.

Proposicao 3.51 Seja F um corpo. Se K for um corpo de decom-
posicdo de um polinomio separdvel f € F|[X] de grau n, entio Galp K ¢
isomorfo a um subgrupo de S,.

Demonstracao. Como f é separavel, f tem n raizes distintas uy,...,u, €
K. Seja R = {uq,...,up}. Seja o € Galp K. Pela proposigao o(R) =
R e, portanto, o : R — R é uma permutagao de R. E facil verificar que

0:Galp K — SymR, o+ o,

¢ um homomorfismo de grupos.

Pela defini¢ao de corpo de decomposicao, K = F(uy,...,uy,). Sejam o, T
€ Galp K e suponhamos que (o) = 0(7). Assim, para cada i € {1,...,n},
o(u;) = 7(u;). Pela proposicao o = 7. Logo 0 é injetivo e Galp K =
imf <SymR 2 S,. [ |
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Exercicios

B 1 Calcule os seguintes grupos de Galois.

(a) GalgQ(v/2), Galg Q(v/2), e Galg Q(v/2).

(b) GalgQ(V/d), onde d € Q e Vd ¢ Q.

(c) GalgQ(y/w), onde w = (—1 ++/3i)/2 é uma raiz ctibica de 1.

() GalgQ(v2, v3) e Galg Q(v, V3, V5).

(e) GalgQ(/p,/q), onde p e g sao nimeros primos positivos distintos.
(f) Galg K, onde K é um corpo de decomposigao de X* — X2 — 2 sobre Q.

B2 Seja o um automorfismo do corpo R. Pelo exercicio [3.1[4] o € GalgR.

(a) Prove que, Vr,s € R,r > s = o(r) > o(s). Sugest@o: recorde que os
numeros reais positivos sao os quadrados dos niimeros reais nao nulos
e prove primeiro que r > 0 = o(r) > 0.

(b) Prove que o = idg. Portanto GalgR = {idr}.

—_ = =

3.8 Correspondéncias de Galois

Seja K uma extensao finita de um corpo F'. Seja £ o conjunto dos corpos
intermédios desta extensao. Seja S o conjunto dos subgrupos de Galp K.

Proposicao 3.52 Para cada FE € €, Galp K € §. Para cada H € S,

Ey={ceK:Voec H,o(c)=c}ef.

Diz-se que Ex é o corpo fixo de H.

A correspondéncia de Galois consiste nas duas aplicagoes seguintes:
P:£—-S, E—GalgK, e
vV:S—-&, Hw— Ep.

Proposicao 3.53 Com a notagdo anterior,
(a) ( ) = {idx}-
() ({1dK})
(d) Para quaisquer E,E' € £, EC E' = ®(E') C®(E) e E C UO(E).
(e) Para quaisquer HLH' € S, HC H' = ¥(H') CV(H) e H C ®¥(H).

Proposicao 3.54 Seja K uma extensdo finita de um corpo infinito (EI)
F. Seja H um subgrupo de Galp K.

4 Esta proposi¢ao também é verdadeira quando F for finito. Contudo a demonstracio
neste texto de apoio depende do teorema do elemento primitivo que sé demonstramos
para corpos infinitos.
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(a) K € uma extensao simples, normal e separdvel de Eyy.
(b) H = Galg, K ¢ |H| = [K : Eg].

(¢c) Com a notagao introduzida acima, ®V = idgs.

Demonstragdo. Seja u € K. Como K é uma extensao finita e, portanto,
algébrica de F, u é algébrico sobre F'. Assim u também é algébrico sobre o
corpo intermédio Ep. Seja p, o polindmio minimo de u sobre Ef. Seja

H,={r(u): 7€ H} (C K).

Pela definicao de Fy,

H C Galg, K. (3.5)
Pela proposicao todos os elementos de H, sao raizes de p,. Assim H,,
é finito. Sejam t = |Hy| e u = uy,ug,...,u; os elementos de H,.

Seja o0 € H. Qualquer que seja 7 € H, o7 € H e o(7(u)) = (o7)(u) €
H,. Assim o(H,) C H,. Como o ¢é injetivo e H, ¢ finito, o(H,) = H, e
om, ¢ uma permutacao de H,. Seja

fo= (X —up) (X —w) € K[X]. (3.6)

Como uy,...,u; sao distintos, f, é separavel.

Vejamos que f, € Eg[X]. Sejac € H. Pela proposi(;éo ¢: K[ X]—
K[X], g+ 0g, ¢ um isomorfismo de anéis que estende 0. Como o, ¢ uma
permutagao de H,,

0fu=¢(fu) = ¢(X —u1) -+ (X —w)
= (X —o(w)) - (X —o(w)) = (X —w)--- (X —w) = fu-

Assim o aplica cada coeficiente de f, nele préprio. Como ¢ é um elemento
arbitrario de H, os coeficientes de f,, pertencem a Ey e f,, € Eg[X]. Como
u éraiz de f, € Eg[X], pu | fu-

(a) Como f, é separavel, p, também é separavel. Logo u é separdvel so-
bre Ey. Como u é um elemento arbitrario de K, K é uma extensao separavel
de B H-

Como K é uma extensao finita de F, K também é uma extensao finita do
corpo intermédio Ep. Pelo teorema do elemento primitivo (teorema ,
K = Ep(u), para algum u € K.

A este elemento primitivo u, associemos o polinémio f, definido acima.
Entao K = Eg(u) € Eg(ui,...,u;) € K. Donde K = Eg(ui,...,u).
Assim K é um corpo de decomposicao de f, sobre Ep. Pela proposicao
K é uma extensao normal de Fy.

(b) Por (3.5), |H| < |Galg, K|. Vimos acima que K = Eg(u), para
algum u € K algébrico sobre Eg. Seja p, o polinémio minimo de u sobre
Ep. Pela proposicao d(p,) = [K : Egl.
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Seja 0 € Galg, K. Pela proposicao o(u) é uma raiz de p,. Pela
proposicao o fica completamente determinado pela imagem o (u). Logo
| Galg, K| <d(p,) = [K : Eg.

Definamos f, como em ({3.6). Como f,(u) = 0, py | fu. Assim [K :
Ep)| = d(py) < d(fu) = |Hu| < [H].

Das desigualdades anteriores, |H| = |Galg, K| = [K : Eg]. Como
H - GalEH K, H = GalEH K.

(c) Qualquer que seja H € S, H = Galg,, K = ®V(H). [ ]

Exemplo 3.55 No exemplo vimos que

GalQ Q(\/g, \/5) = {01,02,0’3,0’4}.

Calcule a tabela da multiplicagao deste grupo. Verifique que os subgrupos

de Galg Q(v/3,V/5) sdo
Hy = {o1}, Hy = {o1,02}, Hs = {01,035}, Hy = {01,04}, Hs = Galg Q(v3,V5).

Como f = X2 — 3 ¢ irredutivel em Q[X], f é o polinémio minimo de /3
sobre Q. Pela proposicao {1,v/3} ¢ uma base de Q(+/3) sobre Q.
Analogamente, como g = X2 — 5 é irredutivel em Q(v/3)[X], g é o poliné-
mio minimo de v/5 sobre Q(v/3) e {1,v/5} é uma base de Q(v/3,/5) sobre
Q(v/3). Na demonstracio da proposicio vimos que {1,v/3,v/5,v3v5}
é uma base de Q(v/3,v/5) sobre Q. Prove que

En, = Q(V3,v5), Eg, = Q(V5), En, = Q(V3), By, = Q(V15), By, =Q,

5

e confira que, para cada i € {1,...,5}, GalEHi Q(V3,V5) = H;.

3.9 Extensoes de Galois

Se K for uma extensao finita, normal e separdvel de um corpo F, diz-se
que K é uma extensdo de Galois de F.

Proposicao 3.56 Seja K uma extensdo de um corpo F com carac-
teristica 0. Entdo K é uma extensdo de Galois de F' se e so se K for
um corpo de decomposi¢ao de algum polinomio sobre F'.

Demonstragdo. Resulta das proposigoes e [ ]

Proposicao 3.57 Sejam K uma extensao de Galois de um corpo F e
E um corpo intermédio.

(a) K € uma extensao de Galois de E.
(b) E € o corpo fizo do subgrupo Galg K de Galp K.

(¢c) Com a notagdo introduzida na secgao anterior, V& = idg.
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Demonstragao. (a) Pela proposigéo K é um corpo de decomposicao
de algum polinémio f sobre F. Como F'C F C K, K também é um corpo
de decomposicao de f sobre E. De novo pela proposicao K é uma
extensao finita e normal de E.

Por outro lado, pela proposicao , K é uma extensao separavel
de E. Logo K é uma extensao de Galois de E.

(b) Seja Ej o corpo fixo de Galg K. Pela proposi¢ao[3.53) E C U®(E) =
\I/(GalE K) = Eo.

Seja u € K\ E. Como K é uma extensao finita de F, K também é
uma extensao finita de E. Portanto K é uma extensao algébrica de E e u é
algébrico sobre E. Seja p o polinémio minimo de u sobre E. Como u ¢ F,
d(p) > 2. Como K é uma extensao normal e separavel de F, p decompoe-se
em K e todas as raizes de p em K sao distintas. Seja v € K uma raiz de
p diferente de u. Como u e v tém o mesmo polinémio minimo p sobre F,
existe, pela proposigéo o € Galg K tal que o(u) = v. Portanto u ¢ Ep.
Logo Eg C E. Logo Ey = E.

(c) Qualquer que seja E € £, E = Ey = Egal, k = YO(E). [

Proposicao 3.58 Sejam K uma extensdo de um corpo F' e E um corpo
intermédio que é extensdo normal de F'.

(a) Se o € Galp K, entio o(E) = FE e oy € Galp E.

(b) Se K for uma extensdo finita e normal de F, entdo
0:Galp K —» Galp E, o o,
€ um epimorfismo de grupos e ker = Galg K.

Demonstragao. (a) Seja o € Galp K. Seja u € E. Como E é uma
extensao normal de F, u é algébrico sobre F' e o polinémio minimo p de u
sobre F' decompoe-se em E. Pela proposicao o(u) € K é uma raiz de
p. Como p se decompoe em E, o(u) € E. Assim o(F) C E. Analogamente
o Y(E) C E. Donde 0(E) = E e o € Galp E.

(b) E f4cil verificar que 6 é um homomorfismo de grupos. Além disso,
S ker¢9<:>a‘E =idg & o€ Galg K.

Pela proposigao K éum corpo de decomposicao de algum polinémio
g sobre F. Como FFC E C K, K também é um corpo de decomposicao de
g sobre F.

Seja 7 € Galp E. Note-se que 7g = g. Pela proposigao |3.30} existe um
automorfismo o : K — K que estende 7. Assim o € Galp K e 0(0) = o|p =
7. Logo 6 é sobrejetivo. [ |

Teorema 3.59 [Teorema fundamental da teoria de Galois| Seja K uma
extensao de Galois de um corpo infinito F. (EI)

®Este teorema também é verdadeiro quando F for finito. Contudo a demonstracio neste
texto de apoio depende da proposicao que s6 demonstramos para corpos infinitos.
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(a) As aplicagoes ® e U da correspondéncia de Galois sao invertiveis e
uma € a inversa da outra.

(b) Para cada corpo intermédio E,
[K:FE]=|Galg K| e [E:F]=|[GalpK:GalgK].

(¢) Um corpo intermédio E é uma extensao normal de F se e s se
Galg K < Galgp K. Neste caso,

Galp K

|p B o 20rt
Galr Galp K

Demonstragao. (a) Pela proposigao m ®V¥ = ids. Pela proposicao
[B.57, ® =ids. Logo ® e ¥ sao invertiveis e uma ¢ a inversa da outra.

(b) Seja E um corpo intermédio. Pela sobrejetividade de U, F = ¥(H) =
Epy, para algum H < Galp K. Por (a), H = ®V(H) = Galg K. Pela pro-
posigao

|Galg K| = [K : E].
Assim |Galp K| = [K : F] = [K : E][E : F] = | Galg K|[E : F]. Donde
[E : F] = [GalFK : GalE K]

(¢) Suponhamos que Galg K < Galp K. Seja p um polinémio irredutivel
em F[X] que tem uma raiz u € F, com vista a mostrar que p se decompde
em E. Como K é uma extensao normal de F, p decompoe-se em K. Assim
basta mostrar que qualquer raiz v de p em K pertence a E. Seja v € K uma
raiz de p. O polinémio minimo de u e de v sobre F' é p, a menos do produto
por uma unidade. Pela proposigao [3.39, K é um corpo de decomposigao de
algum polinémio sobre F. Pela proposicao existe o € Galp K tal que
o(u) =wv.

Seja 7 € Galg K. Como Galg K < Galp K, (Galg K)o = o(Galg K)
e To = o7/, para algum 7 € Galg K. Como u € E, 7(v) = 7(o(u)) =
o(7'(u)) = o(u) = v. Logo v pertence ao corpo fixo de Galg K que é igual
a F por (a). Logo F ¢é uma extensao normal de F'.

Reciprocamente, suponhamos que E é uma extensao normal de F'. Pela
proposicao [3.58] existe um epimorfismo de grupos 6 : Galp K — Galg E tal
que ker§ = Galg K. Portanto Galgp K = kerf < Galp K e, pelo primeiro
teorema de isomorfismo para grupos, Galp F = Galp K/ Galg K. ]

Exercicios

BI1 Justifique que, no exemploB:55, Eg,, ..., Ep, sdo os tnicos corpos intermédios
da extensdo Q(v/3,+/5) de Q. Portanto, o exemplo descreve completa-
mente a correspondéncia de Galois desta extensao.

B92 Descreva a correspondéncia de Galois da extensdo Q(i,v/2) de Q.

B3 Descreva a correspondéncia de Galois do corpo de decomposigéo do polinémio
(X3 —2)(X2 — 3) sobre Q.
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3.10 Raizes primitivas da unidade

Seja ' um corpo com caracteristica 0. Uma raiz ¢ do polinémio X" —1,
pertencente a alguma extensao de F, chama-se raiz n-ésima da unidade.
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Como a caracteristica de F' é 0, a derivada nX"~! do polinémio X" —1 €
F[X] nao é nula. Os polinémios nX"~! e X™ — 1 sio relativamente primos,
porque X é o tinico (a menos do produto por unidades) polinémio irredutivel
que divide nX""! e X ndo divide X" — 1. Pela proposicao X" —1¢
separavel. Seja L uma extensao de F' onde o polinémio X" — 1 se decompoe.
O conjunto U, das raizes da unidade que pertencem a L é um subgrupo
multiplicativo de L\ 0. De facto, é trivial que 1 € U,, C L\ O e, se (,7 € Uy,
entao

L= = ()" e 1= =" =

o que mostra que (7,({"! € U,. Como X" — 1 é separdvel, |U,| = n. Pela
proposigao U, é ciclico. Chama-se raiz n-ésima primitiva da unidade
a qualquer gerador do grupo U,.

Proposicao 3.60 Seja F um corpo com caracteristica 0 que contém
uma raiz n-ésima primitiva da unidade. Para cada divisor positivo d de n,
F contém uma raiz d-éstma primitiva da unidade.

Demonstracdo. Seja x € F uma raiz n-ésima primitiva da unidade.
Suponhamos que n = dc, onde d,c¢ € N. Pela proposicao |z¢| = d.
Donde (z¢)¢ = 1 e 2¢ € Uy. Como |2¢| = d = |Uy], ¢ gera Uy e 2¢ é uma
raiz d-ésima primitiva da unidade. [ |

Proposicao 3.61 Seja F' um corpo de caracteristica 0. Seja { uma raiz
n-ésima primitiva da unidade que pertence a alguma extensdo L de F'. Entdo
K = F({) é uma extensio normal de F' e o grupo Galp K é Abeliano.

Demonstragao. O corpo K contém as poténcias de ( e, portanto, contém
todas as rafzes de X™ — 1 que sdo (,(?,...,(" = 1. Assim K = F({) =
F(¢,¢?,...,¢") é um corpo de decomposicio de X™ — 1 sobre F. Pela
proposicao K é uma extensao normal de F.

Sejam 0,7 € Galp K. Pela proposi¢ao o(¢) = Fer(C) =,
para alguns k,l € {1,...,n}. Assim o7(¢) = o(¢') = o(¢)! = (¢F)! = ¢M.
Analogamente 70(¢) = ¢*. Pela proposicio oT = 10. Logo Galp K é
Abeliano. [ |

Proposicao 3.62 Seja F' um corpo de caracteristica 0 que contém uma
raiz n-ésima primitiva da unidade. Seja u uma raiz de um polinémio X™ —
¢ € F[X] pertencente a alguma extensao de F. Entio K = F(u) é uma
extensao normal de F' e Galgp K ¢ Abeliano.

Demonstragao. Seja ¢ € F uma raiz n-ésima primitiva da unidade. Qual-
quer que seja k € N, (CFu)” = (¢F)"u" = (¢")*c = c. Como (,¢2%,...,(" =1
sdo elementos distintos de F, Cu, C?u,...,("u = u sdo n raizes distintas de
X"™ — ¢ pertencentes a K. Assim X" — ¢ decompde-se em K e K = F(u) =
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F(Cu,¢%u,...,¢"u) é um corpo de decomposicdo de X™ — ¢ sobre F. Pela
proposicao K ¢ uma extensao normal de F.

Sejam 0,7 € Galp K. Pela proposi¢ao o(u) = CFu e 7(u) = Clu,
para alguns k,l € {1,...,n}. Como ¢ € F, 0(¢) = ( e, portanto,

(o7) () = a(7(u) = o(¢'u) = o(¢No(u) = ¢'¢Fu = .

Analogamente (70)(u) = (**'u. Pela proposicio ot = 710. Logo
Galp K é Abeliano. [ ]

Exercicios

BI01 Seja ¢ € C uma raiz décima primitiva da unidade. Descreva Galg(Q(()).

3.11 Critério de Galois

¢ The solutions of the quadratic equation ax? + bx + ¢ = 0 are given by the well-known
formula _
—b* VB — 4dac
7 .
This fact was known in ancient times. In the sixteenth century, formulas for the solu-

tion of cubic and quartic equations were discovered. For instance, the solutions of
x' + bx + ¢ = 0 are given by

x=V(—-¢/2) + Vd+ V(—¢f2) — Vd
x=e m) +w m)
x = o{V(=c/2) + Vd) + o(V(~¢/2) ~ Vd),
where d = (5'/27) + (£/4), w = (—1 + V3i)/2is a complex cube root of 1, and the

other cube roots are chosen so that
(V(=c/2) + VA(V(—c/2) - Vd) = —b/3.*

In the early [B0Os Ruffini and Abel independently proved that, for n = 5, there
1s ne formula for selving aif equations of degree 1. But the complete analysis of the
problem is due to Galois, whe ptovided a criterion for determining which polynomial
equations ere solvable by formula. This criterion, which is presented here, will enable
us to exhibit a fifth-degree polynomial equation that cannot be solved by a formula. To
simplify the discussion, we shall assume that all fields have characteristic 0.

As illustrated above, a “formula” is a specific procedure that starts with the coefficients
of the polynomial f(x) € F[x]) and arrives at the solutions of the equation f(x) = Dy by
using only the field operations (addition, subtraction, nultiplication, division) atd the
extraction of reots (square roots, cube roots, fourth reets, etc,). In this context, an ath
root of an element ¢ in Fis agy root of the polynomial x” — ¢ in some extension field of F.

If f(x) € F[x], then performing field operations does not get you out of the coef-
ficient field F (closure!). But taking an #th root may land you in an extensicn field.
Taking an nrth rooet after that may move you up to still ancther extension field. Thus
the existence of a formula for the solutions of f{x) = [ implies that these selutions lie
in a special kind of extension field of F,”’

[Hungerford-2, p. 423]
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Nesta seccao, apenas estudamos corpos de caracteristica 0.
Um corpo K chama-se extensdo radical de um subcorpo F' de carac-
teristica 0 se existir uma cadeia finita de corpos intermédios

F=FhRCHhC---Ch=K

tal que, qualquer que seja i € {1,...,t}, F; = F;_1(u;), onde u;" € F;_q,
para algum n; € N. Note-se que as extensoes radicais sao finitas.

Sejam F' um corpo de caracteristica 0 e f € F[X]\ F. Diz-se que o
polinémio f é resolivel por radicais sobre F' (ou que a equagao polinomial
f(X) = 0 é resoluvel por radicais sobre F’) se existir uma extensao radical de
F que contém um corpo de decomposicao de f sobre F. Note-se que, com
esta definicao, a resolubilidade por radicais de f nao implica que se conheca
um algoritmo para calcular as raizes de f partindo dos coeficientes de f e
utilizando as quatro operagoes definidas nos corpos e a extracao de raizes.
Por outro lado, a existéncia de um tal algoritmo implica a resolubilidade por
radicais de f. Se K for um corpo de decomposicao de f sobre F, entao K é
um corpo de decomposicao de f sobre K e, trivialmente, f é resolivel por
radicais sobre K.

Exemplo 3.63 Pela citacao de [Hungerford-2] reproduzida acima, as
raizes do polinémio X3 + 3X + 2 em C sio

{/—1+\/§+ §/—1—\/§, w$/—1+\/§+w2§/—1—x/§, wzi/—1+x/§+w€/—1—x/§.

Todas estas solucoes pertencem ao ultimo termo da seguinte cadeia de ex-
tensoes de corpos

QQQ(w)QQ(w,\/i) g@(w,ﬁ, v —1+\/§) g@(w,\/i, f/—1+x/§, i/—l—ﬁ).

Claramente o ultimo termo é uma extensao radical de Q e o polinémio
X3 43X + 2 é resoltvel por radicais sobre Q.

Proposicao 3.64 Sejam K e L corpos de decomposicdo de um polinémio
f sobre um corpo F. Entdo Galp K = Galp L.

Demonstracdo. Pela proposicao [3.30] existe um F-isomorfismo
7: K — L. Mostre que Galp K — Galp L, 0 — 707!, é um isomorfismo
de grupos. [ ]

Sejam F um corpo e f € F[X]|\ F. Chama-se grupo de Galois de f
sobre F' a qualquer grupo Galg K, onde K é um corpo de decomposicao de
f sobre F'. Como estes grupos sao todos isomorfos, é usual chamar qualquer
um deles o grupo de Galois de f.

Teorema 3.65 [Critério de Galois| Sejam F um corpo de caracteristica
0efeF[X]\F. O polinémio f é resolivel por radicais sobre F' se e sd se
o grupo de Galois de f sobre F for resolivel.
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Neste curso demonstraremos apenas que, se f for resoluvel por radicais
sobre F, entao o grupo de Galois de f € resolivel sobre F'. A demonstracao
estd mais adiante. Esta afirmacao sera utilizada para encontrar um poliné-
mio que nao é resoluvel por radicais. Em [Hungerford, Chapter V, Section
9], estd uma demonstragao da afirmagao reciproca.

Antes da demonstragao, vejamos alguns resultados auxiliares e exemplos.

Proposicao 3.66 Sejam I um corpo de caracteristica 0 e
g, h € F[X]\F polindmios resoliveis por radicais sobre F'. Entdo o polinémio
f = gh € resoluvel por radicais sobre F'.

Demonstracdo. Existem cadeias finitas de subcorpos
F=FCkhC---Ch=K e F=FCE C---CE =1L,
onde F; = Fi_l(ui), 'LL?Z e F,_1, Ej = Ej_l(vj), 'U;-nj S Ej—h

K contém um corpo de decomposicao de g sobre F, e L contém um corpo
de decomposicao de h sobre F. Seja Ky = K e, para cada j € {0,...,s},
seja K; = Kj_1(vj). E facil provar por inducio em j € {1,...,s} que
E; C K;. Em particular, L = E; C K,. Assim, para cada j € {1,...,s},
’U;—nj S Ej,1 - Kjfl. Donde

F=FCkhC---Ch=K=KiCK,C--CK;
e K é uma extensao radical de F. Como g se decompoe em K C K e h
se decompoe em L C K, f = gh também se decompde em K. Portanto

K contém um corpo de decomposicao de f sobre F. Logo f é resoluvel por
radicais sobre F'. [ |

Proposicao 3.67 Sejam F um corpo de caracteristica 0 e f € F[X]\ F
um polinomio de grau n. Entdo o grupo de Galois de f sobre F' ¢é isomorfo
a um subgrupo de Sy,.

Demonstragdo. Seja K um corpo de decomposicao de f sobre F. Supo-

nhamos que f = af]*--- f/*,ondea € F\0, f1,..., f; € F[X] s&o polinémios
irredutiveis ménicos distintos, e r1,...,r; € N. Pela proposicao fiy-es
fi sdo separdveis. Sejam 4,j € {1,...,t} com i # j. Se f; e f; tivessem uma

raiz comum u € K, entao f; e f; seriam ambos o polinémio minimo de u
sobre F, o que é absurdo pois f; # f;. Logo g = fi--- f; é separdvel e K
é um corpo de decomposicao de g sobre F. Pela proposicao Galp K
¢ isomorfo a um subgrupo e S,,, onde m = d(g) < n = d(f). Para cada
o € Sm,

g:{l,...,n}—={1,....,n}, i—o(i)sei<m, e i+>isei>m,
é uma permutacao de {1,...,n}. E facil ver que S,, = Sp, 0 — T, é um
monomorfismo de grupos. E fécil concluir que Galg K, o grupo de Galois
de f sobre F, também é isomorfo a um subgrupo de S,. [ |
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Exemplo 3.68 Sejam F' um corpo de caracteristica 0 e f € F[X \ F
um polinémio de grau n < 4. Pela proposicao anterior, o grupo G de Galois
de f sobre F' é isomorfo a um subgrupo de S,,. Como n <4, S, é resoltuvel
e, portanto, G também é resolavel. Pelo critério de Galois, f é resolivel por
radicais sobre F.

Exemplo de um polinémio que nao é resolavel por radicais

Lema 3.69 Seja G um subgrupo de S5 que contém uma transposi¢do
o= (r,s) e um ciclo T de comprimento 5. Entao G = Ss.

Demonstragdo. Mostre que, para algum k € N, 7% é da forma (r, s, x, 3, 2).
Para simplificar a escrita, suponhamos que o = (1,2) e Tk = (1,2,3,4,5).

Mostre que (1,2),(2,3),(3,4), (1,5) € G. (Sugestdo: considere 7Fa77*,
para k > 1.)

Mostre que (1,3), (1,4), (4,5) € G. (Sugestao: (1,2)(2,3)(1,2) =7)

Mostre que todas as transposicoes pertencem a G.

Logo G = 5,. [ |

Exemplo 3.70 Vamos provar que o polinémio f = X®+4X? —2 ndo é
resoluvel por radicais sobre Q.

Com argumentos elementares de Calculo, deduz-se que a funcao poli-
nomial f: R = R, z — 2° + 422 — 2, tem apenas 3 raizes reais, as quais sio
distintas. Assim f = gh, onde g,h € R[X], g
tem grau 3 e decompoe-se em R, e h tem grau
2 e duas raizes complexas nao reais conjugadas
que se podem calcular pela férmula resolvente
para as equagoOes polinomiais do segundo grau.
Portanto f é separavel, decompoe-se em C e C
contém um corpo de decomposicao K de f sobre
Q. Pela proposicao K ¢ uma extensao de
Galois de Q.

Seja R o conjunto das raizes de f perten-
centes a K. Pela demonstracao da proposicao
B.51) ,

0:Galg K — SymR, o o,

é um monomorfismo de grupos. A aplicacao conjugacao v:C — C, z — T,
é um Q-automorfismo de C que deixa invariantes as 3 raizes reais de f e
aplica cada uma das 2 raizes nao reais na outra. Como K ¢é um corpo de
decomposicao de f sobre Q, deduz-se que y(K) = K, vk : K — K pertence
a Galg K, e 0(7x) € 0(Galg K) < Sym R é uma transposigao.

Pelo critério de Eisenstein, f é irredutivel em Q[X]. Se u for uma raiz
de f em K, entao f é o polinémio minimo de u sobre Q e [Q(u) : Q] = 5.
Donde 5 | [K : Q(u)][Q(u) : Q] = [K : Q]. Pelo teorema fundamental
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da teoria de Galois (teorema [3.59), [K : Q] = |Galg K|. Pelo teorema de
Cauchy (teorema [L.10), Galg K tem um elemento 7 de ordem 5. Assim
0(t) € 0(Galg K) < Sym R é um ciclo de comprimento 5.

Pelo lema §(Galg K) = Sym R. Como

Gal@K = G(Gal(@ K)=SymR = S;

e S5 nao é resolivel, Galg K também nao ¢ resoltivel. Pelo critério de Galois,
f nao é resoluvel por radicais sobre Q.

Demonstragao parcial do critério de Galois

Lema 3.71 Seja
FCECEWw CC

uma cadeia de corpos de caracteristica 0, onde C € algebricamente fechado,
E(v) é uma extensdo finita de F, E é uma extensio normal de F e v* € E,
para algum k € N.

Entao existe um subcorpo M de C' que contém E(v), é uma extensao
radical de E e € uma extensdo normal de F.

Demonstracdo. Pela proposicao [3.39] F é um corpo de decomposicao de
algum polinémio g sobre F. Sejam wui,...,u, as raizes de g em E. Seja
p € F[X] o polinémio minimo de v sobre F. Como p se decompde em
C, C contém um corpo de decomposi¢do M de p sobre E(v). Sejam v =
v1,V9,...,Vs as raizes de p em M. Entao

M = E(v)(v,va,...,vs) = E(v)(v,v2,...,05) = E(v,vg,...,0s)

=F(u1,...,u)(v,02,...,05) = Fuy,...,up,v,02,...,0s),

o que mostra que M é um corpo de decomposicao de gp sobre F. Pela
proposicao M é uma extensdo normal de F. Como p é modnico e ir-
redutivel em F[X], p é o polinémio minimo de todas as suas raizes sobre
F. Sejai € {1,...,s}. Pela proposigao existe o; € Galp M tal que
0;(v) = v;. Pela proposigao 0;(E) = E. Entao

vf = (gz(v))k = O'i(Uk) cFk - E(Ul, e ,’Uifl).
Como
ECE()=E(vn)C E(v,ve) C--- C E(v,vg,- -+ ,v5) = M,

M é uma extensao radical de FE. [ |

Lema 3.72 Seja



uma cadeia de corpos de caracteristica 0 tal que C' € algebricamente fechado
e, qualquer que seja i € {1,...,t}, F; = F;_1(u;), onde u;" € F;_1 en; € N.

Entdo existe um subcorpo M de C' que contém F; e é uma extensao
radical e normal de F' .

Demonstracao. Por inducao em t. Se t = 0, basta tomar M = F'.
Suponhamos que ¢t > 1. Pela hipdtese de inducgao, existe um subcorpo
E de C que contém F;_q e é uma extensao radical e normal de F. Como uy
é raiz do polinémio X™ — uy* € Fy_1[X] C E[X], us é algébrico sobre E e
E(u;) é uma extensao finita de E. Como F é uma extensao radical de F, E
é uma extensao finita de F. Portanto E(u;) é uma extensao finita de F.
Pelo lema anterior, existe um subcorpo M de C' que contém FE(u;), é
uma extensao radical de F e é uma extensao normal de F. Como F é uma
extensao radical de F, M também é uma extensao radical de F'.
Claramente F} = F;_1(u;) € E(uy) € M. [ |

Proposicao 3.73 Sejam F um corpo de caracteristica 0, C' uma ex-
tensdao algebricamente fechada de F e f € F[X]|\ F.

Se f for resolivel por radicais sobre F, entdo existe um subcorpo M de
C que € extensao radical e normal de F' e contém um corpo de decomposicao
de f sobre F.

Demonstracdo. Suponhamos que f é resoluvel por radicais sobre F.
Pela definicao, existe uma extensao radical N de F' que contém um corpo
de decomposicdo K de f sobre F'. Seja A um fecho algébrico de N. Como
N é uma extensao algébrica de F, A também é um fecho algébrico de F.
Como C' é algebricamente fechado, C' contém um fecho algébrico B de F'.
Pelo teorema [3.36] existe um F-isomorfismo
o : A — B. Entao o(N) é uma extensao ra-
dical de F' e contém o (K) que é um corpo de
decomposicao de f sobre F'. Suponhamos
que

F=FRCF C---CF =0(N),

onde, qualquer que seja i € {1,...,t},

F; = Fi_1(w;) e u]" € F;_y, para algum n; € N. Pelo lema anterior, existe
um subcorpo M de C que contém F; e é uma extensao radical e normal de
F. Assim M também contém o(K). ]

Proposicao 3.74 Sejam F um corpo de caracteristica 0, K uma ex-

tensdo normal e radical de F' e E um corpo intermédio. Se E for uma
extensao normal de F, entdo o grupo Galp E € resolivel.
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Demonstragao. Como K é uma extensao radical de F), existe uma cadeia
de subcorpos de K

F=FhCHhC---Ch=K,

onde, qualquer que seja i € {1,...,t}, F; = F_1(u;) e u;" € F;_1, para
algum n; € N. Seja n = mmc{ni,...,n;}. Seja ¢ uma raiz n-ésima primi-
tiva da unidade pertencente a algum corpo de decomposicao de X™ —1 sobre
K. Para cada i € {0,...,t}, seja E; = F;(¢). Entao By = F((),("=1€ F
e, para ¢ > 0,

E; = Fi(¢) = Fi—1(u)(¢) = Fi—1(0)(wi) = Ei—1(w)

eu € F;_1 CE;iq. Assim F C Ey C E; C --- C Ey e Ey é uma extensao
radical de F' que contém K = F;. Como K é uma extensao radical de F),
K ¢é uma extensao finita de F. Pela hipétese, K também ¢é uma extensao
normal de F. Pela proposi¢ao[3.39] K é um corpo de decomposicao de algum
polinémio f sobre F. Assim

By = F(¢) = K(¢) = K(¢,¢%,....¢")

é um corpo de decomposigao do polinémio (X"™—1) f sobre F. Pela proposi¢ao
FE; é uma extensao finita e normal de F'. Pela proposicao |3.44], E, é
uma extensao separavel de F'. Logo L = E; é uma extensao de Galois de F.
A seguir, vamos provar que o grupo Galg L é resoluvel, mostrado que, na
cadeia de subgrupos

{idL} = GalEt L - GalEt_l L c...C GalEl L - GalEO L - Galp L,

cada subgrupo é normal no seguinte e o quociente de cada subgrupo pelo
anterior é Abeliano.

Pela proposigao [3.61) Ey é uma extensao normal de F e Galp Ey é
Abeliano. Pelo teorema fundamental (teorema , Galg, L < Galp L eo
grupo quociente Galp L/ Galg, L ¢é isomorfo ao grupo Abeliano Galg Ej.
Seja agora i € {1,...,t}. Note-se que ( € F;_; e u; é uma raiz do polinémio
X" —u € E;_1[X]. Pela proposicao E; = E;_1(u;) é uma extensao
normal de E;_ e Galg, , E; é Abeliano. Como L é uma extensao de Ga-
lois de F, L é uma extensao finita e normal de F. Como F; 1 é um corpo
intermédio, L é uma extensao finita de F;_;. Pela proposigao Lé
uma extensao normal de F; ;1. Como estamos a trabalhar com corpos de
caracteristica 0, L também é uma extensao separavel de E;_;. Logo L é
uma extensao de Galois de F;_1. Note-se que F;_1 C FE; C L e L também
é uma extensao normal de E;. Pelo teorema fundamental (teorema ,
Galg, L < Galg, , L e o grupo quociente Galg, , L/ Galg, L ¢ isomorfo ao
grupo Abeliano Galg, |, E;. Logo Galp L ¢ resoluvel.

Seja agora E um corpo intermédio (F' C E C K) que é uma extensao nor-
mal de F'. Pelo teorema Galp L < Galp L e Galp E = Galp L/ Galg L.
Pela proposigao Galp E é resoluvel. |
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Proposicao 3.75 Sejam F um corpo de caracteristica 0 e f € F[X]\F.
Se f for resoluvel por radicais sobre F, entdo o grupo de Galois de f sobre
F € resoluvel.

Demonstracdo. Suponhamos que f é resolivel por radicais sobre F'. Seja
C uma extensao algebricamente fechada de F'. Pela proposicao [3.73] existe
um subcorpo K de C que é extensao radical e normal de F' e contém um
corpo de decomposicao E de f sobre F. Pela proposicao [3.39, £ é uma
extensao normal de F'. Pela proposicao Galp E, o grupo de Galois de
f sobre F, é resoluvel. [ |

Exercicios

BI1l1 Para cada um dos niimeros seguintes, encontre uma extensao radical de Q que
o contém: v1+vV7— V2+V6, (V2+i)/V5, (V3-2)/(4+V2).
BI1l12 Para cada um dos polinémios seguintes, calcule o respetivo grupo de Galois
sobre Q: X6 —-4X34+4, X*-5X2+6, X°+6X3+9X, X*+3X3-2X—6.
31113 Determine se os polinémios seguintes sao resoliveis por radicais sobre Q:
X642X34+1=0, 3X°-15X+5=0, 2X°-5X*+5=0,
X% — X% - 16X +16 =0.
BI1l4 Demonstre que, se f € Q[X] for irredutivel de grau 5 e tiver trés raizes reais
e duas raizes complexas nao reais, entao f nao é resoluvel por radicais sobre

Q.
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Chapter 4

Teorema fundamental da
Algebra

O teorema fundamental da Algebra afirma que todo o polinémio f €
C[X]\ C tem uma raiz em C. Nao existem demonstragdes apenas algébricas
deste teorema, pois todas elas utilizam, de alguma forma, a completude dos
numeros reais. O seu nome foi atribuido num tempo em que a Algebra se
dedicava principalmente ao estudo das equacdes polinomiais.

Conhecem-se muitas demonstracoes do teorema fundamental da Algebra,
algumas das quais podem encontrar-se em [Fine&al]. A demonstracao seguinte,
uma das mais curtas, resulta do teorema de Liouville da Andlise Complexa
e, provavelmente, ja serd conhecida pelos estudantes.

O teorema de Liouville afirma que toda a funcao holomorfa limitada
¢ : C — C é constante. Seja f € C[X]\C. Suponhamos que f nao tem uma
raiz em C. E facil verificar que |f(z)| — 400 quando z — co. Assim existe
r € RT tal que |f(z)| > 1 sempre que |z| > r. Como S ={z€ C:|z| <r}
é compacto e a funcao

a:C—oR, zw|f(2),

¢ continua, «(S) é compacto e, portanto, tem um minimo p € RT. Seja
e = min{1, u}. Entao, qualquer que seja z € C, |f(z)| > e. A fungao

$:C—=C, z— f(2)7}

é holomorfa e, qualquer que seja z € C, |¢(z)| < e L.

Liouville, ¢ deveria ser constante, o que é falso.

Pelo teorema de

4.1 Polinémios simétricos

Seja R um anel comutativo. Um polinémio f € R[Xq,...,X,] diz-se
simétrico nas variaveis Xy, ..., X, se, para qualquer o € S,

f(X, 0, Xn) = fF(Xoq)s -5 Xom))-
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Os polinémios
X2X2 2X1 42Xy e XPXZ2 42X +2Xo—1

sao simétricos nas varidveis X1, Xs. Os polinémios da forma

_ J1 j
pe(X1,..., X)) = E Xit---XJr, onde ke Ny,
sao simétricos nas variaveis X1q,..., X, e chamam-se polindmios simétricos
homogéneos completos nas variaveis X1,..., X,.

Na algebra de polinémios R[ X1, ..., X,][X],

(X-X) (X X)) =X"-(X1+- -+ X)X" -+ (DX, X,

=X"+) DR YD XX | xR,
k=1

J1<<Jk

Os polinémios

Sp = Z Xj - Xj,, onde ked{l,...,n},

J1<-<Jk

sao simétricos nas variaveis Xy, ..., X, e chamam-se polinomios simétricos

elementares nas variaveis Xq,...,X,. Com esta notagao,

n
(X = X1)- (X = Xp) = X" 4> (~DFsp X" F, (4.1)
k=1

Consideremos os mondémios primitivos nas variaveis Xi,..., X, total-
mente ordenados como estd descrito na pagina Para cada k € Ny, existe
um numero finito de monémios primitivos nas varidveis Xy, ..., X, com grau

k. Assim cada monémio primitivo Xf L... XFn tem um ndmero finito de
mondmios primitivos inferiores. Seja o(X f L... Xkn) o niimero de monémios
primitivos inferiores a Xf be.. Xff". A aplicacédo o, do conjunto G dos moné-
mios primitivos em Xy, ..., X, para Ny, é bijetiva e respeita a ordem. Diz-se
que o( X¥ ... X*n) ¢ a ordem do monémio primitivo X ... X Chama-se
ordem de um polinémio f € R[X1,...,X,]\ 0 & ordem do maior monémio
primitivo que ocorre em f. A ordem de um polinémio f representa-se por

o(f)-

Teorema 4.1 [Teorema fundamental dos polinémios simétricos| Seja R
um anel comutativo e f € R[X1,...,Xy] um polinomio simétrico nas va-
riqveis Xi,...,X,. Entao existe um polinomio g € R[X1,...,X,] tal que

f=9g(s1,...,8n). (EI)

! Um tal polinémio ¢ é tinico mas nio demonstraremos a unicidade nesta disciplina.
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Demonstragao. Por inducao em o(f). Se f =0ouo(f) =0, entdo f € F
e basta tomar g = f. Suponhamos que o(f) > 1. Seja X ... X*» o maior
mondmio primitivo que ocorre em f. O maior mondémio primitivo que ocorre
no polinémio simétrico

k1—ko ko—ks kn—1—kn k
1 32 .- 8 Sn"

s=3s 1 é

Xtk (X Xo)kehs (X X q)Ee e (X X ) = X R X

Este monémio primitivo ocorre em s com coeficiente igual a 1. Seja ay, . k.,
o coeficiente de X fl --- Xk em f. Entdo o polinémio simétrico

e = f—ag,,. . k,s tem ordem inferior & ordem de f. Pela hipdtese de inducao,
existe um polinémio h € R[X1,...,X,] tal que e = h(s1,...,s,). Donde
f:akl’m,kns—i—h(sl,...,sn). |

4.2 Teorema fundamental da Algebra

O teorema de Bolzano, conhecido das disciplinas de Anélise Matemética
da licenciatura, afirma que, se [a, b] for um intervalo real, f : [a,b] — R for
uma fun¢ao continua e f(a)f(b) < 0, entdo existe ¢ € [a, b] tal que f(c) = 0.

Lema 4.2 Se f for um polindmio real de grau tmpar, entdo f tem uma
raiz real.

Demonstracdo. Suponhamos que f = ap X" +an_1 X" 1 4---+ag, onde
an # 0 e n é impar. Suponhamos que a,, > 0. (O caso a,, < 0 é andlogo.) A
funcao polinomial f: R — R, z — f(z), é continua. Claramente

lim f(z)=—-00 e lim f(x)=4o0.

r——00 r——+00
Assim existem a,b € R, com a < b, tais que f(a) < 0 e f(b) > 0. Pelo
teorema de Bolzano, existe ¢ € [a,b] tal que f(c) = 0, to é, ¢ é uma raiz

real do polinémio f. [ |

Corolario 4.3 Se f for um polindmio real irredutivel com grau maior
do que 1, entao d(f) é par.

Lema 4.4 Todo o polinomio complexo de grau 2 se decompoe em C.

Demonstragdo. Seja f = aX? + bX + ¢ € C[X], onde a # 0. Sabemos
que todo o niimero complexo tem uma raiz quadrada em C. Seja v/b% — 4ac
uma raiz quadrada de b?> — 4ac em C. E facil verificar que

f:a<X —b+\/b2—4ac> <X —b—\/b2—4ac>7

2a 2a
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o que mostra que f se decompoée em C. [ |

Chamamos conjugado de f = a, X" + a1 X" 1+ ... +ag € C[X] ao
polinémio f = @, X" + @, 1 X" ' +--- + @ € C[X].

Lema 4.5 Sejam f,g € C[X].
a) f(z) = f(2), qualquer que seja z € C.

f € um polinomio real se e s se f = f.

)
)
) fa=fg.
)
)

(e) Se f for um polinémio real e ¢ € C for uma raiz de f, entdo ¢ também
€ uma raiz de f.

Lema 4.6 Se todo o polindmio real nao constante tiver uma raiz com-
plexa, entdo todo o polinomio complero ndo constante tem uma raiz com-
pleza.

Demonstragdo. Seja f € C[X]\ C. Pelo lema anterior, g = ff € R[X].
Claramente g nao é constante. Pela hipétese, g tem uma raiz ¢ € C. Assim

0 = g(c) = f(c)f(c). Donde 0 = f(c) ou 0 = f(c) = f(¢). Donde 0 = f(c)
ou 0 = f(2). [ ]

Lema 4.7 Todo o polinémio real nao constante tem uma raiz compleza.

Demonstragao. Seja f = ap, X" 4+ -+ ap € R[X], onde n > 2 e a, # 0.
Suponhamos que n = 2™¢q, onde ¢ é impar. A demonstracao é por indugao
em m. Se m = 0, entdo n é fmpar e, pelo lema [f.4] f tem uma raiz real.
Suponhamos agora que m > 0.

Seja K um corpo de decomposi¢ao de f sobre C e suponhamos que
f=an(X —u1) - (X —uy), onde uy,...,u, € K. Substituindo em
cada X; por u; e multiplicando ambos os membros por a,, vem

n

f=an(X —up) - (X —up) = an X" +an Z(—l)ksk(ul, ) XR
k=1

Como f é um polinémio real, si(uq,...,u,) € R, qualquer que seja
ke {l,...,n}. Para cada r € R, seja

he= [] X-Xi-X;—rXX; e RX][X,...,Xn].

1<i<j<n
E facil verificar que h, é simétrico nas variaveis Xq,...,X,. Pelo teorema
fundamental dos polinémios simétricos, existe g, € R[X][X1,..., X,] tal que

hy = gr(81,...,8p). Assim

ho(uiy ..o un) = gr(si(ur, ..o ytn)y ..y Sp(ut, ..., uy)) € RIX].

125



Além disso

d(hy (s, .. un)) = (’;) = _”;)! 5= ”(”2_ D _ om-ty(amg — 1)

Como ¢(2™q — 1) é impar, resulta da hipétese de indugao que

he(uiy ... uy) = H X —u; —uj —ruuy € RIX]
1<i<j<n

tem uma raiz em C. Assim, para cada r € R, existe um par (i,j) tal que
u; +u; +ruju; € C. Como o nidmero de pares (4, j) é finito, existem r,t € R
e existe um par (4, j) tais que r # t e u; + u; + ruu;, u; + uj + tuu; € C.
Donde deduzimos que u; + uj, uju; € C. Assim (X — u)(X —uj) = X? —
(ui + uj)X + uju; € C[X]. Como os polinémios complexos de grau 2 se
decompoem em C, u;,u; € C. [ ]

Teorema 4.8 [Teorema fundamental da Algebra] Todo o polinomio com-
plexo ndo constante tem uma raiz compleza.

Demonstragdo. Resulta imediatamente dos lemas [4.6] e [4.7] |

4.3 Numeros algébricos e ntimeros inteiros algébricos

Diz-se que v € C é um numero algébrico se u for algébrico sobre Q.
Pela proposicao [3.33], o conjunto A dos nimeros algébricos é o tnico fecho
algébrico de Q contido em C.

Exemplo 4.9 Seja n € N. Pelo critério de Eisenstein, o polinémio
fn = X"™ — 2 é irredutivel em Q[X]. Como A é algebricamente fechado, f,
tem uma raiz u, € A. Portanto f, é o polinémio minimo de u,, sobre Q e,
pela proposicao [Q(uyn) : Q] = n. Assim o espago vetorial A sobre Q
contém subespagos com dimensao finita arbitrariamente grande e, portanto,
nao ¢ finitamente gerado e nao é uma extensao finita de Q.

Se u € A, chamamos conjugados de u as raizes, pertencentes a A, do
polinémio minimo de u sobre Q.

Lema 4.10 Se u € A, existe um unico polinémio primitivo e irredutivel
q € Z[X] com primeiro coeficiente positivo tal que q(u) = 0. As raizes de q
em A sao os conjugados de u.

O polinémio ¢ referido no lema anterior chama-se polindmio minimo
inteiro de u.

Demonstracdo. Ezisténcia. Seja f o polinémio minimo de u sobre Q.
Pelo lema [(a)] existem a/b € Q\ 0 e um polinémio primitivo p € Z[X]
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tais que f = (a/b)p. Como f(u) =0, p(u) =0. Como f e p sdo associados
em Q[X] e f é irredutivel em Q[X], p também ¢ irredutivel em Q[X]. Como
p é primitivo, p é irredutivel em Z[X]. Se o primeiro coeficiente de p for
positivo, entao ¢ = p é o polinémio pretendido. No caso contrario, ¢ = —p é
o polinémio pretendido. As raizes de ¢ em A sdo os conjugados de u porque
f e q sao associados em Q[X].

Unicidade. Sejam p,q € Z[X] polinémios primitivos e irredutiveis com
primeiro coeficiente positivo tais que p(u) = ¢(u) = 0. Entéo p e ¢ também
sao irredutiveis em Q[X] e sdo ambos associados ao polinémio minimo de u
sobre Q. Assim existe a/b € Q\ 0 tal que p = (a/b)q. Donde bp = aq. Pelo
lema existe v € U(Z) = {1, —1} tal que b = av e, portanto, vp = q.
Como p e q tém primeiro coeficiente positivo, v =1e p = q. [ |

Diz-se que u € C é um numero inteiro algébrico se u for raiz de um
polinémio ménico f € Z[X]. Representamos por I o conjunto dos nimeros
inteiros algébricos.

Proposicao 4.11 I € um subanel de A.

Demonstracdo. Claramente I C A.

Como 1 é raiz do polinémio ménico X — 1,1 € 1.

Sejam a,b € 1. Sejam p,q € Z[X] polinémios ménicos tais que p(a) =
q(b) = 0. Como A é algebricamente fechado,

p=X—-a1)--(X—an) e ¢q=(X—-0b1) (X —=bn),
para alguns a; = a,a9,...,a,,b1 = b,ba, ..., by € A. Recorde-se que
p=X"—s1(ay,...,an) X" L4 4 (=15, (a1, ..., a,),

onde si,...,S, sa0o os polindmios simétricos elementares em n varidveis e,
portanto, para cada i, s;(ai,...,a,) € Z. Analogamente

g=X"—01(b,....bp) X" b (=)0 (br, ... b)),

onde o1, ...,0,, sao os polinémios simétricos elementares em m varidveis e,
portanto, para cada j, o;(bi,...,bn) € Z.
Sejam X, X1,...,X,,Y1,...,Y,, varidveis distintas. O polinémio

F = ﬁﬁ(x —(X; —Y)) € ZIX][X1, ..., Xu][Y1, .., Vi)
i=1j=1

é simétrico nas variaveis Y7,...,Y;,. Pelo teorema fundamental, existe
G € ZIX][X1,..., X,][Y1, ..., Yy] tal que F = G(o4,...,0,). Como
Uj(bl, - ,bm) €7,
F'=F(by,....bn) =G(o1(b1,-.,bm), -, om(b1, .. b))
€ Z[X|[X1,...,Xn]
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O polinémio

n m

F =TT - (X = b)) € ZIX][Xq, .., X
i=1j=1
é simétrico nas variaveis X, ..., X,. Pelo teorema fundamental, existe

G' € Z|X]|[Xy,...,X,] tal que F' = G'(s1,...,5,). Como
si(aty...,ap) € Z,

f=Fl(a,...,a,) =G (s1(ay,...,an),...,sn(a,...,a,)) € Z[X].

Além disso,

é ménico e a — b = a1 — by é uma das suas raizes. Logo a — b € 1.
Com um argumento andlogo, prove que ab € I. Logo I é subanel de A.
|

Proposicao 4.12 Sejam a € A e g o polinémio minimo inteiro de a.
(a) Se a €1, entdo os conjugados de a também sao inteiros algébricos.
(b) a €1 se e s6 se q for mdnico.

(¢) Se b for o primeiro coeficiente de q, entdo ba € L.

Demonstracdo. Sejam a = a1, ..., a, os conjugados de a.

(a) Seja f € Z[X] um polinémio ménico tal que f(a) = 0. Seja p € Q[X]
o polinémio minimo de a sobre Q. Entao p | f. Como ay,...,a, sao as raizes
de p em A, ay,...,a, também sao raizes de f e, portanto, ai,...,a, € L.

(b) Suponhamos que a € I. Como ay,...,a, sdo as raizes de q e g € Z[X]
tem primeiro coeficiente positivo, ¢ = b(X —aq)--- (X — a,), onde b € N.
Utilizando a notagao introduzida em (a), como g ~ p | f, existe h € Q[X]
tal que f = gh. Pelo lema [0.6§[(a)] existem ¢/d € Q\ 0 e um polinémio
primitivo A’ € Z[X] tais que h = (¢/d)h’. Donde df = ¢qh’. Como f,q,h’
sao primitivos, d ~ C(df) = C(cgh’) ~ c¢. Assim d = +c e f = +ql'.
Como f é ménico e o primeiro coeficiente de ¢ é positivo, deduzimos que ¢
¢ ménico. A implicagao reciproca de (b) é trivial.

(c) Suponhamos que ¢ = bX"™ + ¢, 1 X" '+ ... +¢1X + cp. Entdo

bl = (X)) 4 1 (bX)" T 4 ey ob(BX)" T2 4 e b2 (bX) + cob™ !

= g(bX),
onde
g=Y"fc  Y" p o 0" 4 b € Z]Y
é moénico. Como g(ba) = b""1q(a) =0, ba € L. ]
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Proposicao 4.13 QNI =Z.
Demonstragao. Seja a € (QNI)\ 0. Seja
f=X"4b, 1 X" b X b € Z[X]\ Z

tal que f(a) = 0. Suponhamos que a = ¢/d, onde ¢,d € Z \ 0 sao relativa-
mente primos. Entao

A4 by 1A+ bred™ ! + bpd™ = 0.

Donde
d | by_1c"td+ -+ bred” ! + bod" = —c".

Como c¢ e d sao relativamente primos, d € U(Z). Donde a € Z. Logo
QNICZ. A outra inclusao € trivial. [ |

4.4 Numeros transcendentes

Recorde-se que A representa o conjunto dos nimeros algébricos, isto €,
dos nimeros complexos que sao algébricos sobre Q. Se u € C nao for um
nimero algébrico, diz-se que u é um numero transcendente. Pelo lema
|A| = |Q| = Rg. Como |C| > Ny, existe uma infinidade ndo numerdvel de
nimeros transcendentes. Contudo, provar que um nimero complexo parti-
cular é transcendente é usualmente dificil. Nesta seccao, provaremos que e
e 7 sao transcendentes.

A existéncia de niimeros transcendentes foi pela primeira vez provada por
Liouville, em 1844, ao mostrar que o niimero Z]oil 1077" é transcendente.
Em 1873, Hermite provou que e é transcendente. Em 1882, Lindemann
provou que 7 é transcendente.

Lema 4.14 Seja a € R. Suponhamos que a € algébrico e é raiz de um
polinémio f € Z[X] de grau n. Entdo eriste k € R tal que, quaisquer que
sejamr € Z e s € N, se a #r/s, entdo

k

r
— - —al. 4.2
sm S a‘ (42)
Demonstragao. Como
T—a Tr—a T—a T —a
existe § € R™ tal que, para cada z € R\ {a}, se |z — a| < 4, entao
flx)
— — 1. 4.3
IO i) < (4.3
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Como f tem um nimero finito de raizes, existe ¢ € RT tal que a é a tinica
raiz de f no intervalo real [a — €,a + €]. Seja

. 1
k:mln{(s,é,lﬂf/(aﬂ}.

Sejam r € Z e s € N. Seja x = r/s € Q e suponhamos que a # z. Se
k < |x — al, entao (4.2]) é trivial. Suponhamos agora que |x — a| < k. De
(4.3), vem, sucessivamente,

[f(z) = f(a)(z —a)| < |z —al,
[f (@) = [f'(@)ll(x —a)| < |z —al,
[f(@)| < (L+[f(a)D]z — al,
Elf(x)] < |z — al. (4.4)

Como f é um polinémio com coeficientes inteiros de grau n,
f(x) = f(r/s) =t/s", paraalgumt € Z.

Como x #ael|r—al <k<e f(xr) #0. Portanto 1/s" < |f(z)|. De (4.4),
resulta (4.2)). [

Proposicdo 4.15 a =7, 1077" € transcendente.

Demonstracao. E facil verificar a série acima é convergente. Com vista
a uma contradicao, suponhamos que a é algébrico e é raiz de um polinémio
f € Z|X] de grau n. Pelo lema anterior, existe k € R™ tal que, quaisquer
que sejam r € Z e s € N, se a # r/s, entao é satisfeita.

Seja ¢ € N tal que 1/29 < k. Seja p € N tal que ¢ +n < p. A soma
parcial a, = Z?:l 107" ¢ racional, diferente de a e a, = r/s, onde r € N e
s =107 > 2. Entdo

r = 11 ) 1 1
i = z;l 100~ 10w | T 106Gt T Tgei- ey
J=p

N

1 1 1 1
—_— 1 —_— —_— .. =
10(+1)! ( Tt > 10+ 1 — (1/10)
1 10 1 110 1 I 11 11 K

G 9  T0PP 107 9~ (10P)P 5P sisn 2asn g

o que contradiz (4.2). Logo a é transcendente. [

As derivadas do produto

Sejam f1,...,fn : F — F, onde F € {R,C}, fungdes que tém derivadas
de todas as ordens. E bem conhecida a regra da derivada do produto:

(frfo)' = fifa+ f1fs-
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Por indugao em n,

(froefo) = fifosfat Ffsfs- e fut -t fioee faaf

Por inducao em j, obtemos a seguinte regra para derivadas de ordem j:

(fio gD = S0 g,

jl yyyyy ]‘n.eN()_
J1++in=j

onde a derivada de ordem 0 de uma funcao f éigual a f. Asigualdades ante-
riores também sao verdadeiras se fi, ..., f, forem polindmios numa variavel
e as derivadas forem formais.

Moédulo de um polinémio
Para cada f = ap, X" + - -+ ag € C[X], seja
[fI = lan] X" + -+ + |ao| € R[X].
Lema 4.16 Quaisquer que sejam f,g € C[X], z € C,
fEI<IfIA=l) e 1fgl(zD < ([f1U=1)) gl (I2]))-

A fungao auxiliar /(z)

Seja f € C[X]\ C e consideremos a fungao
1
I:C—-C, zw / ze* # f(2t)dt, (4.5)
0

onde t é uma variavel real. No argumento seguinte, as derivadas sao sempre
em relacao a t. Assim

(—e*# f(2t)) = ze* L f(2t) — 2e* L f(20).

I(z) = /01 ze”  f(2t)dt = /01(—622tf(zt))/dt + /01 ze* L f(zt)dt.

Esta operagao chama-se integracao por partes nas disciplinas de Anélise
Matematica. Donde

1

I(z) =e*f(0) — f(2) +/ ze* L f (2t)dt. (4.6)

0

Integrando de novo por partes,
1 1
/ ze" P (2t)dt = €7 f/(0) — f/(2) —I—/ 2e* A ) (2t)dt.
0 0
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Substituindo em ({4.6|),

1
I(s) = *(F0) + F/(0)) — (F(=) + F(2)) + /0 25 fO (t)dt.

Repetindo sucessivamente o argumento e tendo em conta que f("+D = 0,
obtemos

I(z) = (f(0) + -+ f(0) = (f(2) +--- + [ (2)).  (47)

Por outro lado,
1 1
1(2)] < / 267 f (o) dt < / 2] ===t | 7]zt dt u
0 0

< ‘Z*Zt| t .
< 12| (s =) (o 171020

Donde
11(2)] < |zle”![£1(]2]). (4.8)

Transcendéncia de e

Teorema 4.17 O numero e € transcendente.

Demonstragdo. Com vista a uma contradi¢do, suponhamos que e é
algébrico. Entao e é raiz de um polinémio g = b, X" +--- + by € Z[X] \ 0,
onde by # 0. Seja p um numero primo maior do que max{r, |bp|}. Seja

f=XPHX 1) (X —7r)P € Z[X].

Sejan =d(f) = (r+1)p—1. Se j € Ny, derivando f, obtemos

fO= 3 (xph@((x - 1)) (X )0, (4.9)
JOseos Jjr€Ng
Jot-tir=i
onde ( !
_ W= ep-1-jo o <p—
(X710 (p—l—jo)!X se jo <p—1,
0 se jo>p—1,

e, para k € {1,...,71},

P! - ,
, ——— (X —k)P77* se jip <p,
(x =90 = gl
0 se ji > p.
? Recorde-se que, se w € C, entdo |e*| = | 300 w"™/nl| < 3200 |w|™/n! = €™l
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Assim, quaisquer que sejam j € Ny, k € {0,1,...,7},
=Y ((prl)(jo)(k)) (((X _ 1)p)(j1)(k)) (((X _ T)p)(jr)(k))

(4.10)
¢ um numero inteiro. Vamos estudar as parcelas do lado direito de (4.10)).
Suponhamos que k = 0. Se a parcela

((prl)(jo)(o)) (((X _ 1)10)(3'1)(0)) (((X — r)p)(jr)(0)> €z (4.11)

for diferente de 0, entdo jo =p—1lej; <pparai e {1,...,7}. Sejo=p—1
ej1=--=jr =0, (4.11) é igual a

(0= DU=1)7 - (=) = (p = DY(-1)7r

como p é primo e p > 7, p ndo divide esta parcela. Se (jo,Jji,...,7r) #
(p—1,0,...,0), entéo jo # p — 1 ou j; > 0 para algum i € {1,...,r}; se
jo # p— 1, entdo (4.11)) é igual a 0; se jo = p — 1 e j; > 0 para algum
i€ {l,...,r}, entado ¢ um numero inteiro,

(p= D= (XPHE0) e p (X —ir)0;
portanto, p! divide (4.11]). Das observagoes anteriores, resulta que

f0)=0  sej<p-1,
pt f70(0) = (p— D!(=1)Pr,
P f90)  sej>p—1.

Suponhamos agora que k € {1,...,7}. Se a parcela

(P B ) (X =17 R) - (X =r)H)) €2 (112)

for diferente de 0, entdo jp = p, jo <p—1e j; < pparai & {0,k}. Neste
caso, p! divide sempre (4.12)). Das observagoes anteriores, resulta que, se
ke {l,...,r}, entao

Oy =0  sej<p,
p | fOk)  sej>p.
Consideremos a fungao I(z), que foi definida em (4.5]), associada ao poliné-

mio f. Seja
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Por ,

J = "bI(k)=> by (Ff9(0) - f9 (k)

k=0 k=0  j=0

=> (Z be® f9)(0) — Zbkf@(k))
7=0 \k=0 k=0

= (g(e)f(”(o) -3 bkf@(k))
7=0 k=0

Como g(e) =0, o
J=- bV (k)
7=0 k=0

As parcelas do lado direito sao divisiveis por p!, exceto a parcela

bo.fP7D(0) = bo(p — DI(=1)"P ()P,

a qual é divisivel por (p — 1)! mas nao é divisivel por pl. Assim J é divisivel
por (p — 1)! mas nao é divisivel por p!. Donde J # 0 e |J| > (p — 1)!. Por

outro lado, para cada k € {0,...,r},
(k) < (IXPHERDIX = 1P(R)) - (IX = r[P(k))
= kPN E+ )P (k)P < ((2r)"THP.
Utilizando esta desigualdade e (4.8)),
1< ST Bl I < S belkeb [ £1k) < 3 [bilkeb((20) ) = e,
k=0 k=0 k=0
onde ¢ e d sdo constantes positivas que nao dependem de p. Assim

p< M e
T - T (-1

o que é absurdo, pois
) cd™
lim —~ =0
m—oo (m — 1)!

e p pode ser escolhido arbitrariamente grande. Logo e é transcendente.

Transcendéncia de 7

Teorema 4.18 O numero © € transcendente.
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Demonstracdo. Com vista a uma contradicdo, suponhamos que 7w é
algébrico. Entao im também é algébrico. Seja g o polinémio minimo in-
teiro de ¢w. Sejam im = 601, 0s,. .., 0, os conjugados de iw. Seja b o primeiro
coeficiente de g. Pela proposicao para cada k € {1,...,r}, by é
inteiro algébrico. Como 1+ e =0 e 6] = im,

(14 €)1 +e%)--- (14 €)= 0.

O lado esquerdo desta igualdade é uma soma de 2" parcelas da forma e?,
onde
¢ = €101 + €305 + - - - + €,.0, (413)

e cada €; pertence a {0,1}. Como os ntiimeros bl sao inteiros algébricos,
deduzimos que b¢ também é inteiro algébrico, para qualquer nimero ¢ da
forma . Sejam ¢1,...,¢or 0s 27 elementos da forma . Sem
perda de generalidade, suponhamos que ¢1,...,¢, sao diferentes de 0 e
Ontis - - -, Por sd0 iguais a 0. Entao

g+e? +---4+e’ =0, ondeq=2"—n>0.

Sejam si,...,8 € Z[X]|[X1,...,X,] os polinémios simétricos elementares
nas variaveis X1i,..., X,. Como

=b(X —61)-- (X —6,) —bXT+Z Yebsi(6y,...,0,) X" F € Z[X],

sp(bh,...,0,) € Qparak € {1,...,r}. Paracadak € {1,...,7}, o polinémio
o= I X=X+ +X5) €ZX]|[Xy,..., X,
1<j1<<ji<r

é simétrico nas variaveis X1, ..., X,. Portanto

r
F=X]]F€zX][Xy,..., X,]
k=1
também é simétrico nas variaveis Xi,...,X,. Pelo teorema fundamen-
tal dos polinémios simétricos, existe G € Z[X][Xy,...,X,] tal que F =
G(s1,-..,Sr). Assim

HX ¢j) = H(X_ij):XH H (X = (0, +---+65,))

j=1 k=1 1<j1<-<jp<r

_— F(@l, e ,HT) = G(Sl(el, - ,0T), .. .,87(01, .. .,GT)) S Q[X] (414)

Sejam o1, ...,0, € Z[X]|[X1,...,X,] 0s polinémios simétricos elementares

nas variaveis Xy, ..., X,. De (4.14),

n

Q] [[(X —¢j) =X"+ Z or(pr,. .., dn) X" (4.15)

J=1
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Donde, qualquer que seja k € {1,...,n}, ok(¢p1,...,6n) € Qe
Vou(gr,....on) = > (bdj) - (bg;) €QNI=2Z.  (4.16)
1<j1 < <gg<n

Em particular
b ¢y py € Z. (4.17)

Seja p um nimero primo maior do que max{q, [b"¢1 - - dn|}. Seja
F=PXPUX = @) (X = ).

Por (19),
n p
f:XWJGMW+z]4ﬁW%wh”¢mX“ﬂ.

k=1

Por ([£.16), f € Z[X]. Sejam =d(f) = (n+1)p—1.
Con81deremos a fun(;ao I(z), que foi definida em (|4.5)), associada ao poli-
némio f. Seja

=I(1) + -+ I(¢n).

Por ,

J = ZZ e fU0) = fU(gr) =D e > FD0) = >N 9 ()
k=1 j=0 k=1 7=0 k=1 j5=0

Donde

qu ROESP P (4.18)

7=0 k=1
Vamos calcular limites, 1nfer10r e superior, para |J|.
O argumento seguinte sobre as derivadas de f é analogo a um argumento
paralelo na demonstracao da transcendéncia de e. Se j € Ny, derivando f,
obtemos

n

fO=pr 30 (xXPHITTX = ¢V € Z[X], (4.19)

onde

(p—l)! p—1—j .
ety = 1o R

0 se jo>p—1,
e, para k € {1,...,n},

p! X .
((X — ¢p)P) V) = W(X op)P I se iy < p,

0 se jx > D
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Resulta de (4.19)) que, quaisquer que sejam j € Ng, [ € {0,¢1 ..., ¢, },

n

W= 3 e @O om0, (420

J0s-++Jn €Ng. =1

Calculemos agora Z;'n:(] qf9(0). De (4.20),

n

% -0 ! i
Sar=3 3 el e T cor,

5=0 jos-esin Jo)* i1 (P = Ji)t
(4.21)

onde 0° = 1 e os indices j; variam dentro dos seguintes limites: 0 < jo < p—1,
0<gj;<pparaiec{l,....,n}ejo+j1+ -+ jn =j. Notese que todas
as parcelas do lado direito de em que jo # p — 1 sdo nulas. Assim
s6 se obtém parcelas nao nulas do lado direito de com j > p— 1.
Com j = p — 1, s6 se obtém uma parcela nao nula (com jo = p—1 e
j1=--+=jn =0); esta parcela é igual a

g™ (p = DI(=¢1)" - (=¢n)” = (p — 1)!s, (4.22)

onde s = q(—1)"Pb"P (¢ - - - ¢y)P € Z por ({.17)); assim esta parcela é um ni-
mero inteiro divisivel por (p—1)!; como p é primo e p > max{q, |b"¢1 - - - Pn|},

p nao divide .
Assim .
> af90) = (p—1)ls +h, (4.23)
=0
onde .
h = Z > -] (=07, (4.24)
J=P j1,rdn i= 1( _‘71)

e os indices j; variam dentro dos seguintes limites: 0 < j; < p para ¢ €
{1,....n}eg1+--- + jn = j —p+ 1. Note-se que, para qualquer parcela
do lado direito de , existe k € {1,...,n} tal que jr > 0 e, portanto,
p | P/ (P — jr))- ASSlm

h= p'Z > i JHH bepi )P4, (4.25)
=1

] p]lv 7.777,
onde
T S S | a2
el p ZHl (p = Jji)!

Como os niimeros bg; sao inteiros algébricos, h é inteiro algébrico. O poliné-

mio
H= Z > o ,JnHXp e r[Xy,. .., X,

J=P J1s--sJn
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é simétrico nas varidveis X1, ..., X,. Pelo teorema fundamental dos poliné-

mios simétricos, existe K € Z[X1,...,X,] tal que H = K(o1,...,0y,), onde
Oly...,0n € Z[X1,...,X,] sd0 os polindmios simétricos elementares nas
variaveis X1, ..., X,. Donde

= H(bp1,...,b¢pn) = K(o1(b1,...,bdn),...,00(bd1,...,0d,)) €EZ

Donde p! | plt = h. Como p1 (p — 1)!s, deduzimos de (4.23)) que

(p=D'> af90) e ptd_ qaf90) (4.26)
§=0 =0
Calculemos agora >.7_, fU)(¢y.). De ,
| L
> =3 3 i T e [T o,

k=1 k=1 jo,....jn —Jo i1 WP~ ]Z)
(4.27)

onde os indices j; variam dentro dos seguintes limites: 0 < jo < p — 1,
0<j;<pparai€e{l,...,n}ejo+j1+--+jn = j. Note-se que, se ji # p,
entao as parcelas correspondentes do lado direito de sao nulas. Assim,
se for diferente de 0, entao j > p e

> FD () =pN Y > re(bgp)? 0 ] [ (ke — bepi)? ™,
k=1 k=1 70,---2Jk—1:Jk+1>--5Jn Z;i

(4.28)
onde N = j —p—+1 € N, r, representa nimeros naturais que dependem dos
indices j;, os indices j; variam dentro dos seguintes limites: 0 < jo < p —1,
0 <j; <pparai€ {1,...,n}\{k} e jotji+ - +jk-1+jkr1+ +jn = j—p.
O polinémio

n n
11— i
P=Y > r XPO T (0X — bX)P 9 € Z[X, ..., X))
k=170,--;Jk—1,Jk+15-1Jn :;Ilc
é simétrico nas variaveis X1, ..., X,,. Pelo teorema fundamental dos polinémios

simétricos, existe Q; € Z[X1,...,Xy,] tal que Pj = Qj(o1,...,05). Assim

Pj(b¢1, .. ,b¢n) = Qj(Ul(b¢1, .. .,b¢n),. . .,Un(b¢1, ... ,b(ﬁn)) €z

P! Z F9D(¢r) = plbN Pi(bgn, . .., bo). (4.29)

De (4.26)) e de deduzimos que J é divisivel por (p — 1)! mas nao

é divisivel por p. Donde |J| > (p — 1)!. Tal como na demonstracao da
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transcendéncia de e, é facil mostrar que existe uma constante positiva d tal

que |f|(|ox|) < dP, k € {1,...,n}. Utilizando (4.8),

7] < Z\I oi)l < D 1owle® I f1(orl) < ed?,
k=1

k=1

onde ¢ e d sao reais positivos que ndo dependem de p. Assim

|| < cdP

-t e

0 que é absurdo, pois
. cd™
lim — =0
m—oo (m — 1)!

e p pode ser escolhido arbitrariamente grande. Logo m é transcendente. M
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