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Abstract

We construct a weak second-order theory of arithmetic which includes Weak
Kénig’s Lemma (WKL) for trees defined by bounded formulae. The provably to-
tal functions (with Y%-graphs) of this theory are the polynomial time computable
functions. It is shown that the first-order strength of this version of WKL is exactly

that of the scheme of collection for bounded formulae.

1 Introduction

At the end of 1985, during a symposium on Hilbert’s Program, Wilfried Sieg posed the
following interesting problem : to find a mathematically significant subsystem of analysis
whose class of provably recursive functions consists only of the computationally “feasible”
ones'. (We thank Stephen Simpson for bringing this problem to our attention.) In the

present paper we set up a system for analysis — with Sieg’s “feasibility” condition fulfilled

by the polynomial time computable functions — which permitts induction on notation for

*This work was partially supported by project 6E91 of CMAF (Portugal)
!See Sieg’s paper “Hilbert’s Program Sixty Years Later” in The Journal of Symbolic Logic, vol. 53, n°2

(1988).



NP-predicates and which includes the highly nonconstructive axiom asserting that every
infinite tree of finite sequences of zeros and ones has an infinite path. (This principle is
known as Weak Konig’s Lemma.)

The reader will notice that our whole set-up owes much to work of Harvey Friedman,
Stephen Simpson and others in the context of Reverse Mathematics with base induction
for ¥9-predicates and primitive recursiveness for the provably total functions.? There
are, of course, differences. Most conspicuous is the special role played by the scheme
of collection for bounded formulae, whose strength is exactly the first-order strength of
Weak Konig’s Lemma for trees defined by bounded formulae (see Theorem 7). Since this
collection scheme is conservative over any bounded theory with respect to I19-sentences?,
it may be included in our feasible theory for analysis. Hence, contrary to the ordinary
framework of Reverse Mathematics, our setting permitts the application of Weak Konig’s
Lemma, not only to set trees, but also to some definable trees. A case worth noting is the
following: although, in general, bounded formulae do not define sets in our system, they

do so provided these formulae happen to define infinite paths through the binary tree of

zeros and ones.

*For an explanation and achievements (up to 1986) of Reverse Mathematics see Simpson’s report
“Subsystems of Z and Reverse Mathematics” in the appendix to Gaisi Takeuti’s Proof Theory, North-

Holland 1987.

3This result is due to Samuel Buss in “A conservation result concerning bounded theories and the col-
lection axiom”, Proc. Amer. Math. Soc. 100, pp. 709-715 (1987). A very simple proof of a generalization
of this result can be found in Fernando Ferreira’s “A note on a result of Buss concerning bounded theories
and the collection scheme”, submitted to Portugaliae Mathematica. This proof is distilled from the proof

of a particular case stated in corollary 6 of the present paper.



The question whether our system is mathematically significant is not dealt with in this
paper. Nonetheless, it seems worthwhile to pin down more precisely what this question
amounts to. We take it as requiring an investigation on how much of ordinary mathemat-
ics can be formalized within the system (or appropriate conservative extensions). More
specifically, we can ask whether our framework is suitable for doing Reverse Mathematics
with feasibility taken as basis, i.e., whether our framework provides an adequate vantage
point from which to measure the non-feasible contents of ordinary theorems of mathemat-
ics. Some tentative work in this direction was done in [F88] and a new report is under
way, in which we propose to consider the intermediate value theorem, the Heine-Borel
principle, the uniform continuity theorem and the existence (or not) of the maximum of a

continuos real function defined on a compact interval.

2 Basic Setup

As a guiding principle, we maintain that in weak systems of arithmetic with computational
significance it is more perspicuous to have the class of 0-1 words (set-theoretically, the
binary tree 2<“) as the standard model, instead of the more traditional setting of the
natural numbers. Additionally, for the present purposes of presenting a second-order
theory with WKL, the binary tree setting is ideally transparent. Hence, we shall build
upon the binary tree theory X¢-PIND introduced in [F90].* To make the paper relatively
self-contained we briefly describe this theory. Its language consists of three constant

symbols €, 0 and 1, two binary function symbols (for concatenation, usually omitted)

*Henceforth, following [BS90], this theory will be called X4-NIA (for Notation Induction Aziom).



and X, and a binary relation symbol C (for initial subwordness). There are fourteen basic

open axioms:

TE =X
z(y0) = (zy)0
z(yl) = (zy)1

20=90 - x =y

rTXe=¢
xxy0 = (z xy)x
rxyl=(xxy=x

rl=yl -ax =y

rCe¢ =
z C 90 rCyVz=y0
z Cyl rCyVe =yl
z0 yl
0 # ¢
xl # €

Note that, in the standard model, x X y is the word x concatenated with itself length of y
times.® Subwordness of x with respect to y, denoted by x C* y, is defined by 3z C y(zz C
y). The class of sw.q.-formulae is the smallest class of formulae of the language containing
the atomic formulae and closed under Boolean operations and subword quantification, i.e.,
quantification of the form Vo C* ¢(...) or 3z C* ¢(...), where the variable x does not occur

in the term t.6 The relation of = being of length less than or equal to the length of v,

5The growth rate of x corresponds exactly to the growth rate of Buss’ smash function 4, as defined in

[B85].

5These formulae define exactly the FO sets, a notion introduced by N. Immerman: see his paper

“Descriptive and Computational Complexity” in Computational Complexity Theory, AMS Short Course



denoted by x <y, is defined by 1 x z C 1 x y. The class of bounded formulae, also named
the class of X2 -formulae, is the smallest class of formulae containing the sw.q.-formulae
and closed under Boolean operations and bounded quantification, i.e., quantification of
the form Vo < ¢(...) or 3z < ¢(...), where the variable  does not occur in the term ¢. In the
standard model these formulae define exactly the sets of the Meyer-Stockmeyer hierarchy.
We are interested in the particular fragment of the bounded formulae consisting of those
of the form dx < tA, where A is a sw.q.-formula and ¢ is a term in which the variable x
does not occur: these are called the ¥¢-formulae. In the standard model these formulae
define exactly the sets of the complexity class NP. The theory $¢-NTA consists of the basic

axioms plus the following induction scheme :
Ae) AVz (A(x) — A(x0) A A(zl)) — Vo A(z)

where A is a X¢-formula, possibly with parameters. This theory is equivalent, in a sense
that could be made precise, to Samuel Buss’ well-known theory S (see [B85] for the
definition) and, hence, has the following main property: whenever X8-NIA + Vz3IyA(z,y),
where A is a X8-formula, there is a polynomial time computable function f such that
A(o, f(0)), for all ¢ € 2<% This is the precise sense of saying that the provably total
functions of X%-NIA are computationally feasible.

The second-order theories that we shall be concerned with are formulated in a two-
sorted language with word variables z, y, z,... and set variables X, Y, Z,... (the latter

ones intended to vary over subsets of 2<“). The terms of this language are the same as the

Lecture Notes, vol. 38, 1989.

"Direct proofs of this result which bypass Buss’ formalism can be found in [F90] or [BS90].



terms of the above first-order language ; for atomic formulae, we also allow expressions of
the form t € X, where ¢t is a term and X is a set variable. Note that equality between set
variables is not a basic notion, but rather defined by Vz (x € X < z € Y). Exactly as in
the first-order case we define the usual classes of formulae : 4, bounded, TIY, 119, et al.
We just have to keep in mind that there are new atomic formulae to start with (in other
words, set parameters are permitted).

Our basic second-order theory is ©4-NIA plus the following comprehension scheme :
Vo (A(z) < =B(x)) —» 3X Vz (x € X < A(z))

where A and B are Eli-formulae, possibly with parameters, and X is a new set variable.

This scheme says that sets in NPNco-NP exist : call it the V{-CA scheme.

Lemma 1. The second-order theory YXY-NIA + V%-CA is first-order conservative over

$b-NIA.

Proof : This follows from the completeness theorems if one shows that for every first-
order model M of ¥8-NTA (for convenience we will identify the model with its domain)
there is S C P(M) such that (M, S) is a second-order model of 4-NTA 4+ V%-CA. Actually
a little more is true : if (M, S) = X4-NIA then (M, S*) = X4-NIA + V4-CA, where S* is
the class of the subsets of M that are simultaneously definable in (M, S) by a ¥4 and a
11 formula. That is, W is in S* iff there are ¥-formulae A(w, 7, X) and B(w,,Y) and

elements @, b in M and U, V in S such that,
W= {ceM:(M,S)E Ale,a,U)} = {c€ M: (M,S) k= ~B(c,b,V)}.

The checking is routine.



Given a formula A of the second-order language and x a distinguished (word) variable

occuring free in A, we denote by Trees,(A,) the following formula,
Vo Vy (A(z) Ay C oz — A(y)) AVu Iz = u A(x).8

Note that (1) = is a bound variable in the formula Tree,, (A;) and (2) if A is a bounded

formula, then Tree.,(A;) € I1Y. Let X be a set variable; Path(X) is the I19-formula,
Treex((z € X)z) AV Vy(r e X Nye X a2 CyVyCuax).
Weak Konig’s lemma for trees defined by bounded formulae is the following scheme :
Treeo(A;) — IX (Path(X) AVe (z € X — A(x)))
where A is a Ego—formula and X is a new variable. This principle will be known as
¥t -WKL.

Theorem 2. The theory ¥8-NIA + V4-CA + X% -WKL is conservative over ¥.5-NIA with

respect to I19-formulae.

Before proving this theorem we need to introduce some new concepts. We say that
(M, S) is a substructure of (N, T) with set identification ®, and write (M, S) Co (N, T)?,
if M C N, ie., M is a first-order substructure of N (henceforth we shall assume that the
domain of M is a subset of the domain of N), and ® is a subset of S x T such that (1)
for each V' € S there is W € T with (V,W) € ® and (2) for all V € S and W € T, if

(V,W) e ® then WNM = V. In case (V,W) € ® we say that the set W already occurs in

8The expression © = u means that  and u have the same length, that is, it abbreviates z < uAu < .

9When there is no confusion, we write (M, S) C (N, T).



S. The following will also be used: given a third structure (P, R), with (N,T) Ce (P, R),
then (M, S) Cooo (P, R); moreover, if Z € R already occurs in S then Z already occurs
inT.

Consider a chain of structures (Mo, So) Co, (M1,S51) Co, (M2,52) Co, .... The

union of this chain, represented by (M, Sxo), is defined as follows:

a) Moo = UpZog My,

b) Seo ={Uisr Vi k €w and, for all i >k, (V;,Viy1) € @;}.
It is easy to show that, for each k € w, (Mg, Sk) Co, . (Moo, Sx), Where @ o is the
relation {(Vi,U;>, Vi) @ foralli > &k, (V;,Viy1) € ®;}. Note that all the sets in S
already occur in some Sj.

We call (M,S) a X2 -substructure (resp., a II{-substructure) of (N, T) if, for every

»b -formula (resp., II9-formula) A(Z, X) and elements @ in M, V in S and W in T such

that (V, W) is in @, then the following holds:
(M,S) E A(a,V) ifand only if (N,T) = A(a, W).
It is clear that the relation of X! -substructureness (resp., I1{-substructureness) is transi-

tive.

Lemma 3. If (Mo, So) Co, (M1,S51) Co, (Ma2,52) Co, ... is a Ego-chain then, for every
k € w, (My, Sy) is a £ -substructure of (Ms, Ss). Moreover, if each (My, Si) is a model

of $8-NIA then 50 is (Mso, Soo)-



Proof: Let A(Z, X) be a X2 -formula, @ in My, V in Sy and W in S, such that V,W)
in ® o. To prove the first claim of the lemma it suffices to show that, if (M, Sx) =
A(a,W), then (My, Si) = A(a,V). We show this by induction on the complexity of A.
The only interesting case to check is when A(z, X) is 3y < t(Z)B(y,Z, X ), where y is a
variable not occuring in the term () and B € X% . By assumption there is b € X2
satisfying b < t(@) and (Mw, Seo) = B(b,a, W). Well, b € M,, for some n > k. Now, each

component W/ of W is of the form Uik Vij , for some sequence (VZJ )i>k such that ij is the

jth—component of V and (VZJ , sz+1) € &, for all ¢ > k. Applying the induction hypothesis

we get (M,,S,) = B(b,a,V,). Hence (M,,S,) = A(a,V,). By % -absoluteness we
conclude (My, Si) = A(a, V).

The second part of the theorem is a consequence of ¥ -absoluteness.

Lemma 4. If (My, So) Co, (M1,51) Co, (Ms,S2) Co, ... is a I-chain then, for every
k€ w, (My,Sy) is a II{-substructure of (My, S ). Moreover, if each (My, Si) is a model

of V4-CA then 50 is (Moo, Soo).

Proof : The first part of the lemma can be easily proved with the help of the previous
result. To argue for the last claim, suppose that (M, Ss) | Vo (A(z) <> —B(x)), where
A, B € X%, possibly with parameters. Take n large enough so that all parameters already
occur in M, U S,. By II{-absoluteness, (M,,S,) | Vx(A(z) «+ ~B(z)). Hence there is
V € S, such that (M, S,) = Vz(x € V < A(x)). Again by II{-absoluteness (M., Ss) =

Vo(x € W« A(z)), where W is such that (V,W) € ®,, .. We are done.

Proof of the Theorem: Using completeness, this follows from the fact that every



model of ¥4-NIA + V4-CA has a I19-absolute extension satisfying X?-NIA + V3-CA +
% -WKL. In order to see this, consider (M,S) a model of X¢-NIA + V4-CA. We build
a TI{-absolute chain (M, Sg) C (M1, S1) C ... of models of ¥8-NTA 4 V¢-CA. Set My =
M, Sy = S and suppose that (M,,S,) is defined. By compactness take (M],S]) an
elementary extension of (M,,S,) for which there is an element ¢, with M, < ¢, (i.e.,
such that x < ¢, for all z € M,,). This elementary extension automatically defines a set
identification function ©,, C S,, x S/,. Set M4 to be {c € M}, : Ja € M,, ¢ < a} and let

Sh A Mp =AW N Mypy1 : W € S }. We get the following situation:
1. (M,,Sy,) Ce, (M},S!)
2. (My,Sp) Co, (Mpy1,S), | M)
3. (Mns1,S% |a,.n) Cw,y (M, SE)

where @, = {(V,W N Mp11) : (V,W) € ©,} and ¥,, = {(W N My41,W): W € S/,}. The
facts that the first inclusion is elementary and that the third inclusion is an end-extension
(hence preserving Y% -statements), readily entail that the second inclusion is I19-absolute
and that (Mp41,S,,1 |M,,,) is a model of $¢-NIA. Define S+1 = (S}, |um,,,)", as in
the proof of Lemma 1. The inclusion (M,,S,) € (M1, Sny1) is still TIY-absolute. Let
(Moo, Soo) be the union of this chain. By the previous lemmas, this union is a model of
Y8-NIA 4 V4-CA and a I19-absolute extension of each of the models (M, S,,).

Finally, we check that ¥% -WKL holds in (My, Ss). Assume that (M, Ss) =
Trees(Az), where A is a Zgo—formula. Take n large enough so that all parameters from

A already occur in M, U S,,. Then, by II{-absoluteness, (M,,S,) = Trees(A;). By ele-

10



mentarity, (M],S]) E Trees(Az). So, there is ¢ € M) with ¢ = ¢, and (M}, S},) E A(c).

n'~n n»~n

Consider W = {a € M/ : a C ¢}. Clearly W € S/, and, hence, W N M, is in Sy 1. We
get

(Mn+1, Sn+1) ): Path(W N Mn+1) VAN VLE(.I eWn Mn+1 — A(IE))
Hence, by I19-absoluteness,
(Moo, Soo) E Path(Z) AVz(x € Z — A(x)),

where (W N M,41,2) € Ppii00-

Observe that the above conservation result also holds for sentences of the form VXVx3y

A(X,z,y), with A a bounded formula.

3 Bounded collection and WKL

b

o

The principle of bounded collection, denoted in our setting by BX’_, is the following

scheme :

(S1) Ve <a3Jy A(z,y) — JzVae <aJy <z A(z,y)

where A is a bounded formula and z is a new variable (parameters are allowed). Within

»b-NIA this scheme is equivalent to the following slight modification :

(S2) Ve=a3dy A(z,y) —» JzVer=a Iy < z A(z,y).

Clearly, (S1) = (S2). To argue for the other direction, consider the linear ordering <y

of 2<% defined first according to length and then, within the same length, lexicographically.

11



More formally,
r<pye (z<yANzZy)V(@e=yANIzCz(20Cx Azl Cy)).

Now, in models of X%-NIA it is possible to introduce the natural operation of addition

“+” that stems from this linear ordering. Moreover, the following properties hold:

(P) SUNIAFz<a — (0xal)+z=alA(0xal)+z#1xal

(P) S NIAFw=al - w=1xalV3Iz<aOxal)+z=w

(Note that in the arithmetic setting the value 0 x al correspondes to the number 241 —1,
where u is the length of a, and the value 1 x al corresponds to the number 22 — 2,)10
Assume (S3) and the left hand side of (S1). Then, by property (P), YVw = al (w #
I1xal — Fydr <a(0xal)+z=wA A(z,y)). It follows, from (Ss), that JzVw =
allw#1xal — Jy<zizr<a(0xal)+z=wAA(z,y)). By (P1) and the uniqueness

part of (P2), we may conclude the right hand side of (S7).
Proposition 5. X}-NIA + %! -WKL I- BX?_.
Proof : Let (M,S) be a model of ¥4-NIA 4 %2 -WKL and assume that (M,S) =

Vo =a Jy A(z,y), with A a X% formula and a in M. Define T = {c € M :a < ¢ —

Yy < ¢ —A(c |, y) Y. Clearly T is a X2 -tree ; we claim that T is not infinite. If it were,

0The possibility of introducing the operation of addition in Z%-NIA and of proving the above two
properties needs, of course, careful work. However, this work would not be appropriate for the present
paper, being more effective in a study of the precise relationship between our binary framework and Buss’

setting. We plan to effect such a study soon.

"'We are using the notation of [F90] : x |, is the word z truncated at the length of y ; if X is a path,

X |y is the initial segment of X with the same length as y.
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there would be a path X through 7. Now consider y such that A(X |4,y) ; by definition
of T' we get that X |- ¢ T, which contradicts the definition of X. T' being finite, there is

b with Vo € T (z < b). This clearly entails that Vx = a Jy < bl A(x,y). 12

An easy consequence of the above proposition and Theorem 2 is the following result

mentioned in note 3,

Corollary 6. The theory Y4-NIA + BYY_ is conservative over the theory %4-NIA with

respect to I19-sentences.

The next result says that the first-order strength of X2 -WKL is exactly BXY, (over

the base theory YX%-NIA) :

Theorem 7. The first-order part of the theory ¥.5-NIA 4 V%-CA+ X2 -WKL is ¥ -NIA +

BY!. .

Proof : One half of this result is Proposition 5. To argue for the other half, we show
that for every countable model M of X2-NIA + BXY_ there is S C P(M) such that (M, S)
is a countable model of X-NIA + V4-CA + %2 -WKL. The construction of S hinges on

the following lemma :

Lemma 8. Let (M, S) be a countable second-order model of ¥4-NIA + BY.% . Consider
A(x) a X8 -formula, with parameters in M U S, such that (M, S) |= Trees(Az). Then
there is a countable second-order model (M, S') of ¥3-NIA 4+ BX%_ such that S C S’ and

(M, S') = 3X (Path(X) AVz (z € X — A(z))).

127 close inspection of the above proof actually yields S8-NIA + II8-WKL + BX?, for ¢ > 1.

13



Proof of the lemma'? : Let C be the class of all boundedly defined subsets of M
with parameters in M US and put 7 = {T: T € C & (M, S) |= Treex(T')}. We say that
D CTisdenseif VI' € T 3IT' € D(T' C T). Moreover D is definable if it is definable over
(M, S) allowing parameters in M U S. We say that X C M is a generic path if X is a
path in M and for each definable dense set D C 7 there exists T' € D with X CT.

We claim that there is a generic path X through Ty = {¢ € M : (M,S) = A(c)}.
To prove this consider an enumeration Dy, Ds, Ds,...of all definable dense subsets of
7. It is easy to define recursively a sequence Ty, 11, To, T5,... of elements of 7 with
Tiyo € Tip1 € Dy, for all i € w. Let X =, T;. It is clear that X C Tj and that X is
a tree. To show that X is an infinite path it is enough to argue that for each ¢ € M the
set

D) ={TeT : Ve,ycT(U<zNl<y—z|=yl)}

is dense. Take any T' € 7T; if we show that

(%) (M,SYEJz=tl(zeTAVw (z<w—Tz=w(@CzAzeT)))

we are done, because we just have to consider 7" = {z € T : 2 C 2o V g C 2}, where zg

witnesses (). Assume, to obtain a contradiction, that —(x). Then,

Ve=lTw(xeT —-Vze=w (@ Cz—2¢T)).

Using bounded collection we get,

WVe=lFw<b(zeT ->Ve=w(xCz—2¢T)).

13The argument below is based on a forcing construction due to Jockusch and Soare [JS72]. We will be

careful in pointing out the exact places where bounded collection is used.
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This contradicts the infinitude of T

The remainder of the proof is like in Lemma 4.5 of [SS86] : if X is a generic path then
the structure (M, S’), where S’ = SU{X}, satisfies X¢-NIA + BX% . We give a very brief
sketch of this. Clearly ¥¢-NIA holds in (M, S’), due to the fact that each initial segment of
X isin M. To prove BXY, let B(z,y) be a X2 _-formula with parameters in MUSU{X} and
suppose that (M, S’) satisfies Vo < a Jy B(z,y). It is easy to write B(z,y) in normal form
as 3 C(z,y, X |¢), with C(z,vy, z) a X2 -formula with parameters from M US. Define & to
be the set of all 7" in 7 such that (M, S) satisfies 3z < a Vv € T Vy < v Vu C v =C(x,y,u)
and let D be the set of all T € T such that T' € £V (-37" € £)(T' C T). D is definable
and dense ; so let T' € D with X C T. We can not have T' € £. Hence there is no T € £
with 7" C T. So, for each 2 < a the tree T, = {v € T : Vy < v Vu C v =C(z,y,u)} must
be finite. That is, Vo < a 3¢ “T} is bounded by ¢”, i.e., Vo < a Jc Vv = ¢l v ¢ T,. Using
bounded collection we conclude that 3b Vo < a 3¢ < b Vv = ¢l v ¢ T,. This entails that
b Ve < aJy < bl B(z,y).

(of the lemma)

The proof of the theorem proceeds easily. From the previous lemma and the construc-

tion of lemma 1, define an increasing sequence (S;);e,, of subsets of M satisfying
a) (M,S;) is a model of ¥¢-NIA + BYY_ + V4-CA

b) for each boundedly defined infinite tree T' from (M, S;) there is j > i such that T is

satisfied in (M, .S;) to have a path.

(Notice that the first requirement can be accomplished because the construction in lemma

15



1 preserves BZZO ; this can be checked routinely.)
The limit of the first-order absolute chain (M, S;);e,, does the job.

(of the theorem)

Corollary 9. The theory X8-NIA +V%-CA+ % -WKL is I1}-conservative over ¥%-NIA +
1 1 00 1 1

V4-CA + BYY.

4 A base theory for feasible analysis

In this section we propose a Base Theory for Feasible Analysis, which we abbreviate by the
acronym BTFA. This theory consists of E?-NIA—{—BZQO plus the following strengthening

of V4-CA:
() Vo (Jy A(z,y) < Vz-B(z,2)) — IX Ve (x € X < Ty A(x,y))

where A and B are Zl{—formulae (possibly with parameters). Notice that the structure
(2<%, NPNco-NP) is a model of 3¢-NIA+V4-CA+BYY , while (2<%, A) is the smallest
model of BTFA with the standard model 2<% for first-order part. This shows that ($)
is, indeed, stronger than V4-CA. The scheme ($) is often useful: for instance, it ensures
that the composition of two total functions (given by sets of ordered pairs) is still a total

function.
Theorem 10.

i. The theory BTFA is conservative over X%-NIA with respect to I19-formulae.

ii. The theory BTFA +X%% -WKL is conservative over BTFA with respect to I1}-formulae.

16



Proof : By Corollary 6, the first statement follows from the fact that BTFA is a
first-order conservative extension of X4-NIA + BX.? . To show this, let (M, S) be a model
of the latter theory and consider S* the class of all subsets X of M that are simultaneously
definable in (M, S) by formulae of the form 3y A(z,y) and Vz ~B(x, z), with A, B € ¢
and allowing parameters from M U S. The checking that (M, S*) is a model of BTFA
follows closely the proof of lemma 4.2 of [SS86]. We argue that to each sw.q-formula C,
with parameters in M US™* and no free set variables, it is possible to associate two formulae

Cyx and Cf such that,

a. Cy, is of the form 3y A, with parameters in M U S and A € X%
b. Cp is of the form Vz B, with parameters in M U S and B € I}
c. Cx and Cp; have the same free variables as C

d. Cx, and Cfy are equivalent over (M, S) and equivalent to C' over (M, S*).

The construction of the formulae Cy, and Cf is done by induction on the complexity
of C. It is only worth commenting on those cases for which C' =t € X or C =Vx C*t D.
In the first case Cx = Jy A(t,y) and Cp = Vz —B(t, z), where A and B are as in the
definition of the parameter X € S*. In the second case the definition of Cy is clear, while

Cs; can be defined using B2 and the following result of 3¢-NIA:

VeC*aJy<cF < JFb<(cxalxal)VrCTaTy*b(y<cAF)

where F is any Y¢-formula (see [F90] for a proof of this). The idea is to use the above

schemes to pull out the existential quantifiers (both the unbounded and the bounded).
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It is now clear that ($) holds in (M, S*). It is also easy to argue that (M, S*) = X¢-NIA.
Take a € M and A € X such that (M, S*) = A(0) A ~A(a), in order to find ¢ € M with
¢ Ca,c0Ca (say) and (M,S*) E A(c) A —~A(c0). Well, if A(z) = Jw <t B(z,w), with

B a sw.q.-formula, we successively get

(M,S) E VzVw (Bx(x,w) < Br(z,w))

(M,S) E VerCaVw<t(Jy Bi(z,w,y) < Vz Ba(z,w, 2))

where By, = JyB1, B = VzBsy, By and Bs sw.q.-formulae. By BZZO there is b € M so
that,

(M,S) EVx CaVw <t ((Jy <bBi(z,w,y) — Vz <bBay(z,w,z)).

Hence, (M,S) &= Vx C a (Gw < t By(r,w) <« Jw < t Jy < b Bi(z,w,y)). The
element ¢ can now be found using the scheme of notation on induction to the %3-formula
Jw <t 3Jy <bBi(z,w,y).

To finish the proof of i., we still need to argue that BXY, holds in (M, S*). This is
a straightforward consequence of the following fact : the mapping C' — (Cyx, C1) can be
extended to all bounded formulae C' if the formulae A and B of requirements a and b are
bounded. Of course, extending this map uses BXY_ heavily.

The proof of ii. proceeds as the proof of Theorem 7 and Corollary 9, the only difference
being that we use the map S — S* (instead of the map S — S*) to build an increasing

sequence (.S;)ie, of subsets of M, with Sy = S, satisfying :

a) (M, S;) is a model of BTFA

18



b) for each boundedly defined infinite tree T' from (M, S;) there is j > 4 such that T

has a path in (M, S}).

We claim that the limit (M, S..) of the chain (M, S;)ic, is a model of BTFA + %2 -
WKL. To see this we only have to check that ($) holds in (M, Ss). Suppose (M, Sx) =
Vo (3y A(z,y) < Vz =B(x,2)), with A and B X¢-formulae. Take n € w large enough
so that all parameters already occur in (M,,S,). Now, notice that this is a first-order

absolute chain. Hence,

(M, S,) EVz (Jy A(x,y) < Vz =B(x, 2)).

So, there is V' € S,, such that

(M, Sy,) EVz (x €V « Ty Az, y)).

The conclusion follows, again, by first-order absoluteness.
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