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Abstract

A large volume of work has been done in the past three decadesttingtransitions

with considerable success. Nevertheless some problems remain unsolved, e.g., the
discrepancy between theory and simulations of 3D critical wetting with short-range
forces. The study of the related, but not similar, phenomentilioly on a wedge
geometry has uncovered remarkable connections between the two transitions, named
wedge covarianceln the framework of filling and exploiting wedge covariance it is
possible to shed light on some unsolved problems on wetting. Most notably, the careful
reevaluation of the method to construct an interfacial model, prompted by these studies,
seems to lead, finally, to the solution of the 3D critical wetting problem.

We'll start with a short overview of bulk critical phenomena and proceed to the
study of the Landau theory of interfaces (also refered to as square-gradient theory). The
formulation of the interfacial model will shows us that capillary waves cause the inter-
face to be rough id < 3 dimensions. We’'ll then move on to study the phenomenology
of wetting and formulate a Landau theory of this phase transition. After this, we study
the effects of fluctuations in 2D and look carefully at the unsolved problem of 3D criti-
cal wetting. Next we turn our attention to the phenomena of filling, showing that there
is a hidden symmetry between this and wetting. Finally, we end with a short tour on
the non-local modelthat seems to hold the key to the solution of many problems in
interfacial critical phenomena.
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1 Introduction

The focus of our work isvetting so a sensible point to start is the definition of what we
mean by wetting. As often happens in science, a word taken from everyday experience
is used to describe a phenomena and, with time, the meaning in a technical context is
different, but related, to the meaning in common usage. Words like energy and force
are clear illustrations.

When we think of wetting we think of water, or any other liquid, in contact with a
solid (e.g. a dish or a piece of cloth). In our work this is one of the models we’ll always
keep in our minds: a solid, inert, substrate covered with a film of liquid in equilibrium
with its vapour. The word, however, came to have a more general meaning, describing
phenomena where there is no liquid present. For us wetting will occur whenever a
phase, C, intrudes between phases A and B, with A, B, and C in coexistence.

As we see our definition encompasses a wide variety of phenomena, all described
by the same formalism. As is so typical of theoretical statistical mechanics, we study
wetting in the simplest possible model, either the Ising model or continuous models
of ferromagnets. Our system will be a magnet in contact with a wall that favours, say,
positive magnetisation and placed in an infinitesimally small field that favours negative
magnetisation in the bulk. We expect that a film of positive magnetisation forms be-
tween the wall and the bulk phase. Simple as the model may be, we shall see that its
behaviour is far from trivial and theory is still inadequate to describe simulations.

Looking at a glass of water it is clear that, away from itmerfacewith air, water
will behave as it does without the surface, or, in the bulk. Since the most interesting
things happen in the surface of the water (like light refraction), where the proprieties
of the medium change rapidly, it is natural to build a physical model that focus on this
region. This is thénterfacial model We shall think of the system as composed of just
a thin interface, that behaves like a stretched membrane, ignoring the bulk proprieties
from the outset. This simplifies the analysis of wetting by orders of magnitude. How-
ever, as we'll see, a careful derivation of the interfacial model from the full model must
be done as a naive approach leads to subtle errors in the description of the interface.

When we have a system as described before, the film of phase C can either be
thin (microscopic) or thick (macroscopic). In fact, when we mention wetting in this
work, most of the time, we are actually refering to the phase transition that may hap-
pen in some systems. If for some region of the phase space the film is thin, and in
another the film is thick, we have surface phase transition - a wetting transition. A
natural framework to describe wetting is asiaterfacial phase transitionThis fact,
by itself, justifies its study because, as we’ll see, the extension of statistical mechanics
and Renormalization Group Theory to interfacial phenomena brings to light subtle, but
important, physical effects and allows one to sharpen the theories themselves.

It is now clear what is the “scientific path” we must walk. In the next chapter
we quickly skim over bulk critical phenomena, with a slight emphasis on some facts
relevant for interfacial phase transitions. We refrain, however, from reviewing much
of the background material, apart from pointing to some references. Descending in
scope, we shall skip the Meaning of Life, the Universe and Everything (Adams, 1979),
Thermodynamics (Callen, 1985), general Statistical Physics (Huang, 1987), Statistical
Physics of Liquids (Hansen & McDonald, 1990) and much of Physics and Statistical
Mechanics of Interfaces (Rowlinson & Widom, 1982; Evans, 1990). We shall also not
go into the details of simulation methods (Landau & Binder, 2005).



2 Summary of Bulk Critical Phenomena

A good starting point for a (really) short reviewadftical phenomengYeomans, 1992;
Stanley, 1987; Goldenfeld, 1992) is the phase diagram of a simple substance like the
one depicted in figure 1. The lines in tRT diagram represent the locus of points
where we have coexistence of phases, in this case lines of first-order phase transitions.
The liquid-vapour line ends at exitical point beyond which there is no distinction
between these two phases. A similar phenomenon occurs in the Ising model of ferro-
magnetism with short range (SR) forces tbe 2 (figure 2). For external magnetic

field H = 0 andT < T¢ the model displayspontaneousnagnetisation, whereas for

T > Tc it behaves like a paramagnet. In both these systems there is a parameter, the
order parameterthat is zero on one side of the critical point and non-zero on the other
side. For the liquid-vapour system the order parameter is the difference of density
between the two phases. For the Ising model the order parameter is the magnetisation.

A A
T Critical Point

p

N Liquid

P

Vapour

T TCT p

Figure 1: Generic phase diagram of a simple substance. We s&@tagoint where

we have three phase coexistence and the critical point where the densities of the liquid
and vapour become equal and thus there is only a unique fluid phasexfdiz. We

can trace a thermodynamic path between vapour and liquid without going through a
phase transition.

The physics near the critical point is characterised by a setitifal exponents
which quantify the singularities of the free-energy. To settle the notation we shall use
magnetic systems language and define the reduced temperature

To—T
Tc

t= Q)

We suppose that close to the critical point any thermodynamic quantity can be decom-
posed into a regular part (which can be discontinuous) and a singular part (which may
diverge or have divergent derivatives). We define the critical exponents by the asymp-
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Figure 2: Phase diagram of the Ising model with SR forces. d=or2 the model
displays spontaneous magnetisatiom i Tc.

totic behaviour of the singular part::

P . —_ 9" ia
Specific Heat: Cn= N 372 [t] 2)
Magnetisation: m~tP ()
Magnetisationt(= 0): m~ |H|Y3 (4)
Susceptibility: X = kBTg—r'_rl1 ~ [ty (5)
Correlation Length: E~t]™Y (6)

. . 1

Correlation Function: G(r) ~ e @)

Here~ means “has a singular part proportional to”. All the definitions, exdeptdn,
are fort — 0. The definition o® impliest = 0 andH — 0, and that of] impliest = 0.
Finally the definition ofnl andv comes from the behaviour of the correlation function:

G(r) = (m(O)m(r)) ~ r~(¢-2We 118 8)

The Van der Waals theory of gases and the Weiss theory of ferromagnets were the
first theories with a critical point. Both resulted in the same set of (wrong) critical
exponents. Landau’s theory of critical phenomena provided a more general view on
the subject and allowed the inclusion of small fluctuations, an extension known as
Ornstein-Zernike (OZ) theory, but the exponents are the same as in previous theories.
This is due to the fact that all these are mean-field (MF) theories which ignore or
underestimate the fluctuations that turn out to dominate the behaviour near the critical
point. Table 1 lists the values of the critical exponents for the Ising model. They are
also the same for a wide variety of fluids and ferromagnets.

[Dimension] B [ o | vy [ & [ v | n |
2 /8 | o(n) | 7/4 | 15 1 1/4
3 0.315.. | 0.11... | 1.24... | 481.. | 0.63... | 0.04...
>4(MF) | 1/2 |o0(disc)| 1 3 1/2 0

Table 1: Values of some critical exponents.



Further insight into critical behaviour was provided by studies of the Ising model.
In d = 1 transfer matrixtechniques can be used to solve the model exactly and there
is no critical point at finite temperature. The behaviour of the modeTfes O has
some peculiarities, though. In 2D, Lars Onsager famously solved the Ising model with
H = 0 and found non-classical exponents. Yet other valuable techniques are high and
low temperature series expansions of the partition function and computer simulations
which provide approximate, but reliable, values of the exponents, again showing non-
classical values .

Only with Wilson's Renormalization GroufRG) theory was a true understanding
of what happens near the critical point achieved. A first important result of RG is the
fact that the exponents are the same irrespective of the side from which we approach the
critical point (we anticipated this in the definitions of the critical exponents). Another
important result is the fact that the critical exponents are largely insensitive to the de-
tails of the models and depend only on the dimensionality of the system, the nature of
the order parameter (scalar, vector, etc) and the range of the interactions. When some
systems share these proprieties we expect them to exhibit the same critical behaviour,
i.e. same critical exponents, and say that they are on the saiversality classFrom
the table of critical exponents we see thatdor 4 the MF exponents are correct. This
is a general feature and we cafpper critical dimensiond*, to the lowest dimension
at which MF behaviour is correct.

Only two of the critical exponents are independent as they obey a set of relations,
known asscaling relations

Fisher: y=v(2—n) 9)

Rushbrooke: a+2B+y=2 (20)

Widom: y=B(d-1) (11)

Josephson or Hyperscaling - =dv (12)

Hyperscalings only valid ford < d*. A common strategy to find* is to do MF theory,
calculate the critical exponents and replace their values in the hyperscaling relation to
determined*. For SR forces we expect MF critical exponents to be correct abbve

but that the fluctuations dominate the behaviourder d*. Ford = d* the behaviour

is more subtle and not known a priori as expressed in figure 3. A common scenario is
the existence of logarithmic corrections to the behaviour of the singularities.

d < d* not known
a priori

fluctuation

dominated d>d*

behaviour

| Mean-field OK giqyre 3: The dependence of the values of the crit-
* ™ ical exponents with the dimension of the system.
d* d  valid for systems with SR forces.

It is often stated that in 1D there is no phase transition. With long-range (LR)
forces this picture is changed. As an example, for the Ising model=nl and LR
forces & &), we have:

e p>2 - Qualifies as SR. No phase transitions.

e p=2 - We have a phase transitiddon-universality critical exponents depend
on temperature.



e 1< p<2 - Thereis a phase transition. Some exponents have MF values,
others don't.

e p<1l - MFtheory is correct. Qualifies as infinite range force model.

Other common statement is that MF theories are correct far from the critical point.
This is true for most situations but not always. As an example, OZ theory gives for the
decay of the correlation function

e*r/z
"~ ez 13
But for the Ising model id =2,H =0, T < Tc we have
e—r/E
G(r) ~ r2 (14)

This phenomena is known as the Kadanoff-Wu anomaly and turns out to be related to
interfacial phenomena. Latter we’ll formulate a MF description of an interface and see
that, here too, fluctuations play a fundamental role, even far from the critical point.

3 Landau Theory of Interfaces

As stated in the introduction, the full 3D LGW model is too complex to yield to ana-
lytical methods so we resort to a mesoscopic description of the system by focusing on
the properties of the interface using the so calliedeffacial model. Before we turn
our attention to wetting transitions using the interfacial model, we first study what is
the shape of an interface in LGW theory.

Let us, then, build a mean-field theory for a free interface. We study a 3D magnetic
system withm = +my at z= F  described by a Landau-Ginzburg-Wilson (LGW)
functional

Hiew[m = / dr B(Dm)zﬂp(m)} (15)

the gradient term accounts for SR forces that tend to homogenise the systeiimand
describes how the Hamiltonian depends on the local value of the magnetisation. We'll
not always write th& dependence ah but keep it in mind. The partition function is
given by

A / Dy e Hiow/keT (16)

where O, is the measure of the integral and stands for integration over all profiles
consistent with the boundary conditions. In MF theory we neglect fluctuations and
consider just the most likely profile, given by the minimum of the Hamiltonian. Thus

Z~e MnH/keT — EMF _ min H[m] (17)

Since by symmetry the solution is translationally invarianx endy we can inte-
grate immediately on these coordinates (obtaining the Ayeand write the equation
with mnow dependent only on

SRR



In figure 4 we see a sketch of the shapengf) as well as the typical double-well shape
of @(m). We assume that we can expapdnd conserve only the lowest terms in the
expansion consistent with the symmetry of the Hamiltonian:
t u
(p(m):—EmZJer"' tOTMF —T;u>0 (19)

Recall from the Landau theory of bulk critical phenomena that we have

t ] B 1 1
([f(:l:I'Tb)Oémo\/; , Ei\/ﬁiﬁ

and define

2
Acp—wtp(rrb)—g;%(n?n%)z ; k:%

¢ (m)

Figure 4: Magnetisation
profile with z and shape of

@(m)

Using the definition of functional derivative and with some manipulation (see ap-
pendix A) we reduce the functional equations 17 and 18 to a differential equation

m’ = ¢(m) (20)
which we can solve
mm’ = m'¢(m) (21)
1d , d
ECTZM = d?cP(m) (22)
Integrating once
1
& ém(z)2=<;>(m)+c (23)
and with the boundary conditions at- « we have C= —@(my), thus
(2 = ng(m (24)
k
m(z) = iﬁ(mz*m(z)) (25)
and, integrating one last time
k
m= motanhé(l -2 (26)



with | arbitrary. This is the famousyperbolic tangenprofile. We can see that most of
the change from-my to my occurs in a region of width&around and that the profile
decays exponentially.

Replacing this result back intd[m] we get

FMF

& =Hm@)] = L :mdz Brﬂz—km(m)} (27)

_ / j’ dzg(mo) + [ :,, dz Bmzwqm] (28)

or, with an obvious rearrangement

+o00
F = Ve(mo) +A / dz{lnferA(p(m)] (29)
S—— — 2
bulk free-
energy surface tensiow (by definition)
From equation 24

+o00

o = dz ni(2)? (30)
Mo dm

= ' [ nbde (31)

Mo
- / dm \/2A¢(m) (32)

—mg

Mo k
— 2 / dm —— (M@ — P 33
| dm o (mg—nf) (33)
- Zwnp (34)
O (T -T1)¥? (35)
Thus we have 3

o~t" with e = 2B+ =2 (36)

From dimensional analysis we expect

O~

F
e (37
and so

fl=2—-a—-v (38)

The calculation of the surface tension is OK except, unsurprisingly, eahere
o ~ 1126 however the square gradient theory resulting in the hyperbolic tangent profile
for the interface is flawed. This is so because, as we'll see later, long-wavelength
(capillary-wave-like) fluctuations cause the interface to be rough<r3.

4 Interfacial Model

As stated before we base our analysis of wetting on a mesoscopic model of an interface.
The full LGW model has more detail than what we can or need to account for. Since



the wetting transition occurs (if it happens at all) for a temperature below the critical
point, the bulk fluctuations are finite and important only up to a length. off we
integrate out these bulk fluctuations we get two uniform phases separated by a smooth
interface. We carry out this scheme in detail latter in sections 8 and 12. In the present
section we just assume that the interface is smooth enough, without wild fluctuations
or overhangs. Even if at a microscopic scale this is not true, we can imagine we “zoom
out” up to a point where all the bulk fluctuations are so small, as to be invisible, and
that the interface looks like a smooth membrane whose positign=atx, y) is given

by I(x). Further assuming that we can describe the shape of the interface at each point
as an hyperbolic tangent:

with |0 <« 1 (39)

m(z,X) = rrbtanhk(z_#l(x))

substituting this into the LGW model and using the above assumptions we get, after
some algebra (see appendix B)

Hiowll (9] = @(mo)V + L% 2o 42 [ (012 - (40)

We could have easily anticipated this result if we think of an interface as a stretched
membrane with a tensioo. If the membrane is distorted frol— A+ 8A, this dis-
tortion has an energy afA. By the definition of area we have

A = /dx,/1+(ml)2 (41)
- /dx+%/dx(Dl)2+m (42)
_ Ld*1+%/dx(DI)2+-~ (43)

Thus the energy cost of an undulation, ignoring higher order tern%fiﬂx(ml)z, as
we have in equation 40.
The partition function is given by
7 — /Dme*HLGW[m] ~ e*VqFGLdfl/Dlele[” (44)
—_———
constant

and now this is a straightforward calculation because

H = %/(DI)ZdX (45)

is gaussian.
To calculate the height correlations between two points on the interface define as
usual

S(x.X) = (1)H(X)) = (1(x)) (1 (X))
with g(x) a scaling function. We also define the roughness exponent
&2 = (10%) — (1(x))? (47)

we can setl (X)) = 0 without loss of generality. Going to Fourier space

~ st (@)

Osimpe  Ploj e
=5 3 Ik "< k|< D (49)



whereA\ stands for a short wavelength cut-off, like the lattice spacing, the atomic sep-
aration or in the case of the interfacial modelsing the equipartition theorem

(itkoP) =27 (49)

We see that & = 0 mode costs no energy, i.e. it is a Goldstone mode. From this
observation we expect that long wavelength capillary waves to have an important con-
tribution to the physics of the interfacial model. Now

dk & kd-2
2 b
ELD/@D L (50)
and integrating we have
L(-d)/2 d<3
E — kgT L 1/2 (51)

finite asL — o d>3

Notice that&, diverges ford < 3 and so the interface is rough for the relevant
physical systems. We define a wandering exponent

&~ (52)

and for fluctuations dominated by thermal disordet (3—d)/2 ford < 3. In figure

5 we see the relevant length scales of the interfdaepends on the presence (or not)
of impurity induced disorder. As an example with random bofids= 2) = 2/3 and
¢(d = 3) ~ 0.43. With random field€(d) = (5—d)/3. We'll see later thaf also
depends on the geometry.

g//

-

38

Figure 5: Interface with the definition of the relevant length scales.

The above considerations are for continuum fluid-like interfaces. For a system de-
fined on a lattice the surface tension is angle-dependedt=8 we have a roughening
transition in the simple cubic Ising model Bt ~ 0.54T¢. ForT < Tr the interface is
pined between lattice spacings, Bis— Ty the interface develops spikes and “sky-
scrapers”, depins from the lattice and behaves like a liquidd #n2 Tgr = 0 so the
interface is always rough. Duality tells us that rougheninggabelongs to the univer-
sity class of the Kosterlitz-Thouless phase transition.TFor Tr on a lattice

Hy = %/(Dl)zdx (53)

10



wherez is the stiffness defined as
Z =0(0)+0"(0) (54)

we’ll useZ from now on as this is a more general definition tisan

5 Phenomenology of Wetting Transitions

Think of a volumeV of liquid at a temperatur€ and pressur (or chemical potential
1) placed on a wall and in equilibrium with its vapour. Two things can happen, as
described in figure 6. If the contact andle> 0 we have a hemispherical cap and
equating the forces acting on the point of contact of wall-liquid-gas, we get Young's
equation

Owg = Owl + Ojg COSO (55)

describing a partially wet surface. If the forces between the wall and liquid molecules
are strong enough compared to the ones between liquid molecules we can have a com-
pletely wet surface, that 8= 0 and Antonow’s equation is valid

Owg = Owl + Oig (56)
Vapour
0>0 6=0 & P
R B
Ve
5 In Liquid

7 7

Figure 6: The possible situations when a liquid in equilibrium with its vapour is in
contact with a surface. B > 0 we have an hemispherical cap (surface partially wet).
If 8 =0 a macroscopic film of liquid forms and the liquid is said to wet the surface

We can have a phase transition at a temperdiyre Tc if 8 vanishes a3 — Ty.
Alternatively we can think of a film of liquid that forms between the wall and the
vapour. If at a giveril and P the film is microscopic then the wall is partially wet,
if the film is macroscopic the wall is completely wet. The wetting transition was first
explored theoretically by Cahn (1977) and by Ebner & Saam (1977). Much more detalil
than we give here is available in review articles by Schick (1990), Sullivan & Telo da
Gama (1986), Dietrich (1988), and Forgatsl. (1991)).

If we approach the coexistence line from the vapour sideTandl,, the amount of
liquid adsorbed on the surfack)(will diverge asAp= pu— o — 0 (o is the chemical
potential at coexistence) and we call this phase transitmmplete wetting If we
approachly,, along the coexistence line from < T,, we can either havéirst-order
wetting (figure 7) orcritical (continuous) wettingfigure 8). The discontinuity in the
free-energy at first order wetting is prolonged off-coexistencegpreawvettingline and
terminates at &d — 1) Ising universality class critical point.

As is usual we characterise the phase transition by a set of critical exponents. Define

Tw—T
Tw

t= (57)

11
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r T Figure 7: Phase diagram of a first-
3 order wetting transition. Four ther-
2 4 modynamic paths are drawn and the
1 film thickness of each one is de-
HoHo 0 Tw 7 picted below. We can also see the
pre-wetting line
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0
- 3
=)
[
3
r T Figure 8: Phase diagram of a con-
tinuous wetting transition. Three
thermodynamic paths are drawn
’2/ 3 and the corresponding film thick-
ness is shown in the diagrams be-

for critical wetting

I~ tPs (58)

o ~t Ve (59)

&~ tVI (60)

and the excess surface free-energy

fsinguar = Owg— (Owl + Oig) (61)

= Ojg(cosB—1) (62)

92
N (64)

We can also define an exponent related to the singularity of the 3-phase line contact
free-energy

Tsingular™~ 2o (65)
We define also critical exponents for complete wetting
h=p—p (66)

12



Iy~ hPs° (67)

gL ~hVT (68)
g ~hT (69)
fsingular~ Owg — (Owl + Oig) = h2-os? (70)

As we have two scaling fields for critical wetting (one for complete wetting) we
expect that only two critical exponents are independent (one for complete wetting), the
others being obtained by scaling relations. In fact in critical wetting only one exponent
is independent (zero for complete wetting) since the equivalentisazero. We have
the following scaling relations

2—0s=2v| —2Bs (71)
2—ag® = 2vf°— 2B (72)
also valid ford < d* are the hyper-scaling relations
2—as=(d—-1)v (73)
2—ag®— (d—1)v}° (74)
and conjectured, based on MF, by Indekeu & Robledo (1993)

aj=0as+V| (75)

6 Landau Theory of Wetting

We now focus on wetting with short-range forces. We study a magnetic system with
a wall which favours up spins artd= 0~ such that spins point down far from the
substrate. We anticipate a profile qualitatively similar to the one in figure 4 but with
the position of the interface determined by the boundary conditions. Our starting point
(Nakanishi & Fisher, 1982; Sullivan & Telo da Gama, 1986) is the LGW Hamiltonian
but with a surface term added

Heow[m] = / dr B(Dm)%q;(m)] + / dxr(my) (76)

where
m = m(z=0,X) (77)
o= ? —mghy (78)

Assuming translational invariance along thdirection

%: /dz[;nf2+(,0(m)} +@1(my) (79)

we must now get the magnetisation profile that minimises the Hamiltonian:

SH/A _

5 (80)

13



Following a procedure similar to the one in appendix A and using the boundary condi-
tions

m’ = ¢ (m) (81)
m(co) = —mp (82)
(ZTT . =@ (m)=cm —hy (83)
From 81 and 82 1

S = Ag(m) = g(m) - ¢(mo) (84)

and so our solution satisfies
m (2) = —/2A¢(m) (85)
' (0) = cm(0) — hy (86)

which can be solved by graphical construction. The intercept of 85Yvithcm— hy
determinesm;. The nature of the transition is determined dandk. If ¢ < k the
transition is first-order, it > k the transition is continuous. It is now clear that the
solution is a section of a hyperbolic tangent profile

m(z) = motanhg(ln— 2) (87)

with |; determined by boundary conditions. As we saw, critical wetting occurs for
Y=0=m=hy/c,ie.

cmp(Tw) =M (88)
Expandingm(z)
k k
ez('n 2) e*z('rr ?)
miz) = 89
@ moelz(Un*Z) +e 202 (89)
1— e Kin-2)
~ MO ek (%0)
= m [1 — 2 kln—2) . O(e*Zk“’T*Z))} (91)
so
M) = —2kmpe ... (92)
= c (mo — 2moe*k'"> —hi ... (93)
and
2 Mmmy(c— k) = cmy(T) — hy (94)
finally
Kl ~ —In(cmy(T) —hy) (95)
thus
Bs=0 (96)

Substitution of the solution for the shape of the interface ihté allows us to calculate
the excess free-energy defined by

Ow| = Ow; + 07| + fsing- (97)

14



and
fsing D (TW - T)Z = as == O (98)

with some more work we can calculate
§ ~(Tu—T) t=y =1 (99)
Notice that 2- as = 2(v| — Bs). Substitution of the previous result into
2—as=(d—-1)v (100)
gives us the upper critical dimension

2_ MF
d*:vT“,fH:s (101)
n

7 2D Critical Wetting With Short-Range Forces

The problem of 2D critical wetting with short range forces is well understood. Abra-
ham (1980) solved the Ising model exactly and Fisher (1984, 1986, 2004) provided
some heuristic arguments based on random-walks. Here we solve the interfacial model
using transfer matrices. We begin with the interfacial Hamiltonian

Hifl] = / dx E(m)uwa)} (102)

Sinced = 2 < d*, the structure ofV(l) doesn't really matter (for SR forces) as we
expect fluctuations to dominate the critical behaviour, so we use a square-well

0 I <0
Wlh=¢ —p 0<I<R (103)
0 I >R

We start by discretising the system and using the Restricted Solid On Solid model
H =" Klliia—lif (104)
2

with |lix1 —lj| =0o0r 1. So

7 = ... @ Kll2=l1|=Kll3—I2[—Kla—l3| - (105)
722

= ZZZ-uT(Il,Iz)T(Iz,Ig)m (106)

= TrTN (107)
= 'Z)\iN (108)
. (109)

where we have used periodic boundary conditions and

T, =e K- (110)

15



T=| 0 e 1 .. (111)

alsoA; are the eigenvalues af and obey

ZTI ") =NWi(l) (112)

with W; (1) the eigenvectors. We can write this as
e Wi (1 — 1) +Wi(1) + e W (1 +i) = Wi (1) (113)

This is a second-order difference equation and so in the continuum limit we’ll have
a second-order differential equation, that is a 8dirger equation

(sz) YWY, = E W (114)
and
Zn(l1,12;X) Zw* (I1)W;(1p)e BX/ksT (115)
In the limit X — o TInZ
. —_ 1 _ B n —_
fsing= )!|Ln°° —x Eo (116)
Pr(l) = |Wo(1)[? (117)

Now consider a square well potential and suppose that the ground state is bounded
Eo<OandsetkT =1.Ifl <R

1
_ g W, = EqW 11
> —UWo=Ey¥y (118)

= W = Asin(y/2%(U + E)l) + Bcos(/2X(U + Eg)l) (119)

sinceWy(0) =0 we have B=0. If| >R

1

55 W = EoWo = Wo = Ce V2Bl 4 pevZIEl (120)

and sincd¥(w) = 0 we have D= 0. Since¥’ /¥ must be continuous & thus we have

E
Bol _ cot(\/ZZ(U n Eo)R) (121)
U+ Ep
In the transition to the unbound stdfg = 0 whenU = U* with
V2SUR= g (122)

IfU>U*" Eg~—(U*-U)?>=as=0(8>0);if U<U* Eg=0(8>0). Far from
the wall the probability distribution function (PDF) goes as

Pe(l) =Ne 2V2BZ - N=2,/25|E)| ; I>R (123)
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from which we can easily calculate the average height of the interface

ln= (1) = 1 1 =Bs=1 (124)

V2B UT-U

Since for the exponential PDF the standard deviation is the same as the average we
have

l~E& ~ (U =U) =y, =1 (125)
and (from a standard transfer matrix result)

1

NTEE”

Ur—U) 2=y =2 (126)

Let us make a few remarks on these results. From the previous equations we see
thatv, /v =1/2s0&, ~ Ei/z, thus the wandering exponeht 1/2, which makes the

results for3s consistent with heuristic random-walk argumerfis= 1%( In prepara-

tion for covariance we cast the results in a different form u&ige- —%92 the PDF can
be written as

Pr(l,08) = 25929 (127)
and
(= L (128)
~ 256

This result for the PDF can be easily interpreted using physical arguments, noting that
Pr(l) O e 2F() and calculating the free-energy cost of a triangular interfacial fluctua-
tion with heightl:

AF I | I
Pl (tane a sine) * fang2 (1~ c0s0) = 26l (129)

The calculation can be done with random-bond disorder yielding the results for the
critical exponentsfs = 2,v| = 3, as = 0 and, fromBs = 1%( (=2/3.

The focus of our attention is short-range (SR) critical wetting but we shall make a
digression into long-range (LR) forces. In general critical wetting falls into 3 fluctu-
ations regimes. One regime is the strong fluctuation regime (SFL) where critical be-
haviour is fluctuation dominated and the critical exponents are on the same universality
class as SR forces. On the other extreme is the MF regime where fluctuations are neg-
ligible and the exponents are given by Landau theory. For LR forces an intermediate
regime of weak fluctuations (WFL) is present. In the WFL some of the exponents are
MF and others are renormalised by fluctuations. These results are backed up by RG
and transfer matrix calculation but we can reason heuristically to grasp the physical
origin of these different regimes.

A fluctuation of height decays in a distance &f so, by the definition of derivative,

2
the term=C1° (1?2 Whenl ~ & the fluctuations are important and, &s ~ Eﬁ, we
]

2
have'E—2 ~ =T where
]

r_2<;—1> (130)

As an exampla = 2 for thermal fluctuations id = 2.
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If this result is now inserted in the Hamiltonian with long range forces we have the
heuristic potential:

Wt = —— + — + — (131)

RN
and this allows us to clearly see the origin of the different regimes.>Ifg the fluc-
tuation term doesn’t matter and we have MF expondhis; qflp. If p<1t<qthen

Wert ~ —% + & and MF breaks downfs = ﬁ. Finally, if T < p the fluctuations

dominate and the full calculations must be done, Bsg= 1%( ind=2.

As a final remark we estimate the upper critical dimension for critical wetting.
As we saw MF breaks down when= g. Using definition 130 and = % we get
d*=3— qf42- For Van der Waals forcep(= 2, g = 3) we haved* = & and in limit of
g — o (SR forces) we ged* = 3.

a b ¢
T

8 3D Critical Wetting With Short-Range Forces

Analytical studies of SR critical wetting are based on the semi-phenomenological inter-

facial model. As we have seen the upper critical dimension for SR forces is three, thus
we expect non-universal behaviour and also that the detailed structure of the potential
in the interfacial model is absolutely crucial.&inet al. (1983b,a) (BHL) constructed

W(l) so that the MF results are reproduced when fluctuations are ignored:

W(l) = —ae X be (132)

where as usual [ TC’VIF —T,b>0andk=1/§. We can check that we recover the MF
results. The MF equilibrium interface length is given by the minimum of the potential,
the correlation length by the second derivative at the minimum and the free-energy by
the value at the minimum:

e kI _ Zi‘b = KIMF = _In(TMF —T) = Bs=0 (133)
W (IMFy — &k O(TMF_1)y-1 . =1 134
() =55 =84 00w -T)™ & v = (134)
W(IMF) :—% DM —T)? 5 as=0 (135)

thus recovering the MF results. As an aside, we wgjti terms off, a result which
will be useful later when we study covariance:

& 262
_%:_7:a:\/22b9 (136)

2
KIMF — _Iny/ ﬁ)e (137)

BHL used a linearised RG theory to study the interfacial Hamiltonian and their
results show non-universal behaviour, with 3 different regimes depending on a “wetting
parameter”, with similar results obtained by Fisher & Huse (1985); katadll. (1985);
Lipowsky et al. (1983):

kg T k2
V= s

(138)
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e 0<w< 1/2; Ty is not renormaliseds; = t5; Kl = (1+2w)In§

k|1-[~ \/87W|I'IEH

e 1/2<w<2;Ty is notrenormalisedy = m;

1
o W>2; Ty < TWF & ~ e T I~ 15

w

Notice that the MF results are recovered inthe» O limit.

In a series of simulations Kurt Binder and coworkers ((Binder & Landau, 1985;
Binderet al,, 1986; Binder & Landau, 1988; Bindet al, 1989, 1995a,b, 1996) stud-
ied an Ising system in a simple cubic lattice with opposite boundary fields. The sim-
ulations where made at ~ 0.8, for which theory predicty ~ 3.8, but the results
show no deviation from MF predictions. Halpin-Healy &&in (1987) suggested that
the asymptotic critical regime had not been reached in the simulations. This expla-
nation is doubtful, though, as simulations using the capillary model observed strong
non-universal behaviour (Gomper & Kroll, 1988), suggesting that the problem is in the
construction of the interfacial model from the full Hamiltonian.

The problem was then tackled by Fisher and Jin (FJ) (Fisher & Jin, 1991, 1992; Jin
& Fisher, 1993a,b; Fishest al, 1994) who precised the methodology to construct
the interfacial Hamiltonian from the full LGW model. The interface is defined as
the surface of iso-magnetisatiom‘ = 0 (crossing criterid) The partition function is
constructed by performing a partial integration of the configurations with diMet}:

7= /Dme—HLGW[m] :/DI // Dme—HLGw[m] (139)

defining
!
e Hll — / Dpe Hew(m (140)
For fixed interfacial configuratior] (x) }, the CW fluctuations are frozen, the only

fluctuations are bulk-like and given By Since we are far from the critical point a MF
treatment, using saddle-point, will suffice:

e Ml _ g-minH[m (141)

H[I] = Hegw[my(r; [1])] (142)

wheremy is a constrained profile that minimiskggw subject to constrains and bound-
ary conditions.
Functional minimisation oH _gw gives:

0?m, = ¢f(my) (143)

with the boundary conditions
my(r = (x,1(x))) =0 (144)

at the interface and 5
320 = o (145)

at the wall. Ing* theory the profile is an hyperbolic tangent but we approximate the
potential by a double parabola (DP approximation) giving an exponential tail to the

1In FJ other alternative definitions for the interface are used, however they don’t change the main results.
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magnetisation profile. FJ constructes(r;[l]) perturbatively in terms of planar con-
strained profilesny(z1). If the profile is constrained to be planar the PDE reduces to
an ODE which is easily solved:

d’my K(mg—mp) m>0 (z<I)
= 2 (146)

dz? k(Mg + mo) m<0 (z>1)

The solution of this ODE is easy:

Ae Kz 1Bz 4y z<|

—my+ Ce Kz z>1 (147)

M(2) = {

with A, B, C determined by the boundary conditions. Replacing back in the Hamilto-
nian we get the potential for when the interface is flat

Hiow[me(z )] =H[I]=A (—ae’k' +(b+ca)e ™ . ) =W(l) (148)

Perturbatively (to ordefCl)?)

m=(r;l]) > me(z1(x)) ; r=(x2 (149)
Then

HFJ[I] = HLew[mr[(Z; | (X))] (150)
= /dx {Z‘”ZAZ(I)(DI)ZJFW(I)} (151)

with a position dependent stiffness

o 2

() :zw+Azz/O dz(glmn(z;l)> (152)
As(l) = —ae X —2bkle & ... (153)

An RG analysis of this potential shows that under renormalisation the flows of
W(l) andAX(l) mix and the second term in the potential drives the transition first order
transition. These results where further reinforced by an analysis of Boulter (1997).

However nice this results are, there are some question that they raise:

e There is no hint of a first order phase transition in the simulations;
e Don't explain quantitatively why MF behaviour is observed in the simulations;

e If this analysis is correct then the global phase diagram of wetting in Nakanishi
& Fisher (1982) would be reversed. This seems unlikely as the results of NF are
based on general considerations of phase transition phenomenology, RG, scaling,
etc;

e No physical explanation of why there is a position dependent stiffness;

e There is no explanation of why there is-&® factor in the second term of the
potential;

For a review of the situation in 3D wetting until recently see Parry (1996) and
Binderet al. (2003) for a thorough review of the simulations results We'll see later that
all these issues are settled by a non-local model that is constructed following the FJ
methodology but using a non-perturbative method to deriver; [1]).
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9 Filling Transitions

So far we've been concerned with wetting on a planar substrate. If the substrate is
not planar we anticipate interesting effects due to the geometry. One such geometry
of interest is a wedge. Thermodynamic arguments (Concus & Finn, 1969; Pomeau,
1986; Hauge, 1992) show that the amount of liquid adsorbed in the apex of the wedge
diverges when the contact an@equals the opening angle of the wedge

8(Te) = a (154)

We then have a phase transition, at a temperalgrevhich anticipates wetting (see
the work by Rejmeet al. (1999) and all the Parry and coworkers papers). Titisg
transitionis clearly related to wetting but it is a different phenomena. We’'ll see that the
values of the critical exponents will be different for these phase transitions. Remark-
ably, even though these are distinct phenomena, there is a hidden symmetry between
these phase transitions, nanveedge covariance

We start by a thermodynamic analysis of filling. Suppose we have a wedge of
longitudinal lengthM and heightL/cosa, with a the opening angle. If the wedge is
filled to heightl the grand potential is

Q = —pV + Areax Surface Tension (155)

Since the bulk contributionpV, doesn’t depend on the height of liquid the relevant
contribution if from the surface terms:

. I | Ojgl
Areax Surface Tension = —0 L———)o — 156
. {SI w +< sma) wot Gng f  (199)

= AOwg+ % (Owi — Owg + Oig cOS ) (157)
but using Young's equation (equation 55) we get
ACyg+ Z.—Mcng(cosor —cos9)l (158)
sina
for a shallow wedge the second term:

M
~ Emg(ez —a?)l (159)
We see that if co8 > cost, i.e. 8 < a the system lowers its free-energy arbitrarily by
makingl macroscopic.
Before we proceed to a MF analysis of the filling transition we start by a definition
of the critical exponents. The relevant length-scales are indicated in figures 9 and 10.

ly ~ (8—a) P ~ (Te—T) P (160)
&x = 2l cota (161)
€1=1/{(1(02) = (1(0))2 ~ (6 —a) ™ (162)
&y ~ (B—a)™ (163)
we also anticipate a wedge wandering exponeut-in3
EJ_ ~ Eyw (164)
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for the wedge free-energy

fo ~ (B8 — )2 %w (166)
We also have the critical exponents relations
1—aw=—Bw (167)
from % O lw and also hyperscaling
Sx
g !
1y,

60

Figure 9: Filling transition ird = 2 with the relevant length scales indicated

Figure 10: Filling transition and relevant length scaled ia 3

We are now ready to a MF analysis of filling. We start with the interfacial Hamil-
tonian, with the potential being the same as in wetting

H— /dy/dx{i(Dl)erW(l —LIJ(X))} (169)

where(x) = tana|x| =~ a|x| and the vertical interaction, implicit in the potential, is
expected to be valid for shallow wedges.

If we have translational invariance along the wedge and do functional minimisation
of the Hamiltonian we have:

Gl

2
dx?

W (I —p(x)) (170)
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noting that

ap
dx Ix=0 -
With a change of variable
n=I-y(x
&n
Z@ =W'(n)

integrating this equation once

i(‘;’;)zwmwc

and using the fact that

lim n(x) =g
|X|~»oo

we get

> /dn 27 B
5 (3) —Wm -l —awy
and q
an
ax —

o) ) X
pXo >0
= ~Wlw+ =

and

2 2 a2
W(l) =5 (a®—6°)
For LR forces: b 3
_a b2z 2 o2
I\,‘3+I3v 2(or 6°)
a
7 ~Z(a+6)(6—-a)
lw
and finally
ly ~ (8—a) /P

sofw = 1/p. For SR forces:

M

—ag kw4 pe 2w — Z (02— 9?)

2

z6° ki — 2Kl
— —V22bBe™ "W + be” W =

2
2o klw_\/E
\/;6 vbe Kw = 5
W
Ky = =In /5 (801

from where we can see both tHa} = 0 and that

a2
2

Lw(8,0) = (6 — &)
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(173)

(274)

(175)

(176)

a77)

(178)

(179)

(180)

(181)

(182)

(183)

(184)

(185)

(186)
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this last relation is what we callegiedge covariancbefore. For completeness we also
include the values of other exponents without deriving them here:

fw~—(0—0a)in6—0a)=ay=1 (188)
& ~\v/—-In@-a)B—a) 2=y, =1/2 (189)

and from the hyperscaling relation
2— GW == (d - Z)Vy = dﬁ” - 4 (190)

For LR forces at MF level ind = 3:

ly ~ (8 —0) /P (191)
&~ (O—0a)™ with vy=1/2+1/p (192)
gL~ (B—a) (193)

MF results are OK ifp < 4 but breakdown ip > 4 in which case the critical behaviour
is in the universality class of SR forces.

To finalise this section we remark that the filling transition temperature can be con-
trolled by changing the opening angle of the wedge. Also we recall that for first order
wetting there is spinodal temperature above which the potential develops an activation
barrier responsible for first order wetting. Tfi < Tspinodaithen even in a system with
first-order wetting the filling transition will be critical.

10 2D Ciritical Filling
We now focus or attention on 2D filling, adapting the transfer matrix technique we used
for 2D wetting (Parryet al,, 1999, 2000b, 2002; Abrahagtal, 2002; Romero-Enrique

et al, 2004). We work with the approximations made before for a shallow wedge. For
a wedge of width X the Hamiltonian is

N HORIEUI

we now do the same change of variable we made before

n=I-alx| (195)
di [ L+a  x<0
a-{ 878 150 (196)
thus 5 5
A\ ()l
(dx) = (dx) iZadX o} (197)
5 2
H = _2x% + Hrln]%x — 25al (0) + Hefn]% + aZ(l- +1-) (198)

where the first and last terms are constants and thus irrelevant and

Ho= [ o [; (‘;2)2+w<n)] (199)
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By definition

e 20X Z, (N2, lg; X) €20 Z,(Ig, N ; X)

Pu(lo) = lim 200
wllo) X—o [dlg [efzazxzn(rk’|O;X)@Zulozn(|0’n>;x)} (209
if we now use
Zn(l1,12;X) = 5 W(l1)Wh(l2)e =% (201)
we have
Ru(l) = N |Wo(1)[? & (202)
with )
1 d“¥y
—o5 gz W()Wo=EoWo (203)
recalling the result for a square well potential, equation 120, we get
Pu(1;0,0) = 25(0 — o) 2(0-a)l (204)
1
SBy=1 (205)

<|>:|w:m

As in the case of wetting due to the fact that the PDF is exponential the transition is
fluctuation dominated &5, ~ |. Comparing these results with results 127 and 128 we
see that we have covariance:

Pu(1;6,0) = Pr(l;8 —a) = ly@q) = In(6—a) (206)

Before we close this section a number of remarks are in order. If we do the calcu-
lations with LR forces we get

(8—a)™? p>1 Universal

(@—a)"¥P  p<1 MFTrue (207)

Yoo 2 CIll P s () =1y~ {
If we do calculations with random bonds we again get covariance.
In d =2 and SR forces, if we relate the wedge free-energy with the line tension,
fw(6,a) =1(8) — (8 —a) and do the derivative in relation to the angle we get

% — D51y = g—; - ‘Lge %) (208)
and taking the limit ast — 0
1n(8) = — = & (209)
25 00
and a with simple power count
ap =0s+V (210)

a result conjectured by Indekeu & Robledo (1993). Covariance immediately implies
thatBw = Bs = 1%( for SR forces. Finally we derived covariance for a shallow wedge

but, from the exact solution for the Ising model in a corfer; 7(Abraham & Maci-
olek, 2002) and computer simulations, we now that it remains exact for acute wedges
as well.
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11 3D Ciritical Filling

The problem of filling on a 3D wedge for SR forces can be tackled by reducing it to
an effective 1D problem (Parrgt al, 2000a, 2001; Greenadit al, 2004; Rason &
Parry, 2005; Romero-Enrique & Parry, 2005; Ras& Parry, 2000). Recalling that

& ~lw ~ —In(®—a) and&, ~ /| In(6— a)[(8—a)¥2 we see that the fluctuations are

strongly anisotropic and th% — 0 asb — a. So starting with the full CW Hamilto-

nian we integrate out all degrees of freedom (“a la” FJ) except the 1D “breather mode”
excitations described by a local midpoint heighi#= [ (x = 0,y). So

e el = / "Dl (211)

which we calculate in MF witlig(y) fixed
H|:[|0} =min HLGW“] (212)

If we further assume a local cross-section described by a thin wetting layer of width
I7(6) and a near planar interface near the bottom of the wedge of Hg{ghtve get

Hello] = [ d Zlo (Ao} 10 (213)
Flo) = [ dy | — dy wilo
with p+1
I AlgP 4 LR forces
Viv(lo) = - (8" ~a )|0+{ Ae—Ko ... SR forces L9

A first check on this treatment is to recover MF results. By calculation the minimum

of the potential we see thig~ (6 —a)~ P for LR forces and thaly ~ In(6 —a) for

SR forces. We also ge&t, = \#ﬂo) = Vy =3+ and& = fvufgon =& =
2

(8—a)~ Y4 MFis OK if % < 1= p=4is marginal.
Heuristically we anticipate that fop > 4 thel~P*1 term is irrelevant (in the RG
sense). Start with the Hamiltonian

H :/dy [I ((cj;)er(e—cx)IJrAl'C’+1

now letl — I’ = # andy —y =}

(215)

2
n_ s [ dI’bY3 131 | pl'—p+ipl/3(1-p)
H[I'l= [ dy [I'b dby +th°l" + Al b (216)
witht = (6—a), finally

n_ Zi’ d7|/2 "ne ni—p+1
H[I]_/d)/lz q) HOEA

from where we can see thit= b*/3t, thus relevant, and A= Ab4;3p, thus irrelevant
if p> 4. Ast’ = b"t wherey; = 1/v sovy = 3/4 for p > 4. Alternatively consider a

pure SR system
sl /d\?
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defining
A= (0—a)¥4 (219)

Y =(8—a)y (220)

HelN = [ av li)\ (3$)2+22)\

and without further calculation§\) = constant= () ~ (8 —a)~%/* and has the cor-
relations,(A(Y)A(Y)), have a finite lengths & ~ (6 —a)~%/4. Alternatively think of
an effective potential

(221)

|3
E(9270(2)|0+A|0*p“+—° (222)

Veff = 2 E)Z,

where the last term comes from th@ll )? term in the Hamiltonian. But &g ~ E)l,/s

Vet = (8—)lo+1g P +153 (223)

with the last term representing a fluctuation induced contribution to the potential. By
comparing the previous results we have:

e p<4,MFregimelo(®—a) /P, & ~(B—-a)¥4 & ~ (8—a) Y21/P,
e p > 4, Fluctuations regimé,~ (8 —a)~%4 &, ~ (8 —a)~%/4.

If we make a full transfer matrix calculation with
B slg (dig\? Vi
z:/D|Oe o () 0o (224)

we get an equation that is same formally the same as the one that describes a quantum
mechanics problem with a position dependence mass. For SR forces an exact solution
for RPy(l) in terms of Hermite polynomial is known and the results are very different
from 3D critical wetting, e.g&} ~ (8 —a)~Y4 but&" ~ \/|InB]. So the wandering
exponent is changed.

We end this section by remarking that unlike the situation for 3D wetting the results
from both computer simulations (Albarat al., 2003; Milchevet al, 2003a,b, 2005a;
De Virgiliis et al,, 2005; Milchevet al., 2005b) and experiments (Brusdial., 2003a,
2002, 2001, 2003b) are in very good agreement with the theory.

12 The Non-Local Model

Numerical analysis shows that wedge covariance is satisfied for both shallow and acute
wedges (Greenakt al, 2004), however, if a local potential (normal distance to the
wall) is used to study wedge filling theacorrect resultly(8,a) = seal(6 — a) is
obtained (Rejmeet al., 1999). In other geometries the deficiencies of the local model
are even more pronounced and produce nonsensical results (Parry 8nRa606;
Binder, 2006).

In this section we describe briefly a non-local model that results from a careful
construction of the potential form the full LGW theory (for details see Patrgl.
(2006a)). This model seems to hold the key to the study of wetting in non-planar
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substrates and, simultaneously, to explain the longstanding discrepancy between theory
and simulations in 3D critical wetting.

The derivation of the interfacial model in (Parey al, 2006a) is essentially an
improved version of the methodology of Fisher and Jin (Fisher & Jin, 1991, 1992; Jin
& Fisher, 1993a,b; Fisheat al, 1994) described in section 8. With the Fisher and Jin
method, the problem boils down to solve a Helmholtz equation in the region between
the wall and the interface. Fisher and Jin solved the equation for the planar wall, planar
interface case, and constructed the solutions for a non-planar profile perturbatively.
Parryet al. (2006a) use a Green'’s function method to obtain the interfacial potential,
which can be expressed in an elegant diagrammatic expansion. In this diagrammatic
expansion the diagrams can be interpreted as contribution to the correlation function
between a point in the interface and a point in the wall due to tubes of reversed spins that
connect the two points (Abraham, 1983; Abrahatal,, 1984). The method is based
on a multiple-reflection expansion used in other problems (Balian & Bloch, 1970),
including Kac’s famous question: “Can one ear the shape of a drum?” (Kac, 1966). In
a sense we ask “Can one see the shape of the free-energy?”

The new form for the potential not only identifies the interfacial Hamiltonian to
exponentially accurate order in the radii of curvature, but retains a non-local character
that turns out to contain important physics in it. In Paetyal. (2004) the non-local
model is used both to recover wedge covariance and to explain the discrepancy between
theory and simulations of the 3D critical wetting transition. In Patal. (2006b)
the potential for a spherical wall with a spherical interface is obtained exactly and
compared to the results of the non-local model. As stated before, the results of the
non-local model capture all the important contribution, including some polynomial
pre-factors on the terms of the potential not suspected before, up to exponential order
in the radii of curvature.

13 Future Work

The non-local model provides a powerful tool for the analysis of interfacial phenomena.
Many questions can now be tackled. An obvious point to start is the application of the
non-local model to non-planar geometries, where local models are known to produce
nonsensical results, for example for a parabola (Parry & &8s2006) or a double
pyramid (Binder, 2006). Unlike the sphere, where the non-local model only produces
minor corrections to local behaviour, in these geometries the improvement should be
dramatic.

As a more formal, but necessary, check we must do an RG analysis of the new
diagrams that appear in perturbation theory to see how they influence (or not) critical
behaviour. From previous experience with the double parabola approximation we an-
ticipate that the new diagrams will not have a strong influence on the results obtained
with the simplest theory except, probably, close to the tricritical point.

The forces in real fluids are known to be of LR character, Van der Waals like. Can
we construct the LR equivalent of the non-local model to study interfacial phenomena
in these systems? If so, we have opened the way for a systematic and unified study of
interfacial phenomena in all sorts of substrate geometries. It is not difficult to anticipate
the value of such a theory for the study of the behaviour of fluids in sculpted geometries.
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A Solution of the Functional Equation in the LGW Model

Let us derive equation 20 from equations 17 and 18. Without being concerned with
mathematical rigour we introduce the notion of functional derivative by replan{zy

with m(z) +dm(z) in the Hamiltonian (withA = 1), wheredm(z) a small perturbation
beginning and terminating in the same pointsrézg):

H[m+ dm| :/dz[;(rﬂ+6rﬂ)2+(p(m+6m) (225)
expanding the functions inside the integral arodnd= 0

H[m-+3m| /danfer(p(m)} +/dz (& + ¢ (m)dm| +O(3n?)  (226)

=H[m|
so
SH[m] = H[m+8m — H[m] = / dz [/ & + ¢ (m) 5] (227)
integrating by parts and writing explicitly ttedependence ah again
SH[M(2)] = [nf(z)ém(z)]f:+/dz[(—nf’(z) +¢@(m(2)))dm(2)] (228)
~—_— —

=0
and thus ford? = 0 it is sufficient to have

m'(2) = ¢ (m(2)) (229)

B “Derivation” of the Interfacial Model

The derivation of the interfacial Hamiltonian from the more microscopic LGW model

is easy if a few assumptions and approximations are made. As stated before we assume
that the interface is smooth and doesn't fluctuate wildly so overhangs and bubbles
are ignored. Then the interface is like a membrane with thickness given by the bulk
correlation length and described by a coordind® andx = (x,y). We also assume

that the fluctuations df(x) are small (i.e]0l| <« 1). So

Hiow = / / dxdz[(Dm)z +<p(m)} (230)

2
1/9m\? 1/0m\2([a1\2 (a2
[l ) ] (2 (243
(231)
Considering as constantl ~ (), due to the fact thar fluctuations are small, the first

integral is now independent of Performing the integration as we did in MF theory
(derivation of equation 29)we see that the first part of the Hamiltonian is

Hil ()] = @(mo)V + L4 o (232)
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Finally, to obtain the third term in equation 40, we write explici@ly/dl (equa-
tion 26) and, using again the approximation that constant, perform the integration
overzto obtain the interfacial Hamiltonian. So

om\?  mek? k(z—1)
(6I> = sech 5 (233)
and the integration over z is elementary since
ok k(z—1) 4
@z Eseci’i1 > =3

finally recalling the expression for the surface tension (equation 34) we obtain for this
last term

g/dx(Dl)Z (234)
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