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Eulerian polynomials

Al(z) = =z
A(z) = z+4 2
As(2) = z+4F+ 7.
As(z) = z+ 1122+ 1128 4+ 2.
As(z) = z+4262° +662° +262* +2°.
As(z) = z+572 +3022° +3022* +572° + 5.
Ar(z) = z+41202% +11912° + 24162* + 11912° +1202° + 2'.
As(2) = z+2477% +42937° + 156192* + 156192° + 42932° + 2472 + 7°.
As(z) = z+45022% + 146082 + 88234z* + 1561902° + 882342° + 146082" + 5022° + 2°.
n k
An(z) = A(n k) Z¥ A(n k) =Y (-1) (n - 1) (k=p)"
k=1 p=0 p
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Introduction Eulerian polynomials

Descent g.f. for permutations in S,

VYneZy , [n:={1,...,n} , Sp:the symmetric group of degree n.
W=WW---WpES,
A descentinw € S, < w; > W1, wherej € [n—1].

des(w) := [{i e [n—1] : w; > w1 }].

w des(w) zdes(w)+1

123 An(z) = Y 20!
weSy

132

213

231

312

321
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Introduction Eulerian polynomials

Descent g.f. for permutations in S,

VYneZy , [n:={1,...,n} , Sp:the symmetric group of degree n.
W=WW---WpES,
A descentinw € S, < w; > W1, wherej € [n—1].

des(w) := [{i e [n—1] : w; > w1 }].

w des(w) Zoes(w)+1
123 0 z An(z) = Y 20!
132 1 2 wes
213 1 i
231
312
321
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Introduction Eulerian polynomials

Descent g.f. for permutations in S,

VYneZy , [n:={1,...,n} , Sp:the symmetric group of degree n.
W=WW---WpES,
A descentinw € S, < w; > W1, wherej € [n—1].

des(w) := [{i e [n—1] : w; > w1 }].

w des(w) Zdes(w)+1
123 0 z An(z) = Yz
132 1 2 e
213 1 i
231 1 z?
312
321

José Agapito Ruiz On symmetric polynomials with only real zeros and nonnegative ~-vectors



Introduction Eulerian polynomials

Descent g.f. for permutations in S,

VYneZy , [n:={1,...,n} , Sp:the symmetric group of degree n.
W=WW---WpES,
A descentinw € S, < w; > W1, wherej € [n—1].

des(w) := [{i e [n—1] : w; > w1 }].

w des(w) Zoes(w)+1
123 0 z An(z) = Yz
132 1 2 e
213 1 22
231 1 z2
312 1 22

321
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Descent g.f. for permutations in S,

VYneZy , [n:={1,...,n} , Sp:the symmetric group of degree n.
W=WW---WpES,
A descentinw € S, < w; > W1, wherej € [n—1].

des(w) := [{i e [n—1] : w; > w1 }].

w des(w) Zoes(w)+1
123 0 z An(z) = Y 20!
132 1 2 WS
213 1 i
231 1 z?
312 1 22
321 2 Z
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Descent g.f. for permutations in S,

VYneZy , [n:={1,...,n} , Sp:the symmetric group of degree n.
W=WW---WpES,
A descentinw € S, < w; > W1, wherej € [n—1].

des(w) := [{i e [n—1] : w; > w1 }].

w des(w) Zoes(w)+1
123 0 z An(z) = Y 20!
132 1 2 wes
213 1 i
031 ] 2 As(2) =z 442+ 28
312 1 22
321 2 Z
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Descent g.f. for permutations in S,

YneZ, , [n:={1,...,n} , Sp:the symmetric group of degree n.
W=WW---WpES,
A descentinw € S, < w; > W1, wherej € [n—1].

des(w) := [{i e [n—1] : w; > w1 }].

w des(w) zdes(w)+1

123 0 z An(z) = Y 20!
Sn

132 1 2 "
213 1 z2
031 ] 2 As(2) =z 442+ 28
312 1 22
391 5 e A(n,k) = [{w € S, : des(w) = k — 1}
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Introduction Eulerian polynomials

Other permutation statistics

W= wiws-- W, €8S,
A final descentin w € S, < Wn_1 > W,.
A double descentinw € S, < w; > Wi, 1 > Wiio
Apeakinwe S, < w1 <w;>w,1 , 1<i<n

peak(w) := |{i € [n] : i is a peak of w}|.

Sy = {w € S, : w has no final descent nor double descents}
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Introduction Eulerian polynomials

Other permutation statistics

W= wiws-- W, €8S,
A final descentin w € S, < Wn_1 > W,.
A double descentinw € S, < w; > Wi, 1 > Wiio
Apeakinwe S, < w1 <w;>w,1 , 1<i<n

peak(w) := |{i € [n] : i is a peak of w}|.

n:={w € S, : w has no final descent nor double descents}

Theorem Foata-Schiitzenberger 1970, Shapiro-Woan-Getu 1983
Z zdes(w)+1 Z zpeak(w)(z+ 1)n+1 2 peak(w)
WES” WGSn
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Introduction Eulerian polynomials

Example (n = 3)

w des(w) peak(w) Zdes(w)+1 zpeak(w)(1 +z)n+1—2peak(w)

123
132
213
231
312
321
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Introduction Eulerian polynomials

Example (n = 3)

w dES(W) peak( W) zdes(w)+1 Zpeak(w)(1 + z)n+1 —2 peak(w)

123 0 1 z z(1 + 2)?

132
213
231
312
321
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Introduction Eulerian polynomials

Example (n = 3)

w dES(W) peak( W) zdes(w)+1 Zpeak(w)(1 + z)n+1 —2 peak(w)

123 0 1 z z(1 + 2)?
132 1 1 22 z(1 + 2)?

213
231
312
321
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Introduction Eulerian polynomials

Example (n = 3)

w dES(W) peak( W) zdes(w)+1 Zpeak(w)(1 + z)n+1 —2 peak(w)
123 0 1 z z(1 + 2)?
132 1 1 22 z(1 + 2)?
213 1 2 22 22
231
312
321
3 3

N
-
)

YAV A
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Example (n = 3)

w des(w) peak(w) des(w)+1 zpeak(w)(1 +z)n+1—2peak(w)
123 0 1 z z(1 + 2)?

132 1 1 z2 z(1 + 2)?

213 1 2 22 22

231 1 1 22 2(1+ 22

312

321
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Example (n = 3)

w des(w) peak(w) des(w)+1 zpeak(w)(1 +z)n+1—2peak(w)
123 0 1 z z(1 + 2)?

132 1 1 z2 z(1 + 2)?

213 1 2 22 22

231 1 1 22 2(1+ 22

312 1 2 22 22

321

SN A
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Example (n = 3)

w des(w) peak(w) des(w)+1 zpeak(w)(1 +z)n+1—2peak(w)
123 0 1 z z(1 + 2)?

132 1 1 z2 z(1 + 2)?

213 1 2 22 22

231 1 1 22 2(1+ 22

312 1 2 22 22

321 2 1 z (1 + 2)?

SN N N
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Example (n = 3)

w des(w) peak(w) des(w)+1 Zpeak(w)(1 +z)n+1—2peak(w)
123 0 1 z z(1+2)?

132 1 1 z2 z(1 + 2)?

213 1 2 22 72

231 1 1 22 2(1+ 22

312 1 2 22 z°

321 2 1 z (1 + 2)?

2 B VAN VR

Sy ={123,213,312}  A3(2) = z+422+ 2% = 1z(1+ 2)2 + 222
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Example (n = 3)

w des(w) peak(w) zdes(w)+1 zpeak (1 +z)n-+-1 2 peak(w)
123 0 1 z z(1+2)?
132 1 1 z2 z(1 + 2)?
213 1 2 z2 z2
231 1 1 22 z(1 + 2)?
312 1 2 22 22
321 2 1 z (1 + 2)?

Sy ={123,213,312}  A3(2) = z+422+ 2% = 1z(1+ 2)2 + 222

~i(An(2)) = |{w € S, : peak(w) = i}| ~y-numbers of An(Zz)
71(As(2)) =1, 12(As(2)) =2, 13(As(2)) =0
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Narayana polynomials

Ni(z) = =z

No(z = z+22.

N3(z) = z+4+322+ 2.

Ne(z) = z+622462+ 2"

= z+152% +502° 4+ 502* + 152° + 2.
= z+2122 +1052° +1752* +1052° + 212° + 7.
= z+282° +1962° + 490z* + 4902° + 1962° + 282" + 2°.

)
)
)
)
Ns(z) = z+102% +202° + 102* + 2°.
)
)
)
) = z+362%+3362° +11762" + 17642° + 11762° + 3362" + 362° + 2°.

Ny(z) = kZ;N(n’ k) ¢ N(n, k) = 1ﬁ<kﬁ 1) (D
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Noncrossing partitions of [n]

P(n): set of partitions of [n].
Write w = wywz - -- w, € P(n) and w; ~ w; if w;, w; are in the same block.

1T<wi<w<w<w<n and

w is noncrossing <
Wi~ wx , Wi~ w then w;~w~ wg~w,.

noncrossing crossing
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
138|2/4|57|6 13824|57|6
NC(n) := {w € P(n) : w is noncrossing} rk(w) := n — |blocks of w|

Nn(z) = Z ZkwW+H N(n k) = |{W e NC(n) : rk(w) =n— k}|
weNC(n) number of noncrossing partitions of [n] into k blocks
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Rank g.f. for noncrossing partitions of [n]

k=3 N(4,1) =1
k=2 N(4,2)=6
k=1 N(4,3) =6
rk=0 0 o N(4,4) =1

José Agapito Ruiz On symmetric polynomials with only real zeros and nonnegative ~-vectors 11/44



Some common properties

An(2): Eulerian polynomials Np(z): Narayana polynomials
A(z) = z Ni(z) = =z
Axz) = z+Z2 No(z) = z+ 2%
As(z) = z+4z%+ 25 Ny(z) = z+322+25.
Ay(2) = z+MZ24+ 1128+ 2% Nu(z) = z+622+625+2%
As(z) = z+262%+662° +262% + 2°. Ns(z) = z+102%2+202°+10z* + 2°.

Ag(z) = z+5722+43022% +302z* + 5725 + 25. Ne(z) = z+1522+502%+502%+ 1525+ 25.

> positive integer coefficients
» symmetric (palindromic)

> unimodal

» log-concave

> only real zeros

> nonnegative vy-numbers
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Some common properties

An(2): Eulerian polynomials Np(z): Narayana polynomials
A(z) = z Ni(z) = =z
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> positive integer coefficients

» symmetric (palindromic)

= 2 .o n
» unimodal h(z) = a1z+ az" + + anz

» log-concave ak € Z>o, for1 <k<n
» only real zeros

> nonnegative vy-numbers
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Some common properties

An(2): Eulerian polynomials Np(z): Narayana polynomials
A(z) = z Ni(z) = =z
Axz) = z+Z2 No(z) = z+ 2%
As(z) = z+4z%+ 25 Ny(z) = z+322+25.
Ay(2) = z+MZ24+ 1128+ 2% Nu(z) = z+622+625+2%
As(z) = z+262%+662° +262% + 2°. Ns(z) = z+102%2+202°+10z* + 2°.

Ag(z) = z+5722+43022% +302z* + 5725 + 25. Ne(z) = z+1522+502%+502%+ 1525+ 25.

> positive integer coefficients

> symmetric (palindromic)

= 2 .o n
» unimodal h(z) = a1z+ az" + + anz

= n+1
> log-concave 8 = ani1-k, for1<k< |77
> only real zeros

> nonnegative vy-numbers
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Some common properties

An(2): Eulerian polynomials Np(z): Narayana polynomials
A(z) = z Ni(z) = =z
Axz) = z+Z2 No(z) = z+ 2%
As(z) = z+4z2+2° Ny(z) = z+322+25.
Ay(2) = z+MZ24+ 1128+ 2% Nu(z) = z+622+625+2%
As(z) = z+262%+662° +262% + 2°. Ns(z) = z+102%2+202°+10z* + 2°.

Ag(z) = z+5722+43022% +302z* + 5725 + 25. Ne(z) = z+1522+502%+502%+ 1525+ 25.

> positive integer coefficients

> symmetric (palindromic) h(z)=aiz+ @z +-- + a2

> unimodal if there is anindex 1< n°<n such that
» log-concave ak < akyy, for1<k<n®—1

» only real zeros ax > akyq, forn<k<n—1

> nonnegative vy-numbers
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Some common properties

An(2): Eulerian polynomials Np(z): Narayana polynomials
A(z) = z Ni(z) = =z
Axz) = z+Z2 No(z) = z+ 2%
As(z) = z+4z%+ 25 Ny(z) = z+322+25.
Ay(2) = z+MZ24+ 1128+ 2% Nu(z) = z+622+625+2%
As(z) = z+262%+662° +262% + 2°. Ns(z) = z+102%2+202°+10z* + 2°.

Ag(z) = z+5722+43022% +302z* + 5725 + 25. Ne(z) = z+1522+502%+502%+ 1525+ 25.

> positive integer coefficients
» symmetric (palindromic)

» unimodal h(z)=aiz+ a7 + - +a?"

» Jog-concave g1 > akake, for1<k<n-2
> only real zeros

> nonnegative vy-numbers
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Some common properties

An(2): Eulerian polynomials Np(z): Narayana polynomials
A(z) = z Ni(z) = =z
Axz) = z+Z2 No(z) = z+ 2%
As(z) = z+4z%+ 25 Ny(z) = z+322+25.
Ay(2) = z+MZ24+ 1128+ 2% Nu(z) = z+622+625+2%
As(z) = z+262%+662° +262% + 2°. Ns(z) = z+102%2+202°+10z* + 2°.

Ag(z) = z+5722+43022% +302z* + 5725 + 25. Ne(z) = z+1522+502%+502%+ 1525+ 25.

> positive integer coefficients
» symmetric (palindromic)

= 2 .. n
» unimodal h(z) = a1z + @z + .-+ anz

» log-concave h(z)=0 < zeR (z<0)
> only real zeros

> nonnegative vy-numbers
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Some common properties

An(2): Eulerian polynomials Np(z): Narayana polynomials
A(z) = z Ni(z) = =z
Axz) = z+Z2 No(z) = z+ 2%
As(z) = z+4z2+2° Ny(z) = z+322+25.
Ay(2) = z+MZ24+ 1128+ 2% Nu(z) = z+622+625+2%
As(z) = z+262%+662° +262% + 2°. Ns(z) = z+102%2+202°+10z* + 2°.

Ag(z) = z+5722+43022% +302z* + 5725 + 25. Ne(z) = z+1522+502%+502%+ 1525+ 25.

> positive integer coefficients

. . . h(z) = a1z + &Z? + - + ap2"
» symmetric (palindromic) (2) ! e et a

» unimodal L2

hz)= Y %(h(z)) 2(1 +2)""~#

i=1

i(h(2)) > 0

» log-concave
> only real zeros

» Nonnegative ~v-numbers
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Some common properties

An(2): Eulerian polynomials Np(z): Narayana polynomials
A(z) = z Ni(z) = =z
Axz) = z+Z2 No(z) = z+ 2%
As(z) = z+4z%+ 25 Ny(z) = z+322+25.
Ay(2) = z+MZ24+ 1128+ 2% Nu(z) = z+622+625+2%
As(z) = z+262%+662° +262% + 2°. Ns(z) = z+102%2+202°+10z* + 2°.

Ag(z) = z+5722+43022% +302z* + 5725 + 25. Ne(z) = z+1522+502%+502%+ 1525+ 25.

> positive integer coefficients

» symmetric (palindromic)

> unimodal h(z) = a1z + @&z® + -+ anz"
» log-concave

> only real zeros

> nonnegative vy-numbers
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Outline

e Families of polynomials having the same properties
@ An alternative definition of Eulerian polynomials
@ Generalized Stirling numbers of the second kind
@ The polynomials A, ; x,»(2)
@ Some distinguished bases. Several new generalizations
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Families of polynomials having the same properties An alternative definition of Eulerian polynomials
Euler (1730’s)

The classical Eulerian polynomials are given by

Z/nzl _ An(z)

— S\
= (=2

For n=0,1,2,3 we get respectively

V4242484 =
1-2z
2 3 4 - z
z+2z2°4+3z2°+4z"+--- = m
2
z+2222+3223+4224+‘.. — Z—}-72
(1-2)3
2 3
724+ 43372 1454 4+ 24(_14_;2—;2
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An alternative definition of Eulerian polynomials

Let us consider the following two well-known linear operators on C|[z]:

Z : multiplication by z

D : the usual derivative

Eulerian polynomials

@) (125) - o
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An alternative definition of Eulerian polynomials

Let us consider the following two well-known linear operators on C|[z]:

Z : multiplication by z

D : the usual derivative

Eulerian polynomials

@) (125) - o

[D,Z]:=DZ — ZD =1
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Families of polynomials having the same properties Generalized Stirling numbers of the second kind

Normal ordering of (Z"Ds)" [D,Z] := DZ — ZD =1
(ZDy* = zDZD = Z(1+2ZD)D = 12D +12°D?
(zD®* = ZzDzZDzZD = Z(1+2ZD)(1+ ZD)D = 12D+ 32°D? + 1Z°D°
(ZDy* = ZzDzZDZDZD = 1ZD+7Z°D?+6Z°D°® +1Z*D*

Theorem (Stirling numbers of the second kind) Scherk 1823

(ZD)" = zn: S(n, k) Z*D*.

k=1

José Agapito Ruiz On symmetric polynomials with only real zeros and nonnegative ~y-vectors 16/44



Families of polynomials having the same properties Generalized Stirling numbers of the second kind

Normal ordering of (Z"Ds)" [D,Z] := DZ — ZD =1
(ZDy* = zDZD = Z(1+2ZD)D = 12D +12°D?
(zD®* = ZzDzZDzZD = Z(1+2ZD)(1+ ZD)D = 12D+ 32°D? + 1Z°D°
(ZDy* = ZzDzZDZDZD = 1ZD+7Z°D?+6Z°D°® +1Z*D*

Theorem (Stirling numbers of the second kind) Scherk 1823

(ZD)" = zn: S(n, k) Z*D*.

k=1

V.

Definition (Generalized Stirling numbers of the second kind) Blasiak et al. 2003

m
> S.s(n k) ZKD"OH i s<0<r or 0<r<s
k=r
ZfDS n —
(Z'D’) .
> Sa(n k) ZTIKDE it r<0<s or 0<s<r
k=s
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Generalized Stirling numbers of the second kind

The numbers S, .(n, k) are symmetric in (r, s); that is,

Sr,s(na k) = Ss,r(n7 k) ’

for any integers n, k,r,s > 0.

S1,1(n’k) 31,2(n,k)
mk 0 1 2 3 4 5 6 m\k 0 1 2 3 4 5
0o 1 0o 1
10 1 1 0 1
2 0 1 1 2 0 2 1
3 0 1 3 1 3 0 6 6 1
4 0 1 7 6 1 4 0 24 3 12 1
5 0 1 15 25 10 1 5 0 120 240 120 20 1
6 0 1 31 9 65 15 1 6 0 720 1800 30

Classical Stirling numbers 2nd. kind

José Agapito Ruiz

1200 300

On symmetric polynomials with only real zeros and nonnegative ~-vectors

Unsigned Lah numbers
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Families of polynomials having the same properties Generalized Stirling numbers of the second kind

Proposition Blasiak et al. 2003
Foranyintegers r<0<s or 0<s<r, wehave
* (s
> (p) (n(r—s)+k—r+p)2S.(n—1,k—s+p) (recursive)
p=0
S s(n, k) =
I A : .
EZ(_” ”( )H (p+(—1)(r—s))° (explicit)
" p=s p j=1
= x(x—=1)---(x—p+1)
Proposition

Foranyintegers s<0<r or 0<r<s, wehave

(r) (n(s—r)+k—s+p)2S.«(n—1,k—r+p) (recursive)

k n
% (—1)<* <k> [Te+G-1)(s=n)" (explicit)
p=r

j=1

José Agapito Ruiz On symmetric polynomials with only real zeros and nonnegative ~-vectors 18/ 44



Families of polynomials having the same properties Generalized Stirling numbers of the second kind

Proposition Blasiak et al. 2003
Foranyintegers r<0<s or 0<s<r, wehave
* (s
> (p) (n(r—s)+k—r+p)2S.(n—1,k—s+p) (recursive)
p=0
S s(n, k) =
I A : .
EZ(_” ”( )H (p+(—1)(r—s))° (explicit)
" p=s p j=1
= x(x—=1)---(x—p+1)
Proposition

Foranyintegers s<0<r or 0<r<s, wehave

(r) (n(s—r)+k—s+p)2S.«(n—1,k—r+p) (recursive)

k n
% (—1)<* <k> [Te+G-1)(s=n)" (explicit)
p=r

j=1
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milies of polynomials having the same properties The polynomials A

The key idea

r.s.Ne(n

Compute

r s\ K
(ZD) 1-2z

19/ 44
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Families of polynomials having the same properties The polynomials A, ¢ n.(p)(2)

A code in Mathematica to compute (z" D)k (1) 1<k<n

ZrDsn[r_,s_,n_]:=NestList [Simplify([z"r D[#,{z,s}]] &, 1/(1-z), nl;

ZtDsn[1,1,6] = 1 ’ : z+z2’z+422+23’z+1122+1123+z4’
1—z (1—2)? (1—2) (1 —z)* (1 —2z)°
7z 4+ 2622 +662° +262" +2° z 45722 +3022° +302z* + 572" 4 2°
(1-2) ’ (1—-2z) ’
ZeDsn[1, 2, 6] = 1 ’ 2(z) ’12(z+22)’144(z+322+z3)’2880(z+6z2+623+24)’
1—z (1—2)3 (1—2z2)° (1 —z) (1 —2z)°

86400 (z + 10z° +20z° + 10z° +2°) 3628800 (z + 152” + 502> + 50z* + 152° + z°)
=27 ’ t-on :

» Narayana polynomials

1 6(z) 360(z+42z%) 15120 (5z+ 14z” +52°)
1—27(1—2)47 (1 —z) ’ (1 —z)° ’

ZrDsn[1,3,6] = {

5443200 (7z + 372 + 372 + 7z") 1796256000 (21z + 176z° 4 334z° +1762" + 212°)

(1—2z)3 ’ (1—2z) ’
1961511552000 (33z + 3972° + 1202z° + 1202z2° + 397z° + 33z°)
(1 —z)° ’
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Families of polynomials having the same properties The polynomials A, ¢ n.(p)(2)

Computing (z'D%)* (1) 1<k<n

1—-z

1 2z(z) 4z(z+4z° +2°) 8z (z+202" +482° +20z +z°)
1—z (1—2)3 (1 —2z)° ’ (1 —2z) ’

ZrDsn[2,2,5] = {

16z (z + 722% + 6032z° + 11682" + 6032° + 722° + 2)
1—2° ’
32z (z 4 2322% + 5158z 4+ 27664z° 4+ 472902° + 27664z° + 51582 + 2322° + 2°)
(1 —z) ’

1 6Z(z) 144z (z+322+z3) 8640z (z+1022+2023+1024+25)
1—z (1—2)4 (1 —2z) ’ (1 —z)° ’

ZrDsn[2,3,5] = {

1036800z (z + 222” + 1132z° 4+ 1902" + 1132° +222° 4+ 2”)
(1—2z)t2 ’
217728000z (z + 402° 4 400z° 4 14562° + 22122° 4 14562° + 400z" + 402° + 2°)
(1—z)e :
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Families of polynomials having the same properties The polynomials A, ¢ n.(p)(2)

Computing (z'D%)* (1) 1<k<n

1 z? 2z2° 62" 24 2° 1202° 7202’
ZrDsn(2,1,6] = , , : : , :
rDsn(2,1.6] {1—2 -2 -2 (-2 (=2 1=2F (1—2)7}

2rDsn[3,1,6] = 1 7 z? 7 25(3—2)7 327 (5—4z+22)y329(35—472—&-2522—523)7
1—z (1—2z) (1-—2)° (1 —2z)* (1—2z)°
152" (63 — 122z 4+ 1022° — 422° + 7z") 452" (231 — 593z + 6862” — 434z° +1472° — 212°)
(-2 (1 —z2)

227 12z2° (142) 1442° (1+3z+2°) 28802° (14 6z + 62° +2°)
1—-2)3 (1—2z)p5 "~ (1 —2z) ’ (1—2z)°

5

ZrDsn[3,2,6] = {1 ! i
— Z

86400z (14 10z 4+ 20z° 4+ 102° + z4) 3628800z° (1 + 15z + 50z% + 502° + 152" + 2°)
(1—2z)" (1 —2z)t3 ’
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The polynomials A, ; ,»(2)

Definition
Let r, s and n be any integers such that 1 < r < sand n > 1. The formula

1 o l(r,s,n Zr71AT,S,Nr(n)(Z)
1-—z/) (1 _z)ns+1 ?

(Z'D%)" (

defines a zero constant term polynomial

N:(n)

A cnin(2) = Z A, .(n, k)z

of degree N.(n) = r(n— 1) + 1, with integer coefficients A, ,(n, k) for every
1 < k < N;(n). Moreover, A, ; x,»(Z) is symmetric; namely, it holds

A.(nk)=A.(nN(n)+1—k) , foreacht <k < [MDE1 )

The number K, . , is a positive integer that in general depends on r, s and n.
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The numbers K, ,

By direct observation/computation, one can identify the integer number K. ,
for any given values of r and s and every n > 1. For instance, we have

Kiin=1
More generally, for any integer r > 1,

K= (r1)"
Also,

Ko, =n(n+1)!
More generally, for any integer r > 1,

(n+ i)

}(r,r+1,n = I'

—.

Il
o

José Agapito Ruiz On symmetric polynomials with only real zeros and nonnegative ~-vectors



Families of polynomials having the same properties The polynomials A, ¢ n.(p)(2)

A novel alternative definition of Narayana polynomials

Narayana polynomials

(202)"( 1 ):n!(n+1)! No(2)

1-2z (1 — z)2nt!
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A recursion formula

n
Set f(2)=]](z-(-1)(s—r)"
j=1
Proposition
o i K,s n n(s N+r= 1Ar s Nr(n( )
Z f(Z = Az .
i>0

Note that  fi1(2) = (z — n(s — r))*fs(2)
Theorem

The polynomial A, . ,.,(z) satisfy the following recursive formula.

Arsronn)(2) = g ZXI: f[(/+ns)( )( )(r—1)s—fz’-s+f'(1—z)s AU (2).

rsn+1 —0 k=0 /=1
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Families of polynomials having the same properties The polynomials A, ¢ n.(p)(2)

Known formulas (r=1,s=1)

Corollary Eulerian polynomials

Anp1(2) = z(1 = 2)A5(2) + (1 + n)zAn(2),
with initial condition Ao(z) = 1.

Corollary Eulerian numbersJ

A(n,k)=(n—k+1)A(n—1,k—1) + kA(n—1,k).

José Agapito Ruiz
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New formulas (r=1,s=2)

Corollary Narayana polynomials

z((1—2)°Ny(2) +2(1 +2n)(1 — Z)N)(2) + (1 +2n)(2 + 2n)N,(2))
(n+2)(n+1) ’

with initial conditions No(z) = 1 and Ny(z) =

Nni1(2) =

Corollary Narayana numbers
N(n.K) — (k—1)(k—2);;72J£21,;r7—1)(n—k+1)N(n_17k_1)
2k(2n — k) (k+ 1)k
+WN(n—1,k) (s N(n—1,k+1).
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Rational generating functions

Theorem (see e.g. Stanley’s Enumerative Combinatorics, Vol 1)
Let f(z) € C[z] of degree d. Then

> f(n)z" = W(Z)

(1 — 7)d+1
n>0 )

where W(z) € C[z] ,W(1) #0,and deg W < d.

W(z)=wy+wiz+--- + wyz?

Definition

The numbers wy, wy, ..., wy are called the f-Eulerian numbers, and the
polynomial W(z) = wo + wyz + - - - + wyz9 is called the f-Eulerian polynomial.

Denote by A(f) the smallest zero of f and by A(f) the largest zero of f.
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The polynomials A, ; .,(2) have the same properties

Theorem Brenti 1989
Let f(z) € R[z] and W(z) be its f-Eulerian polynomial. Suppose that f(z) has
only real zeros and that f(z) = 0 for all z € ([\(f),—1] U[0,A(f)]) N Z. Then
W(z) has nonnegative coefficients and only real zeros.

n
Note that f,(z H z—(—-1)(s— r))§ has only integral zeros, the smallest
one being A(f,) = 6 and the largest one being A(f,) = (n—1)(s—r) +s— 1.

Corollary
The polynomials A, ; v..(2) have nonnegative coefficients and only real zeros. J

It is well-known that if a polynomial has nonnegative coefficients and only real
zeros, then the zeros must be nonpositive. Furthermore, a polynomial with
nonnegative coefficients and only real zeros is log-concave and unimodal.

José Agapito Ruiz On symmetric polynomials with only real zeros and nonnegative ~-vectors 30/44



Families of polynomials having the same properties Some distinguished bases. Several new generalizations

Recall N,(n)=r(n—1)+1 and set N7(n)= |(N(n+1)/2]
Polynomial bases

Nr(n)

B = {zk} Standard basis
k=1
By = {zk (1 — z)N(m=k }Nr(n) Unnormalized Berstein basis
o —
k=1
NE(n) Nr(n)
Bé,n _ {Zk(1 + Z)Nr(n)+1*2k} U] {zk} ’Y'basis
k=1

k=NE(n)+1

Recall that the normal ordering of (Z"D%)" is given by

m
(ZrDS)n — Z Sr,s(n, k) Zan(s—r)+k )

k=r
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Families of polynomials having the same properties Some distinguished bases. Several new generalizations

Using the unnormalized Berstein basis

Theorem
1 Nr(n)
k Ny (n)—k
Arsnin(2) = Ko ; (n(s =)+ k+r—1)18.s(nk+r—1) 21 - )Mk,
Corollary (r=s=1) Frobenius
n
An(2) =Y KIS(n, k) 2(1 — 2)"*.
k=1
Corollary (s=r+1,r > 1) Sulanke’s higher Narayana polynomials
r " Nr(n)

I! _
Ar,r+1,Nr(N)(z) = H m Z (n+ K+r— 1)' S,,,H(n,k—l— = 1) Zk(1 = Z)N’(n) < .
i=0 © k=1

V.
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Families of polynomials having the same properties

By a change of basis

Some distinguished bases. Several new generalizations

Theorem

A s(n, k)

k ](Nr(n) )(n(s r)+j+r_1)!S,’s(n7j+r—1).

Corollary (r =s=1) Eulerian numbers

k ; k
00 =37 st =330 ("5 ) e
j:1 p:O

v

Corollary (r=1,s=2) Narayana numbers

N(n, k) = n+1)'Z ( />(”+/)'S‘2(”/) (kf1> <;’Z>

José Agapito Ruiz
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Families of polynomials having the same properties Some distinguished bases. Several new generalizations

Some tables

A .(n, k) Ais(n, k)

mk 0 1 2 3 4 5 6 mk 0 1 2 3 4 5 6

0 1 0 1

1 0 1 1 0 1

2 0 1 1 2 0 1 1

3 0 7 19 7 3 0 3 8 3

4 0 1 5 5 1 4 0 13 63 63 13

5 0 91 707 1311 707 91 5 0 663 4938 9038 4938 663

6 0 52 570 1655 1655 570 52 6 0 17 177 502 502 177 17
A c(n, k) A7 (n, k)

mk 0 1 2 3 4 5 6 mk 0 1 2 3 4 5 6

1
1 1

13 34 13

19 89 89 19

1235 8788 15858 8788 1235

155 1527 4222 4222 1527 155

1 1

29 1

4 19 19 4

44 319 579 319 44

13 131 366 366 131 13

o oA ®w N = o
©O 0o oo oo =
o b w N = O
© ©o ©o oo o =
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Families of polynomials having the same properties

Some distinguished bases. Several new generalizations

Some tables
Az »(n, k)
n\k 0 1 2 4 5 6 7 8 9 10 11
0 1
1 0 1
2 0 1 4
3 0 1 20 48 20 1
4 0 1 72 603 1168 603 72 1
5 0 1 232 5158 27664 47290 27664 5158 232 1
6 0 1 716 37257 450048 1822014 2864328 1822014 450048 37257 716 1
Ay 3(n, k)
n\k 0 1 2 3 4 5 6 7 8 9 10 1
0 1
1 0 1
2 0 1 3 1
3 0 1 10 20 10 1
4 0 1 22 113 190 113 22 1
5 0 1 40 400 1456 2212 1456 400 40 1
6 0 1 65 1095 7095 20760 29484 20760 7095 1095 65 1
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Families of polynomials having the same properties

Some tables

Some distinguished bases. Several new generalizations

Az4(n, k)

m\k 0 1 2 3 4 5 6 7 8 9 10

0o 1

10 1

2 0 3 8 3

3 0 1 8 15 8 1

4 0 1 16 70 112 70 16 1

5 0 3 80 630 2016 2940 2016 630 80 3

6 0 1 40 495 2640 6930 9504 6930 2640 495 40
A3,4(na k)

mk 0 1 2 3 4 5 6 7 8 9 10 112

0o 1

10 1

2 0 1 6 6 1

3 0 1 22 113 190 113 22 1

4 0 1 53 710 3548 7700 7700 3548 710 53

5 0 1 105 2856 30422 151389 385029 523200 385029 151389 30422 2856 105

José Agapito Ruiz
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Families of polynomials having the same properties Some distinguished bases. Several new generalizations

The ~-basis

Let h(z)=aiz+---+apz" , ay,...,an€R.
Set n° = | 2411, and let Czn5; be the transition matrix from the standard basis

B] = {2%}7_, tothe basis B] = {zk(1 + 2)™1=27 U {zK)]_ .,
Definition
The ~-vector of h(z) is given by

v(h) = (31(h),... . 7(h) = (Crgp(@r, ... an))"-

Sometimes we shall write v(n) instead of v(h), for the sake of brevity. The
components ~,(h) of v(h) are called the v-numbers of h(z).

v(5) = (a1, —4ai + a,2a) — 2a; + as, —a + as, —ar + as),
v(6) = (a1, —5a1 + a,5a1 —3a, + a3, —as + a1, —a + a, —a + a)
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A well-known Catalan matrix

1 0 0 0 0 0 0
1 0 0 0 0o 0

1 1 0 0 (U

0 0 o0

0 0

0

o ©o o o o o
n
n

42 42 28 14 5 1

Define C[n] to be the submatrix formed by the first n columns and rows of C.

1 0 0 0 0 0 0 0
1 0 0 0 0 0 O
0o 1 0 0 0 0 0 0
01 0 0 0 0 0
o 1 1 0 0 0 0 0
o1 1 0 0 0 0
0 2 2 1 0 0 0 0
Cl7l=(o 2 2 1 o o of , Cl8=
0o 5 5 3 1 0 0 0
0 5 5 3 1 0 0
0 14 14 9 4 1 0 0
0 14 14 9 4 1 0
0 42 42 28 14 5 1 0
0 42 42 28 15 5 1
0 132 132 9 48 20 6 1
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Families of polynomials having the same properties

P[n]: Pascal triangle,

-7
14

o o o o o ©o o = o o o

o o o

P[n]x; = (i)

k—j
0 0 0
0 0 0
0 0 0
0o o of , cmPm
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
LG
0 0 0
1 0 0
0 1 0
0 0 1

On symmetric polynomials with only real zeros an
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Families of polynomials having the same properties Some distinguished bases. Several new generalizations

Theorem
The ~-vector of any symmetric polynomial h(z) = a1z + - - - + a,z" is given by

y(h) = (31 (h), ..., vne(h),0,...,0) = (C[n]P[n] (a1, ...,an)")"

It is easy to obtain a handy formula for the entries of C[n] P[n]~'. It is given by

e (bl LR

N
(CIMPI™ k=4 o 1<k<j<n,
01, , 1<j<n

Corollary
The v-numbers of any symmetric polynomial h(z) are given by

vi(h)=ar and (h) = Z{Z( 1)/ (2kk_2 )(7_/)] a for 2<k<n®.

Jj=1 i=2 - —J
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Families of polynomials having the same properties Some distinguished bases. Several new generalizations

An important Lemma

Note that if h(z) = a1z + - - - + a,2" is symmetric, then the last n — n°
components of «(h) are zero. The other components of v(h) though may be
positive, negative or zero, even if the coefficients of h(z) (in its standard
expansion) are nonnegative.

Example h(z) =z+322 + 723 +32* + 25

~(h)=(1,-1,3,0,0).

Lemma
Ifh(z) = a1z + - - - + anz, is a symmetric polynomial with nonnegative
coefficients and only real zeros then the ~-vector of h is nonnegative.
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Families of polynomials having the same properties Some distinguished bases. Several new generalizations

The ~-vector of A, ;n,»(2)

Theorem
The polynomial A, . .- (Z) belongs to the cone

N7 (n)
n+{ k(4 N,(n)+172k}
spa z(1 + 2) i

and its ~-vector is given by

YA nin(2)) = (CIN(M)] PIN()] ™" PIN(n)] (67", ..., b))

where by>" = i 1—(n(s —r)+ k+r—1)1S.(n,k+r—1) for1 <k < N(n).

v
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General remarks

Thank you!
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