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The Paradan for mula (following Witten). Lete € 1V and let
n € QX (M) be a closed form. Then, ari—>(t) we have

= 2

Fe Crit([|p|1?)
wherel%(n) is a certain generalized function supported on the
Lie algebrat; of the subtorud'x of T (cf. [AG1] for detalls).
Using the equivariant form = ¢, wherew! is the equivari-
ant symplectic form onl/, we motivate the Agapito-Godinho
polytope decomposition formula.

ADbstract

Here Is an interesting questionhat Is the polytope decom-
position that a given localization type formula will yield?

Brion [B] uses, for instance, the Lefschetz-Riemann-Roch foy-
mula in equivariant K-theory to obtain its famous polytoe d
composition. In the same fashion, the Lawrence-Varchehko |
V] (also called polar) polytope decomposition can be recoy-
ered by using the Atiyah-Bott and Berline-Vergne localmat

In equivariant cohomology (see e.g\1]]). Along with Leonor
Godinho [AG1], we use Witten localization in equivariant co-
homology, as described by Parad&d, fto find new polytope
decompositions. We work with toric manifolds to test and In
sSpire our results.

Ix(n),

Polytope decompositions

Let P be a convexi-polytope inR?. The tangent con€ to

P at a facel’ is the minimal affine polyhedron (not necessatril
pointed) that containg’ and goes in the “direction” of. We

say thatP is simple when its edges are generated by vectorsjn
z“ that form a basis at?; but not necessarily af?. If the latter
occurs,P is called Delzant. For instance, the moment polytopg
wu(M) of a toric manifold is Delzant. We denote by and1c,

the characteristic functions @t andC respectively.

Two localization for mulas

Let (M,w, ) be atoric manifold. This meang M, w) is a
compact symplectic manifold on which a torii®f half the di-
mension ofM acts in a hamiltonian fashion, whete M — t*
IS a moment map for the torus action, and wherg the Lie
algebra ofI' andt* its dual.

TheBrion formula. For any convexi-polytope inR?, we have

2

v vertex of P

lp=g + 1c

The Atiyah-Bott and Berline-Vergne formula. The fixed
point setM ' of the action ofl on M is equal to the critical set
Crit(u) of . For a toric manifold ) ! is finite and corresponds

to the vertices of the moment polytopéM ). Leta € H(M).

Then
fyo= %

Fe Crit(p)

whereg Is a linear combination of characteristic functions o
cones with lines (cfFIG. 2 for an illustration).

Qﬂp’
eul(Np)

cones
— with

lines

wherea|  refers to the restriction af to the fixed point+’, and
eul(Ng) is the T-equivariant Euler class of the normal bundle
to /. Animated by the theory ofjeometric guantization we
choosen = e 1Q, (M), wheree“'L) is the Chern character of
a'T-equivariant prequantization line bundle— M and

FIG. 2. Example for a lattice triangle [ABC].

We say that € R? is a “polarizing” vector if it is not normal

to any of the “walls” determining the open dét illustrated in
FIG. 1. Such a vector Is used to (polarize) change the “direg-
tion” of the tangent cone€» Iin a systematic way and thus
we get the so called polarized tangent coﬁﬂ}a (cf. [AG]1]

for details andFic. 3,4 for an illustration). Motivated by
our work with toric manifolds and the use of the Atiyah-Bott
Berline-Vergne localization formula as explained befone
assign complex numbeiss and (1 — ¢)’s to the facets ofP

and Its tangent cones so that we get the following weightgd
version of the Lawrence-Varchenko polytope decompositign
(which avoids removing facets as occurs with the ordinaryl-
g = 1- Lawrence-Varchenko formula) Thes and 1& stand

QM) = qTd(M) + (1 — ¢)Td(-M)

IS the equivariant Hirzebruch class &f. Here,q is an arbi-
trary complex parameter arid(M ) (respectivelyT'd(—M ))
denotes the equivariant Todd classléf(and of M/ with oppo-
site orientation). This choice af yields a weighted version of
the Lawrence-Varchenko polytope decomposition.
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,,,,,,,, N for weighted characteristic functions as illustratedrin. 3,4.
.).5}5,%) L The (Weighted) L awrence-Varchenko formula. Let ¢ € R?
R . - be a polarizing vector. For any convex simgl@olytopeP’ in
S W i RY, we have
T T : w o Myq W
1p= > (=)™1g.
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v vertex of P
wherem, IS the number of facets df’, that change direction

FiG. 1: Open setV for a triangle [ABC]. with the polarization.

Now, the facets of the moment polytopé)M/) determine a set
W of open regions in* as Illlustrated in-1G. 1. Lete € t* and
let 1. :== 1 — ¢ be the perturbed moment map obtained frem
The critical set of| ...||* is given by

Crit([iel) = | M nuT'(Be,AR)

F face of u(M)

’:

/ ¢ polarizing
C

vector

whereA is the affine subspace éfgenerated by, the point
B(e, Ar) is the orthogonal projection efon Ar andM 7 is the
fixed point set of the subtoruBy of T generated byxp(AF).
Whene € W, the setM !+ N u—l(ﬁ(s, AF)) IS a submanifold
of M on whichT'/Tr acts locally freely. For toric manifolds,
the setM/'r N M—l(ﬁ(s, AF)> IS elther a single point or empty.

FIG. 3: Example for a lattice triangle [ABC] using

We can do better, assign arbitragis and(1 — ¢;)’s to the facets
of P and its tangent cones (not just the sajiseand(1 — ¢)’s)
and get a more general weighted L-V formula. Finally, usinf

Localization formulas and polytope decompositions
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the Witten localization in equivariant cohomology as expd
before, we get

The Agapito-Godinho formula. Lete € W. For any convex
simpled-polytopeP’ in R, we have

I face of P

15 =

wherep(e, Ap) = 1,0 whether3(e, Ap) is in P or not andmp
IS the number of facets & » that “flip” with polarization.

FIG. 4: Example for a triangle [ABC] using, ande..

Here, as opposed to the L-V formuladéferent polarizing
vector (B(e, Ar) — ¢) is assigned to each face of the polytope
and the facets of the corresponding tangent cones are ‘@lippe
accordingly (seé-1G. 4 for an example). Usingegular tri-
angulations, we can extend all these decompositions to non-
simple polytopes (cf.AG2] for details). The L-V and A-G for-
mulas are independent of polarization (although the prealri
tangent cones may change, of course).

Final remarks

As an application of our polytope decompositions, we can ob-
tain Euler Maclaurin formulas on simple lattice polytopkatt
generalize previous results (cAEG1] for detalils).

In [AGZ2], we comment on the relation between Brion’s formula
and the previously mentioned polytope decompositionsgusi
generating functions. We can also agskven a polytope de-
composition, isthere a localization for mula that applied to

a toric manifold will imply that polytope decomposition?

For example, Harada and KarshdiK] have developed new
localization formulas for the Duistermaat- Heckman measur
that yield the Brianchon-Gram decomposition falt toric
manifolds. This well known classical decomposition (see
e.g. [AGZ] and references therein) states that
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I face of P

1p = (_1>dimF]—CF-

References

[Al] J. Agapito, A weighted version of quantization commutes with re-

duction for a toric manifoldContemp. Math374 (2005), 1-14.

[AG1] J. Agapito and L. GodinhoNew polytope decompositions and
Euler-Maclaurin formulas for simple integral polytopearXiv:
math.C0/0512475.

[AG2] J. Agapito and L. Godinhd?olytope decompositionBreprint 2007.
[B]

M. Brion, Points entiers dans les payres convexesAnn. Sci.
Ecole Norm. Sup. (44 (1988), 653—-663.

M. Harada and Y. Karshor,ocalization for hamiltonian group ac-
tions Work in progress.

[HK]

[L] J.LawrencePolytope volume computatipMath. Compbs7 (1991),

259-271.

P-E. ParadanFormules de localisation en cohomologie equivari-
ante Compositio Mathl17 (1999), 243-293.

A. Varchenko,Combinatorics and topology of the arrangement of
affine hyperplanes in the real spa@@ussian) Funktsional. Anal. |
Prilozhen.21, 11-22. English translation: Functional Anal. Appl.
21 (1987), 9-109.

[F]

[V]



