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Abstract

The process of fluid-driven crack propagation in permeable rocks is investigated by a simple hydro-mechanical model and
the concept of topological derivative. Analytical and numerical computations are made to propose a promising model tested
and validated on a series of bidimensional benchmark examples. The main guidelines for this model are the use of simple
finite elements with a minimal number of user-defined algorithmic parameters.
© 2020 Elsevier B.V. All rights reserved.
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1. Introduction

The hydraulic fracturing process is an engineering technique used to create and/or propagate geological faults
by means of the pressure of an injected fluid in order to let the gas trapped inside the rock be extracted at the
surface. This extraction process, commonly known as fracking, can be extremely damageable for the ecosystem
due, in part, to the possibility of contamination of the soil and the creation of uncontrolled seismic effects provoked
by the initiation and propagation of the cracks. In this sense, it is essential to promote accurate developments of
theoretical studies as well as computational tools able to monitor and possibly optimize the real-world process.
This simulation-based approach eventually serves as a scientific support at the disposal of the decision and policy
makers.

The hydraulic fracturing process has been subject of intense research in last years, see for example [1-8], to
cite a few. For a comprehensive review on the subject, see the introduction section in [9], where a phase-field
approximation in the spirit of Francfort-Marigo variational approach [10,11] is proposed. See also [12] where the
full Biot system is combined with a phase-field approach for hydraulic fracture modeling in a porous medium. A
fully-coupled formulation accounting for the displacement, pressure and the phase-field itself has been proposed
in [13], based on a free energy functional governing the whole damage evolution process.
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Recently, a simplified hydraulic fracturing model also based on the minimization of the Francfort-Marigo
functional but using the concept of topological derivative [14—18] to nucleate and propagate the cracks has been
introduced in [19]. Both approaches of [9] and [19] are similar in spirit in the sense that on the one hand they are
damage or “smeared crack” approaches to fracture (that is, by means of an infinitesimal parameter), and on the other
hand they avoid the introduction of ad-hoc tools, such as geometry or crack dependent parameters. Moreover, both
are based on an unified method to compute the crack opening and the mechanical equilibrium, possibly coupled,
as in the present work, to a porous media model, computed on the same domain discretization. We stress however
that in our method, the main guideline is the minimal working assumptions, parameters, and equations into play.
We also emphasize that nucleation and propagation are both governed by a threshold approach for the topological
derivative field, leading to remarkably simple algorithm that features a minimal number of user-defined algorithmic
parameters.

In the proposed methodology of [19], the reservoir was modeled as a two dimensional idealization in which the
rock is assumed to be impermeable and with no porosity. In this particular case, the fluid pressure is constant and
confined inside the crack. Obviously, this is not what takes place in the real process of hydraulic fracture, because
the reservoir generally consists in a porous medium. Therefore, the proposed pressure evolution strategy was in
this preliminary work a severe simplification of the fracking process encountered in real world, but nonetheless the
methodology we have followed seemed promising, allowing for the detection of multiples crack tip opening and
the simultaneous computation of multiple fracture paths. Moreover, the obtained results showed typical features
of hydraulic fracture, such as the characterization of the fault-activation pressure and specific crack path growth,
allowing for kinking and bifurcations. Also, the theoretical study motivated by the fracking model, made in [20]
and consisting in a I'-convergence result of the damage to the sharp fracture model, was a further preliminary step
to the understanding and the improvement of our model.

Indeed, in the present work, we propose an improvement of the method by letting the propagating medium
be permeable and hence we extend the strategy introduced in [19] for a porous media taking into account the
hydro-mechanical model proposed by Biot [21]. In this case, the crack propagation mechanism is activated by non
constant pressure field distributed over the whole domain. The resulting model is semi-coupled in the sense that the
equation for the displacement depends on the pressure through a source term, whereas the equation for the pressure
has no dependence on the displacement, and thus is unable to account for the influence of the fluid on the porous
matrix. Therefore, in contrast to our former work [19], a much more realistic scenario which takes into account for
pressure dropping phenomenon within the crack is considered. In addition, a specific adjoint state is introduced in
order to derive the associated sensitivities, that is solution to a semi-coupled problem in a reverse sense, where the
adjoint pressure system depends on the displacement field. This extension is non-trivial and represents the main
contribution of the paper from both theoretical and practical point of views. It should be emphasized, however, that
we are interested in the analysis of one particular aspect of the hydraulic fracturing process, namely, the effect of
a non constant distributed pressure field on the mechanism of crack propagation inside a porous medium. In this
sense, we stress that several physical aspects associated with the real hydraulic fracturing process, such as thermal
and chemicals effects or elastic waves produced by explosives, are yet neglected. The treatment of the total coupled
case, in transient regime into three spatial dimensions, is now under investigation.

The work is organized as follows. The hydro-mechanical model of hydraulic fracture is introduced in Section 2.
In Section 3, the associated topological derivative expression is derived. The topology optimization algorithm is
presented in Section 4. The numerical experiments are shown in Section 5. The theoretical results in three spatial
dimensions are presented in Section 6 for the reader convenience. Finally, some concluding remarks are presented
in Section 7.

2. Hydro-mechanical model of hydraulic fracture

Let us consider a saturated porous matrix submitted to a fluid flux that obeys the Darcy law under the quasi-static
loading assumption. The porous matrix, which represents a single block of the reservoir, is given by an open and
bounded geometric domain {2 C R? with Lipschitz boundary d(2. The domain {2 contains a subdomain @ C {2,
representing the geological fault into the reservoir. See Fig. 1. In the proposed model w is a damage region, and
it is only in the limit that this damage model is a fracture model, see [20]. To characterize the damage region, a
parameter p, defined as

1, ifxel\ow,

0. ifxecm. @1

p=px) = {
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Fig. 1. Saturated block containing a geological fault.

with 0 < pyp < 1, is introduced. Then, the region {2 \ @ will represent the undamaged porous medium while w the
geological fault. Since the present model is derived from the one proposed by Francfort-Marigo [10,11], the idea
consists in minimizing a shape functional F,(u) of the form

Folu) =T W) + kol (2.2)

with respect to the geological fault w, at the quasi-static time step #;. The second term on the right hand side of
(2.2) is the Griffith’s energetic dissipation term while 7 («) represents the total potential energy of the system and
is written as

Ju) = 1 / o) - (Vu)' dx — / o pdiv(u)dx . 2.3)
2Jq %)

The displacement field u, at the quasi-static time step #;, is solution to the following variational problem: Find
u € U, such that

/ o) -(Vn) dx = f apdivin)dx , VneV, 2.4)
Q Q

where « is the Biot’s coefficient [21] and p is the pressure of the fluid acting into the porous matrix at the time
step #;. More precisely, p = p(x) is solution to the following variational problem: Find p € P such that

/kVp-Vgodx:O,chEQ. 2.5)
Q
The term o (¢) in (2.3) represents the stress tensor and is defined as

a(p) = pC(Ve)", (2.6)

with the parameter p given by (2.1). We consider that the reservoir is composed of an isotropic material, so that
the elasticity tensor C can be written as follows

C=2ul+rI®T), 2.7)

where I and I are the second and fourth identity tensors, respectively, and p and X, given by
vE

R — d r=—— | 2.8
K= oasn (T +v)(1 —2v) 29
are the Lamé’s coefficients. The strain tensor, denoted by (V¢)°, is defined as
1
(Vo) = (Vo + (Vo)) (2.9)
The permeability of the porous medium & in (2.5) assume the values
_ ke, ifxef\w,
k=k(x) = {kf, ifxewm, (2.10)
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with k, < k. The set U and the space V are defined as

Vi=U = Hy(2; R?), (2.11)
while the set P and the space Q are given by

P = {q) eH'(D ¢, =0, ¢, =E} and Q == {p € Hy (D)} . (2.12)

where Iy := 92\ I'p. The term p; in the set P represents a prescribed pressure on [p at the time step #;, such
that

Pi =D + AP, . (2.13)
where Ap; represents the pressure increment. Then, the total prescribed pressure p is given by the sum
N
P=Po+ ) AD; (2.14)

i=1
where P, is the initial prescribed pressure and N the total number of increments. Therefore, the displacement field
u and the pressure p, in each quasi-static time step #;, are induced by the boundary condition p; prescribed on ['p.
Finally, the following adjoint problem is introduced in order to simplify future derivations: Find ¢ € Q, such that

/ kVq -Vodx =/ adiviu)pdx , Vo € Q (2.15)
Q 2

where o is the Biot’s coefficient.
Taking into account all these elements, the minimization problem can be defined as: For each quasi-static time
instant ¢;,

Minirgize Fu(u), subject to (2.4) , (2.16)
wC

where F,(u) is given by (2.2).
The same strategy proposed in [19] to deal with the characterization of the critical pressure is adopted here,
i.e., the parameter « is replaced by a new parameter «s defined as
K

K = [(5 = F , (217)

where «, represents a new material property and § is the length of the initial damage. The scaling property of «
with respect to § is crucial in the proof of the I'-convergence result in [20].

3. Topological derivative method

The topological derivative is defined as the first term of the asymptotic expansion of a given shape functional
with respect to a small parameter that measures the size of singular domain perturbations, such as holes, inclusions,
source-terms and cracks. In other words, the topological derivative measures the sensitivity of the associated shape
functional with respect to the nucleation of a singular domain perturbation. In order to introduce these ideas, let us
consider an open and bounded domain {2 C R? with a Lipschitz boundary 942, which is subject to a nonsmooth
perturbation confined in a small region B.(X) of size & centered at an arbitrary point X € (2. We introduce a
characteristic function x — x(x), x € R, associated with the unperturbed domain, namely y = 1, such that:

|m:4ﬂmm, 3.1)

where |{2| is the Lebesgue’s measure of (2. Then, we define a characteristic function associated with the
topologically perturbed domain of the form x > x.(X;x), x € R?. In the case of a perforation, for example,
Xxe(X) = 1o — 1p,(s), the perforated domain is obtained as (2,(X) = 2 \ B.(%). Finally, we assume that a given
shape functional ¥ (x.(X)), associated with the topologically perturbed domain, admits the following topological
asymptotic expansion:

V(X)) =¥ (0 + f@Dry () +o(f(e) (3.2)
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Fig. 2. Perturbed problem.

where () is the shape functional associated to the original domain, that is, without perturbation, f(¢) is a positive
function such that f(g) — 0 when ¢ — 0 and o(f(¢)) is the remainder. The function £ — Dr (%) is called the
topological derivative of v at X, which can be used as a steepest-descent direction in an optimization process like
in any method based on the gradient of the cost functional.

Therefore, in order to evaluate the topological derivative of the shape functional (2.2), it is necessary first to
introduce the topologically perturbed problem. The idea consists in nucleate a small circular inclusion, denoted
by B:(X), of radius ¢ and centered at the point x € (2, such that B.(x) C 2 and B.(X) N dw = @ (see Fig. 2).
The hydro-mechanical properties at the inclusion B (X) will be the same as in the geological fault w. In order to
introduce the topological perturbation, let us consider three piece-wise constant functions, y., & and y,;f , which
are defined as

_ _J1 ifxen\B.,
Ve = Ve(x) = {)/ if x € B, , 3.3)
o __ .« — 1 lfo.Q\B_€,
yg _yg (x) A {ya ifoBS, (34)
and
F U ifxeR\B.,
Ye = V¢ (x)-—{yf ifxeB, . (3.5)

that affect the elasticity tensor C, the Biot’s coefficient o and the permeability k, respectively, as described in detail
in Sections 3.1 and 3.2. The shape functional associated with the topological perturbed problem is written as

Foele) = Teue) + k|| (3.6)

where w, = w U B, with o N B, = ¢ and J,(u.) denotes the total potential energy of the perturbed system.

Since the present problem is formulated under a linear regime, the asymptotic analysis can be done separately. In
Section 3.1, the perturbation is considered on the elastic properties (elasticity tensor) and on the Biot’s coefficient
by setting y/ =1, y # 1 and y® # 1. In Section 3.2, the analysis will be done with respect to a perturbation on
the permeability by setting y = y® =1 and y/ # 1. The final result is summarized in Section 3.3.

3.1. Perturbation on the elastic properties and on the Biot’s coefficient

As mentioned above, the topological asymptotic analysis will be done first with respect to the perturbation on
the mechanical properties and on the Biot’s coefficient, i.e., with y # 1, y® # 1 and y/ = 1. In this case, the total
potential energy associated with the perturbed system, denoted by J.(u.), is written as

Te(ue) = %/;Zae(us)'(vltg)s dx —L%P div(ug)dx (3.7
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where the vector function u, is solution to the following variational problem: Find u, € U/, such that

/ oe(ug) - (Vn)' dx = / a.pdivin)dx , Yn €V, (3.8)
Q o)

with o, (u,) = y.0(u.) and o, = y~o, where o(¢p), y. and y2 are given by (2.6), (3.3) and (3.4), respectively,
and « is the Biot’s coefficient. In order to evaluate the difference between the energy shape functionals J(x) and
Je(ue), defined in (2.3) and (3.7), respectively, let us take n = u, — u as test function in the variational equation
(2.4). Then, the following equality is obtained

/ o(u)-(Vu)' dx = / o) - (Vuy) dx — / a pdiviu, —u)dx . (3.9
Q 10 10
Replacing (3.9) in (2.3) we have
1 1
J(u) = —/ o) Vuy) dx — —/ o pdiv(u, +u)dx . (3.10)
2 ] 2 2
In the same way, taking n = u, — u in (3.8), it follows that
f o.(ug) - (Vuy)' dx = / o.(ug) - (Vu) dx + f o pdiv(u, —u)dx . (3.11)
Q Q Q
After replacing (3.11) in (3.7) we get
1 1
Te(ug) = —f o.(ug) - (Vu)’ dx — —f o, pdiv(u, +u)dx . 3.12)
2 Jo 2 Jo

Now, taking into account the expressions (3.10) and (3.12), the variation of the energy shape functionals can be
written as

1 1
Telug) — T (u) = E/Q%(Ma) ~(Vu)' dx — E/QG(ME) ~(Vu)' dx

1 1
——/ o, pdiv(u, +u)dx + —/ apdiviu, +u)dx . (3.13)
2 0 2 [0}

After applying the definitions of the contrasts y, and Y given by (3.3) and (3.4), respectively, we have

1 1
Teue) — J(u) = E/Q o(ug) - (Vu)' dx + 5/ yo(ue) - (Vu)' dx
\Be Be

— l / o(ug) - (Vu)* dx — 1 / o(uy) - (Vu)' dx
2 Jo\s, 2 /s,

1 1
— —/ a pdiviu, +u)dx — —/ y®a pdiv(u, + u)dx
2\B 2 Js,

2
1 . 1 .
+ — o pdiviu, +u)dx + - o pdiv(u, +u)dx . (3.14)
2 Jas. 2 Js,
By adding and subtracting
1 — p¢
— Y / o pdiviu)dx , (3.15)
Be

the following expression is obtained after canceling of the identical terms

1 —
Te(te) — T () = —2—V oo (te) - (Vi)' dx
Y B

1 — @
+ ¥ / apdiviu, —u)dx + (1 — yo‘)/ o pdiv(u)dx . (3.16)
Be Bg

Now, in order to apply the topological derivative definition, it is necessary first to know the asymptotic behavior of
the function u, with respect to the parameter €. To this end, let us consider the following ansatz:

Ug = U+ w, + U, , (3.17)
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where u is solution to the unperturbed problem (2.4), w, is solution to an auxiliary exterior problem and i, is the
remainder.
In particular, the following auxiliary boundary value problem is considered when ¢ — 0: Find S;(w,), such that

divS,(w,) = in Rz,
Se(wy) — in oo, (3.18)
[Se(w)ln = g on 0B,

o O

where S, (w,) = y.C(Vw,)* and g = [p~ (1 — y¥)ap(X)I — (1 — y)S(u)(£)]n obtained after adding and subtracting
o(u(x)) and p(x) at the point X, with S(u) = C(Vu)*. The boundary value problem (3.18) admits an explicit
solution. For the case p(x) = 0Vx € 2 see [22], for instance. For the situation with constant pressure confined at
the inclusion see [19]. For the present case, taking into account that the stress S.(w,) is uniform inside the inclusion
B., the solution of (3.18) can be written in the following way

Se(we)jy, =Ty S@)(®) + p7'T,, (3.19)
where T, and T, are fourth and second order isotropic tensors, respectively. The tensor T, is given by
vy —y) a—b
=-———"(2b] I®I1 3.20
v 2(1+by)< +1+ay © (3-20)
and T, is written as
T, = —(1 — y*)a p(&)—T—1 (3.21)
=—(1 -y px . .
y Y )4 1 +ay
The constants a and b are defined in terms of the Lamé’s coefficients as follows
A A+3
a=2TH o b= 2O (3.22)
Jz At+p
After multiplying both sides of (3.19) by the parameter p, we have
oe(we)jy, = Tyo)(X) + T, . (3.23)

Note that the result shown in (3.23) fits the famous Eshelby’s problem, see [23,24].

Let us now consider the problem associated to the term o,(it;) in order to compensate for the discrepancies
introduced by the auxiliary problem (3.18). To this aim, the remainder i, is solution to the following boundary
value problem: Find u,, such that

divoe(it:) = goxs. in 2,
o.(lly) = VSIO(C(VIZS)X ,
U, = g on 0f2,
i || = 3.24
[a] = o on dw, (3-24)
[[Us(ﬁs)]]n = &2
[[ug]] =0 on 0B,
[[Ua(ﬁs)]]n =h
where go = (y* — y)aVp, g1 = —w,, g2 = —(1 — pp) S(we)n and the term & is defined as: h = on, with

d=10-ya(p—pENl— (1 —y)o)— o)(x)). The estimate ||i;| 51 o.r2) = O(€?) holds true.

Lemma 1. Let i, be the solution of (3.24) or, equivalently, solution to the following variational problem: Find
iy € U,, such that

/Q oui) - (Vi) dx = — [ (% —y)aVp-ndx

B

- —,00)/ S(ws)n-ndx—f-/ h-ndx, VnpeV,. (3.25)
dw 0B,
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The set U, and the space V. are defined as

U, = {(p e H(QRY : [gll, =0, ¢, = £2g} , (3.26)
V. = {go e H'(2:R) : [¢ll, =0, @, = 0} , (3.27)
with g = —e~2w,. Then, the estimate el gore) = 0(&?) holds true.

Proof. From the definition of function & = 6n, with n used to denote the unit normal vector field on d B, pointing
toward the center of the inclusion, we have

/ hondx = [ % —y)aVp-ndx —/ (1= v a(p— p@)divin) dx
dBe Be B

+/; (I =y) (o) —o@)X) - (V) dx, (3.28)

where we have taken into account that & = (1—y%) a (p— p(X)I—(1—y)(o (u)—o (u)(x)) and that div(c (u)) = aVp,
which comes out from the variational form (2.4). From this last result, the variational form (3.25) can be rewritten
as follows

/Qda(ﬁs) (Vn)dx = | (1=y)(o@) —o@)X) - (Vn)'dx — (1 —po) | S(wen-ndx

Be dw

— | (1=y"a(p— pGE)divin)dx, ¥neV,. (3.29)
B,

By taking n = i, — ¢, in (3.29), with ¢, € Z/ng, from the strong form (3.24), we have

f 0u(in) - (Vii,) dx = & / ouin-gdx+ [ (1 =)W — o)) - (Vi) dx
0 982 Be

— | A=yHa(p— pGE)divia)dx — (1 —po) [ S(wen - iedx. (3.30)
B

ow

Then, by applying the Cauchy—Schwarz inequality, it follows that
[ ot (VY dx < & ol el zaoe
Q
+ ¢ ”U(”) - U(”)(f)an(BE;]Rz) ||V’/~la||L2(38;11{2)
+ C2 ||p - p(£)||L2(BE) ”VIZSHLZ(BS;]RZ)
+ C3 ”S(wg)n”H—l/Z(aw;RZ) ||ﬁ8||H|/2(3wgle) . (33])

By applying the trace theorem it follows that

IA

ca(e? + [|x = & 25, m2) el i1 2:m2)

/ 0u(iie) - (Vi)' dix
0

IA

cse” it |l g1 ome) - (3.32)

where we have used the interior elliptic regularity of functions # and p together with the fact that the explicit
solution S(w,) is of order O(g?) far from the inclusion B, [22]. Finally, from the coercivity of the bilinear form on
the left hand side of the above inequality, we have

Ny = [ o) (Vii) d (3.33)
2
Then, it follows immediately that
liie Il 1 2im2) < Ce?, (3.34)

where C = cs5/c is a constant independent of the small parameter ¢. [
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Now, the integrals in (3.16) can be evaluated explicitly. In fact, after replacing the ansatz for u, given by (3.17)
in the first integral of the (3.16) we have

/ os(ug) - (Vu) dx = / o:(u) - (Vu)® dx +/ o.(wg) - (Vu)’ dx + &E1(¢) . (3.35)
Be B

Be

(@) (b)
The remainder & (¢) is given by

&i(e) = / oe(ite) - (Vu)' dx ,
Be

IE1(e)] < ||Gs(1'~ie)||L2(Be;]R2) [Vu ”LZ(BE;]RZ)

~ 2
crelliell g g2y < 0267 = 0(e?) (3.36)

A

IA

where we have used the Cauchy—Schwarz inequality together with the obtained estimate to the remainder i,. The
term (a) in (3.35) can be developed in terms of ¢ as follows

[ o.(u) - (Vu)' dx = / yo(u) - (Vu)® dx
Bg Bg
= welyo)(X) - (Vu)'(X) + Ele) . (3.37)

The remainder &,(¢) is given by

&)= | (h—h(Xx)dx,
Bg
1E2(e)| < crellx — Rl 25, m2) < C26” = 0(?) (3.38)
where the notation

h—hE)=yw - (Vu)’ —o@)X) - (Vu)'(x)) , (3.39)

has been introduced. Note that we have used again the Cauchy—Schwarz inequality and, then, the interior elliptic
regularity of the solution u. Since the exact solution to the exterior problem (3.18) is known, the term (b) in (3.35)
can be written as

/ oo(we) - (Vi)' dx = me*(Vu)' (3) - (T, o))+ T)) + &E(e) . (3.40)
Be
The remainder &£3(¢) is given by
&(e) = / o:(we) - (Vu)' — (Vu)'(x))dx ,
Be

IE3(e)] < ||Us(wa)”L2(Bg;]R2)||vu - V“()E)”LZ(BS;]R%

o 3 2
< ciellx — Xl 2(p,.m2) < €267 = 0(e7) , (3.41)

where we have used again the Cauchy—Schwarz inequality and the interior elliptic regularity of the solution u.
By replacing the ansatz for u, given by (3.17) in the second integral of (3.16) we obtain

/ apdiviu, —u)dx = / a pdiv(w, + ) dx
B¢ Be

= / a p(x)div(w,) dx + Ea(e) + Es(e) . (3.42)
B
The remainder £4(¢) is given by
Eule) = / a(p— p()div(we)dx ,
Be

A 2
@)l < cillx = £l 28, m2) 0 W)l 28, w2y < €267 = 0(e?) (3.43)
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where we have used the interior elliptic regularity of the function p and the solution to the problem (3.18). For the
remainder &(e) we have the following estimate

Es(e) = f o pdiv(a,)dx
B

1Es(e) < crllpli2p) I Vitell L2, .2
~ 2
< cselliiell yioomey < 0287 = o(e?) . (3.44)

By using the constitutive relation and some algebraic manipulation, we obtain

1
a p(x)div(w,) dx = / a p(x) —————tro(we) dx , (3.45)
/Bg ’ 5, 2v(n+2r) T
where tro,(w,), evaluated inside the inclusion, is written as
ay A " A
troe(We))y, ) = 1—[(1 — ytro (u)(x) — 2(1 — yHa p(x)] . (3.46)
+ay

The last term in (3.16) can be developed as follows
/ o pdiv(u)dx = wela p(R) div(u)(X) + E(e) , (3.47)
with th:gremainder Es(e) defined as
)= [ = nGindx.,

[Es(e)l < crellx — %l 2p,m2) < c26” = 0(e?) | (3.48)
where the following notation has been introduced
h— h(X) = a pdiv(u)(x) — a p(x) div(u)(x) . (3.49)

Note that we have used the Cauchy—Schwarz inequality and the interior elliptic regularity of the solutions # and p.
From the above results, the variation of the energy shape functionals, given by (3.16), can be rewritten as

1-— . A soa
Futue) = Jw) = =76 L [y + (T,0 @D +T,)] - (V' @)
Za 1 _ y o oY . ~ 2 o A . A
+ et (I =yHa p)div(u)(x) + we“(1 — y®)a p(x) div(u)(x)
21+4ay
(1 =y :
2 — 2 a2
— et ————a” p(x)" + &i(e), (3.50)
200 +ay)" P ;
where |£;(¢)| = o(e?), fori =1, ..., 6, as shown. Rearranging the above terms, the following expression is obtained
Te(ue) — Tw) = wePyo(u)R) - (Vu)' ()
6
l+a e . (1—y%)? R
2 1—y d — et ———a’ p(R)* &), (351
+me 1+ay( YY) a p(x)div(u)(X) — e 2,0;L(1+ay)a p(x) —|—IZ:]: (&) (3.51)
where P, is given
P= 1Y (it ta— el (3.52)
" T T2 1% by 2T Y ay ’ ‘

with the coefficients a and b defined by (3.22).
3.2. Perturbation on the permeability

Now, we consider y/ # 1 with y = y* = 1. In this case, the total energy of the perturbed system J,(u,) is
given by

Te(ue) = %‘/;QU(MS) : (Vug)s dx —/ ape div(ue)dx , (3.53)

2
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with the vector function u, solution to the following variational problem: Find u, € U, such that

/ o(ug) - (Vn)dx = / ap.div(n)dx , Yn eV, (3.54)
o) 10;

where p, is solution to the problem: Find p, € P, such that
/ ksVpe-Vodx =0, Yo € Q, (3.55)
Q

with k. = ygf k, where ygf is given by (3.5).

Again, in order to evaluate the difference between the energy shape functionals J(«) and 7, (u.), which are now
defined through (2.3) and (3.53), respectively, we take first = u, — u as test function in problem (2.4). Then, the
following equality is obtained

/ o) (Vu)' dx = f o) (Vu.) dx — / o pdiv(u, —u)dx . (3.56)
2 7] 2
By replacing (3.56) in (2.3) we have
1 1
Jw) = —/ o(u)-(Vug) dx — —/ a pdiv(u, +u)dx . (3.57)
2 Ja 2Ja
In the same way, let us take n = u, — u as test function in (3.54) to obtain
/ o(ug) - (Vuy) dx = f o(ug) - (Vu) dx + / o p.diviu, —u)dx . (3.58)
Q 7] 2
After replacing (3.58) in (3.53) we get
1 1
Te(ug) = = f o(uy) - (Vu) dx — = f o pediv(ue, +u)dx . (3.59)
2 0 2 2
From Eqgs. (3.57) and (3.59), the variation of the energy shape functionals is written as
1 .
Te(ug) — J () = —5/ a(pe — p)div(u; +u)dx . (3.60)
7]
At this point, we write u, + u = 2u + (4, — u) to obtain
Te(ue) — J(u) = —/ o (pe — p)div(u)dx + & (e) , (3.61)
2
where
1
&Ei(e) = —E/ a(p. — p)diviu, —u)dx . (3.62)
7]

The estimate |£7(¢)| = o(¢?) holds true and will be verified in the next two Lemmas.
By subtracting (2.5) of (3.55) and applying the definition of the contrast ygf given by (3.5), the following
expression is obtained

/ kVpS-dex—i—/ ykapa-Vgodx—/ kVp-V(pdx—/ kVp- -Vodx =0. (3.63)
‘Q\BF BS ‘Q\BS BS
By adding and subtracting the term
[ kV(pe — p)-Vodx , (3.64)
B
after canceling the identical terms, we obtain the following equality
[ kV(pe — p)-Vodx =1 —y/) kVp.-Vodx . (3.65)
2 Be

Finally, by taking ¢ = p. — p in (2.15) and ¢ = ¢ in (3.65), with g solution of (2.15), expansion (3.61) can be
conveniently rewritten as

Jeue) — TJw) =1 —y') | kVp.-Vgdx . (3.66)

B
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Now, it is necessary to know the asymptotic behavior of the solution p, with respect to the small parameter ¢.
To this end, let us propose the following ansatz:

pe =p+wl+pe, (3.67)

where p is solution to the unperturbed problem (2.5), w! is solution to an auxiliary exterior problem and p, is the
remainder.
The auxiliary exterior problem is defined as: Find w? (x), such that

divid Vw?) = 0 in R?,
w?! — 0 in oo,
(3.68)
p p—
[[wg]] =0 on dB,,
I:[yngwf]:Iw =g
with g = —(1 — y/)Vp(X) - n obtained from Taylor series expansion of p(x) around the point X. The problem
(3.68) has an explicit solution, namely
1—y/ g
w/x) , = ——————-VpQX) - (x —X), 3.69
8( )‘RZ\BE 1+)/f Hx_£||2 p( ) ( ) ( )
1 =S
W)y, = eV pE) - (= §) (3.70)
& |Bg l + yf . .

For more details about the problem (3.68) and its solution see [22, Ch. 5, pp. 144], where the estimate | p, | Hi() =
O(&?) can also be verified.

The next two results ensure the existence of the topological derivative associated with the case analyzed in this
section.

Lemma 2. Let p and p. be the solutions of (2.5) and (3.55), respectively. Then, the following estimate holds true:

I Pe — Pll 20y = ofe). (3.71)

Proof. From the ansatz (3.67) proposed to p., and by applying the triangular inequality together with the known
estimate for p., we obtain

1pe = Pll2ggy < [w?] 2 + OED). (3.72)

By defining a ball Bg(x) of radius R and center in X € {2, so that Bg(x) D {2, the following result is obtained

” wy ”LZ(Q) = wa ” L2(Bg)

1/2
= wP|* dx + w?|* dx . (3.73)
& &€
BR\Be Be

From w? given by (3.69) and (3.70), we can evaluate explicitly the integrals in (3.73), namely

[ w2 25, < ce*Vllog(e)] = o(e). (3.74)
Then,
1ps = Plli2go) = o(e) + O(e*) = oe) . O (3.75)

Lemma 3. Let u and u. be the solutions of (2.4) and (3.54), respectively. Then, the following estimate holds
true:

e — ull g1 w2y = 0(e). (3.76)
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Proof. By subtracting (2.4) from (3.54) and taking n = u, — u it follows that

[ o(ue —u)-Vu, —u) dx = / a(p. — p)div(u, —u)dx . (3.77)
Q 10

The application of the Cauchy—Schwarz inequality leads to

A

/ o(ue —u)- Ve —u)y dx < Cillpe — pll2) IV e — )l 2(0:r2)
0

IA

Cillpe = Plli2)llue — ullgio:r2) - (3.78)

From the coercivity of the bilinear form at the left hand side of (3.77) we have

cllue — ””?{1(9;]1%2) < /Qag(u(E —u) - V(u, —u) dx . (3.79)
Then, taking into account Lemma 2, the proof is concluded with C = C;/c independent of the parameter . [
Let us come back to the definition of £;(¢) given by (3.62). From the Cauchy-Schwarz inequality, we obtain

1E2(e) < c1 Ipe — Pl IV (e — )l 120.r2) = 0(67) (3.80)

where we have used Lemmas 2 and 3.
Now, replacing the ansatz (3.67) proposed to p. in the integral (3.66) we have

/ kVp.-Vgdx = f kVp - qux—i—/ kVw? - Vg dx +&le) . (3.81)
Be B Be

(a) )
The remainder £g(e) is given by

E(e) = f kVps-Vgdx ,
Be

[Es(e)] < ”kvﬁs||L2(B£)||vq”L2(Bg)
crell pell gy < 28 = o(e?) (3.82)

A

IA

where we have used the Cauchy—Schwarz inequality together with the known estimate to p,.
The term (a) in (3.81) can be developed in terms of € as

/ kVp-Vgdx = 7e’kVpR) - Vg(&) + Eo(e) , (3.83)
Be
with the remainder £y(¢) defined by

Eo(e) = | (h—h(X)dx,

Be
1Es() < crellx — £l 2,.52) < C26° = 0(e?) | (3.84)

where the notation
h—h(x)=kVp-Vqg—kVpX)- -Vqgx), (3.85)

has been introduced. In this case, we have used the Cauchy—Schwarz inequality and the interior elliptic regularity
of the function p.
Since the exact solution of the auxiliary problem (3.68) is known, the term (b) in (3.81) can be written as

[ kVw?P - Vqdx = we’kVw? - Vq(®) + Eio(e) . (3.86)
B
The remainder &y(¢e) is given by
Eno(e) = / KVw? - (Vg — Va@)dx .
Be

1€10(e)] = IkVw 28, IVg — VgDl 128,

< ciellx = Xl 2p,:m2) < 26° = 0(e”) . (3.87)
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Therefore, from the above results, the variation (3.66) can be rewritten as
10
Je(ue) = T () = —w&(1 — y /) [kVp(®) + kVw!] - VgR) + ) Eile)
i=7
10

R
_ 2 ~ A~ '
=—me 21 7 kVp(x)-Vg(x)+ ;:7 &ie), (3.88)
where the remainders |E;(e)| = o(g?), fori =7, ..., 10, as shown.

3.3. Topological derivative formula

The topological derivative of the shape functional (2.2), with respect to the nucleation of a small circular inclusion
characterized by the contrasts y, ¥ and y/, is given by the following sum

DrFo(x) = DrJ(x) + ks Drlwl(x) Vx e 2. (3.89)
The last term «5 Dr|w|(x) is trivially obtained and given by

+ks, ifxeN\w,
—k5, ifxew.

ks Drlo|(x) = { (3.90)
The variations between the energy functionals J(u) and 7. (u.) have been developed in Sections 3.1 and 3.2. From
these variations, we can identify function f(¢) = & and thus evaluate the term D7 J(x). In particular, by taking
into account the variations (3.51) and (3.88), the topological derivative [15,16,22] of the energy shape functional is
given by

1
DrJ(x) = P,o)(x) - (Vu)'(x) + 1 +a (1 — y*)ya p(x) div(u)(x)
+ay
U PR S
2o tap® PO =2 7 kVp) - Valo (3.91)

with the polarization tensor P, given by (3.52).

In order to check for the correctness of result (3.91), we consider a domain 2 = (0, 1) x (0, 1) m? representing
a clamped block with a centered inclusion denoted by B.(x(). The Young modulus, Poisson ratio, Biot coefficient
and permeability are given by £ = 17.000 MPa, v = 0,2, « = 0,1 and k¥ = 1,0 mD in {2 \ B.(xo) and
E = 17.000 x 107® MPa, v = 0,2, « = 1,0 and k = 10°> mD in B.(xy), respectively. The adopted values
for the material properties are precisely the same as in Section 5, showing the numerical experiments. The bottom
of {2 is subject to a pressure of 1 MPa, whereas on its top a null pressure is prescribed. Now, let us introduce the
following quantities

Te(ug) — T (u)

SY(e) = ————— (3.92)
| Bs (x0)I
Dryr(xg) == liII(l) Sy (e). (3.93)
e—
Finally, we consider ¢ = 27", with n = 3, ..., 8 integer. The problem is discretized into 105.138 linear triangular

finite elements, with the mesh intensified toward the center of the inclusion. From these elements, the graph
8¥r(e) x 1/¢ is plotted in Fig. 3. We observe that the horizontal asymptote (solid line) corresponds to the topological
derivative evaluated at the center xy of {2, whose value is given by D7y (xg).

4. Topology optimization algorithm

The original algorithm, proposed to study the crack nucleation/propagation based only on the topological
derivative field, was proposed in [18] and extended to the hydraulic fracture context in [19]. It is based on the
introduction of an inclusion at the region where the topological derivative is negative. This strategy is justified by
the fact that the introduction of an infinitesimal inclusion where the topological derivative is negative decreases the
values of the associated shape functional. In this way, the crack path is characterized by the sequence of inclusions
nucleated during the minimization process. Since several improvements with respect to the methodology presented
in [19] were made, the main aspects of the new algorithm are presented in the next section.
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Fig. 3. Variation of the energy shape functional 8§y (¢) from (3.92) with respect to 1/¢.

4.1. Description of the algorithm

As mentioned, the size of the inclusion to be nucleated is associated with the region w* where the topological
derivative is negative, i.e.,

o' ={xe:DrF,(x) <0} . 4.1
Let Dy F} be the minimum value of the topological derivative, i.e.,

DrF) = min Dy F,(x) . 4.2)
xew*

The inclusion to be nucleated inside the region w*, denoted by P, is defined as
of ={x e w*: DrF,(x) < (1—B)DrFs} | 4.3)

where 8 € (0, 1) is chosen in such a way that |0f| &~ 782/4 (and |wf| < 78%/4) is satisfied, where § represents the
thickness of the initial damage. The steps of the new algorithm are detailed below in the form of a pseudo-code,
see Algorithm 1.

Note that the line 13 in the Algorithm 1 represents the crack propagation process. For more details concerning
the Algorithm 1, see [19].

5. Numerical experiments

In all examples, the reference domain {2 represents one block of the reservoir which contains a single geological
fracture. In particular, the domain {2 is given by a square with dimension (5 x 5) m? as shown in Fig. 4. The
preexisting geological fracture is represented by an initial damage with length /2 and width §. The region to be
fractured is identified by the distribution of elastic material and the compliant material is used to represent the
geological fracture. Homogeneous Dirichlet boundary conditions are considered in all sides of the domain, except
in the last example concerning in-situ stress. The structure is assumed to be under plane strain assumption and
the total intensity of the prescribed pressure p on I'p is divided into N = 200 uniform increments. Finally, linear
triangular finite elements are used to discretize the hydro-mechanical coupled system.

5.1. Benchmark example

In this first example, the geological fracture is located at the center of the bottom side immediately above the
pressurization well. The modulus of elasticity E, the Poisson ratio v, the permeability of the medium k and the
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Algorithm 1: Damage evolution algorithm.
Input : 2, w, 8, N, Dy, Ap;
QOutput: Optimal topology »*

1for i=1:N do

2 solve the pressure problem (2.5);

3 solve the coupled elasticity system (2.4);

4 solve the adjoint state (2.15);

5 evaluate the topological derivative Dy F,, according to (3.89);

6 compute the threshold w* from (4.1);

7 | while |o*|>m8%/4 do

8 intensify the mesh at the crack tip;

9 solve the pressure problem and the coupled elasticity system;

10 solve the adjoint state and evaluate the topological derivative DrF,;
1 compute the threshold w* from (4.1);

12 compute the threshold w? from (4.3);

13 nucleate a new inclusion »? inside w*;

14 update the damaged region: w < o U o”;

15 solve the pressure, elasticity and adjoint problems and evaluate DrF,;
16 evaluate the shape functional F,, from (2.2);

17 if the shape functional increases, then break;

18 else compute the threshold w*;

19 end while

20 end for

Fig. 4. Benchmark example: One block of the reservoir containing a single geological fracture.

Biot’s coefficients o at the matrix and o/ at the fracture corresponds to the values from [5]. All data of the present
example are summarized in Table 1, where the parameter / represents the diameter of the inclusion.

The first observed critical pressure was pg = 3,68 MPa at pseudo time-step i = 184. The material distribution
after the damage evolution induced by this first critical pressure is presented in Fig. 5(a). Fig. 5(b) shows the
history of the shape functional F, from (2.2) during the optimization process described by the internal loop of
Algorithm 1. Note that the model dissipates energy in all iterations. After then, three new critical pressures have
been detected, namely, p? = 3, 84 MPa at pseudo time-step i = 192, p> = 3,92 MPa at pseudo time-step i = 196
and p* = 3,96 MPa at pseudo time-step i = 198. The observation of distinct critical pressures is due to the pressure
drop while the geological fracture grows. Since the damage evolution associated with each new critical pressure is
small with respect to the propagation related with the first critical pressure, only the final result is shown in Fig. 6.
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Table 1
Benchmark example: Parameters.
Parameter Value Parameter Value
h 1,0m E 17.000 MPa
s 0, 025 m 00 10~
[ (2/3)8 v 0,2
P 4, 0 MPa Ks 590, 0 J/m
k 1, 0 mD o™ 0,1
yf 103 af 1,0
300
200 i
100 b
=
.2
g
g 0 ]
[
H
-100 4
-200 b
-300 I I I | | |
0 50 100 150 200 250 300 350
iteration
(a) (b)

17

Fig. 5. Benchmark example: Results for pg = 3,68 MPa at pseudo time-step i = 184, (a) obtained damage distribution and (b) history of
the shape functional F,, from (2.2) during the optimization process described by the internal loop of Algorithm 1.

Fig. 6. Benchmark example: Damage distribution for p? =3,96 MPa at pseudo time-step i = 198.

The pressure distribution at the precise moment before the first propagation and at the end of the entirely process

can be observed in Figs. 7(a) and 7(b), respectively.
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8]

—_

(a) Before the crack propagation (b) After the whole propagation process

Fig. 7. Benchmark example: Pressure distribution.

Table 2

Stratified block: Parameters.

Parameter Value Parameter Value

h 1,0 m E 17.000 MPa
B 0,025 m 00 10~

1 (2/3)8 v 0,2

7 8,0 MPa K 590,0 J/m
ki 1,0 mD o™ 0,1

y! 103 af 1,0

5.2. Stratified block

In this next example, we consider a stratified block composed by two layers with different permeability and
modulus of elasticity, namely, k; = 1 mD and k, = 0,5 x k; and E; = 17 GPa and E; = 2 x E;. Two cases are
considered, which are referred to as Case 1 and Case 2. The different cases treated in this example differ from each
other by the spatial distribution of the material properties as indicated in Figs. 8(a) and 8(b), representing Case 1
and Case 2, respectively. The parameters used in this example are summarized in Table 2. In Case 1, twenty one
distinct critical pressures have been detected, the first one was p! = 3,80 MPa at pseudo time-step i = 190 and
the last one pfl = 5,56 MPa at pseudo time-step i = 278. In Case 2, twelve critical pressures were observed,
with p! = 6,36 MPa at pseudo time-step i = 318 and p!?> = 7,88 MPa at pseudo time-step i = 394. Once again,
the observation of different critical pressures is due to the pressure drop while the geological fracture grows. The
damage distributions at the end of the optimization process are presented in Fig. 9. Combinations such as (E1, k»)
and (E», k1) produce the similar results.

5.3. Heterogeneous medium

In this example, a heterogeneous medium is considered again. However, in this case the permeability & and
the Young’s modulus E are corrupt with White Gaussian Noise (WGN) of zero mean and standard deviation .
Therefore, k and E are replaced by k; = k(1 — 1,5) and E; = E(1 + 1.5), where s : {2 — R is a function
assuming random values in the interval (0, 1) and 7, = 0,5 and 7, = 2,0 corresponds to the noise levels. The
parameters are presented in Table 3. Figs. 10(a) and 10(b) show the corrupted Young’s modulus E.(x) and the
corrupted permeability k. (x), respectively. The resulting damage evolution associated with each detected critical
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(a) Case 1 (b) Case 2

Fig. 8. Stratified block with different material distribution.

(a) Case 1: pt = 3,80 MPa at i = 190 (b) Case 1: p2' = 5,56 MPa at i = 278

(c) Case 2: p. = 6,63 MPa at i = 318 (d) Case 2: pl? = 7,88 MPa at i = 394

Fig. 9. Stratified block: Final results.
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(a) Corrupted Young’s modulus (b) Corrupted permeability

Fig. 10. Heterogeneous medium.

Table 3

Heterogeneous medium: Parameters.

Parameter Value Parameter Value

h 1,0 m E 17.000 MPa
8 0,0625 m 0 107

1 (2/3)8 v 0,2

2 8,0 MPa Ky 590,0 J/m
k 1,0 mD a™ 0,1

v/ 103 af 1,0

Table 4

Block subject to in-situ stresses effects: Parameters.

Parameter Value Parameter Value

h 1,0 m E 17.000 MPa
$ 0,0625 m £0 107

1 (2/3)8 v 0,2

7 4,0 MPa Ks 190.000 J/m
k 1,0 mD o™ 0,1

v/ 103 af 1,0

pressure is presented in Fig. 11. Note that, due to the heterogeneity of the medium, we can observe kinking and
bifurcations phenomena, which is expected from the physical point of view.

5.4. Block subject to in-situ stresses effects

In this last example, we consider that the reservoir is subject to a uniaxial loading which induces a traction tension
oy = 50 MPa acting horizontally, representing the in-situ stress. The preexisting geological fracture is located at
the center of the block forming an angle of 30° with respect to the horizontal axis, as shown in Fig. 12(a). The
parameters used in this example are presented in Table 4. The related critical pressure was p, = 1,08 MPa at i = 54.
The result can be observed in Fig. 12(b). Note that, instead propagates straight following the main axis of the initial
fault, the crack reorients itself along the vertical direction, forming two opposite kinks at the crack tips [25].
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| | |

(a) po.=5,28 at i =264 (b) p. =5,36 at i =268 (c) pc = 5,48 at i =274 (d) p. = 5,52 at i = 276

1

(€) pe = 5,56 at i =278 (f) pe=5,60 at i =280 (g) pe = 5,68 at i =284 (h) p. = 5,84 at i = 292

<]y

(i) pe =5,88 at i =294 (j) p =5,96 at i =298 (k) po = 6,08 at i =304 (1) p. = 6,28 at i = 314

.

(m) p. =6,72 at i =336 (n) p. =6,88 at i =344 (o) p. =7,32 at i =366 (p) p. = 7,60 at i = 380

B

-

{

Fig. 11. Heterogeneous medium: damage evolution for each obtained critical pressure in MPa.

6. Towards 3D fracking

In this section we present the topological derivative associated with the hydro-mechanical model of Section 2
in three spatial dimensions. The derivations follow the same steps as presented in Section 3. In particular, the
topological derivative of the energy shape functional, written in terms of the Young modulus and Poisson ratio, is
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(a) Initial crack (b) Final result

Fig. 12. Block subject to in-situ stresses effects.

given by
DrJ(x) = P o@)(x) - (Vu)'(x) 4+ 3a(l — y*)ap(x) div(u)(x)

3B@a—-1(1-2 1-
S28a VA= e pey? -3
2 pE(—y) 2+vy
where the polarization tensor P, is now defined as

s
7kVp(x) - Vglx), 6.1)

1—
]P’yz—Ty(SbH+(a—b)I®I) , 6.2)
with the coefficients a and b redefined as follows
1-— 5(1 —
a= (1-v) and b= (1-v) . (6.3)
3(1—-v)—1+v)d—-yp) 151 —v) — (8 — 10v)(1 — )

The displacement u, the pressure p and the adjoint pressure g are solutions of the three dimensional counter-parts
of the variational problems (2.4), (2.5) and (2.15), respectively. We note however that in order to apply the result
(6.1) in the fracking modeling context, Algorithm | has to be adapted to the three dimensional case accordingly,
which seems to be not straightforward, requiring further developments.

7. Conclusion

The first challenge of this study was to show that a simple model of hydro-mechanical crack propagation in
permeable rocks was possible. Simple means (i) based on the minimization of an energy shape functional; (ii)
governed by the computation of a single field, the topological derivative, able to determine nucleation, advance,
bifurcation of multiple cracks; with a minimal number of user-defined algorithmic parameters. This aim was
achieved, and the simulations we made showed good to very good agreement with known benchmark examples
obtained by other methods. We emphasize also that an extremely simple numerical method, namely triangular finite
elements was used to compute all mechanical fields including the crack aperture. In this work the model was limited
to two-dimensional domains but the three dimensional case is already a work in progress, as shown in Section 6.
Transient effects are also a matter of future research.
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