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Abstract

The topological derivative is defined as the first term of the asymptotic expansion of a given shape func-
tional with respect to a small parameter that measures the size of a singular domain perturbation. It has
applications in many different fields such as shape and topology optimization, inverse problems, image
processing and mechanical modeling including synthesis and/or optimal design of microstructures, fracture
mechanics sensitivity analysis and damage evolution modeling. The topological derivative has been fully
developed for a wide range of second order differential operators. In this paper we deal with the topolog-
ical asymptotic expansion of a class of shape functionals associated with elliptic differential operators of
order 2m, m > 1. The general structure of the polarization tensor is derived and the concept of degener-
ate polarization tensor is introduced. We provide full mathematical justifications for the derived formulas,
including precise estimates of remainders.
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1. Introduction

The topological derivative measures the sensitivity of a given shape functional with respect
to infinitesimal singular domain perturbations, such as the insertion of holes, inclusions, source-
terms or even cracks [12,14,16,25]. Specifically, if the shape functional is denoted by [J (£2) and
the domain obtained after a perturbation of size ¢ localized around a point z is denoted by £2, it
is defined by

Dy (@) tim T2 =T
e—0 (&)

for some appropriate scaling function ¢(¢). This notion has proved to be a powerful tool for
the treatment of different problems such as topology optimization, inverse analysis and image
processing (see e.g. [7,11,17-19]), and has become a subject of intensive research. There are
also some applications in the multi-scale constitutive modeling context [8], fracture mechanics
sensitivity analysis [28] and damage evolution modeling [2]. All these problems share in common
to be governed by partial differential equations (PDE’s), and the type of PDE obviously impacts
drastically on the mathematical analysis involved. Concerning the theoretical developments of
the topological asymptotic analysis, the reader may refer to the papers [4,13,22], among others.

According to the literature, the topological derivative concept has been fully developed for a
wide range of second order equations, while a forth order equation is addressed in [6]. In this
paper, the topological asymptotic expansion of a class of shape functionals associated with an
elliptic differential operator of order 2m, with m > 1, is derived. The topologically perturbed
domain is obtained when an arbitrarily shaped hole is introduced inside the initial domain. Then,
the resulting void is filled with a phase whose material properties present a contrast with the
original ones. The main ingredient arising in the asymptotic formula is the so-called P6lya—Szegd
polarization tensor [24] (see also [3]), of which we derive the general structure for the operators
under consideration. We also introduce the concept of degenerate polarization tensor, in the sense
that it is independent of the shape of the topological perturbation and, at the same time, its
entries do not remain bounded when the contrast on the material properties goes to zero. In
this particular case it is remarkable that the polarization tensor can be easily obtained in its
closed form. We show that this phenomenon of degeneracy occurs when the operator satisfies a
particular algebraic property which is easy to check, a typical example being the bi-Laplacian.
Let us mention in this respect that the degeneracy of the bi-Laplacian occurs in the context
of dislocation modeling [26,27]. It basically means that dislocated regions can be created or
annihilated (in the sense of nucleation) with an energetical cost independent of their shapes.
The bi-Laplacian also appears in some plate models and thus our results have implications in
the optimal design of such thin structures, considering the compliance as objective function,
for instance. Specific examples of shape functionals and degenerated operators will be given in
Section 4.2.

The paper is organized as follows. Some notation and preliminary statements are introduced
in Section 2. Basic properties of the boundary value problems under consideration are collected
in Section 3. The topological asymptotic expansion for a class of shape functionals is derived in
its general form in Section 4, and the concept of degenerate polarization tensor is introduced in
Section 5. Some particular cases of differential operators, including degenerate cases, are pre-
sented in Section 6 together with a set of examples with analytical solution. The appropriate
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estimates of remainders are provided in Section 7, with full mathematical justifications. The ex-
tension of the obtained results to elliptic systems is discussed in Section 8. Some concluding
remarks and perspectives are given in Section 9. Appendix A is devoted to the proof of a classi-
cal coercivity result, however the uniformity with respect to the parameter ¢ is here highlighted.
In Appendix B, the notion of collectively compact operators used throughout the analysis is
recalled. Finally, the weighted and quotient Sobolev spaces needed for the formulation of appro-
priate exterior problems, appearing in particular in the construction of the polarization tensor, are
described in Appendix C.

2. Preliminaries and notation

Let £2 be an open and bounded subset of R” (n € N*) and X € £2 be fixed. Given an open,
bounded and smooth subset w of R" containing the origin, we define for every ¢ > 0 the set

w:(X) =% + ew.

Let pg € L°°(£2) be a given function which takes a constant value py in a neighborhood of X and
such that essinfg; pg > 0. Moreover, given a constant p; > 0, we set for all ¢ > 0

po(x) ifxe R\ we,

_ 2.1
pe() {/31 if x € 2N @1

For all multi-indices o = (a1, ..., ;) € N" and any & = (&1, ..., &) € R", we denote by

n n 1/2 n
ol = e, |é|=<25?) e =g
i=1 i=1 i=1

the length of «, the norm of £ and the a-power of &, respectively. To avoid any ambiguity, all
multi-indices will be denoted by the letters «, 8 or y. The derivative of order « of a distribution
u is defined by

o, _ a0 o
D*u =09, ---9,"u.

Let m € N*. We consider a family of real constant coefficients (dug)|a|=|g|=m Satisfying the
following properties.

e Symmetry: it holds for every «,
Aop = ABy - (2.2)

o Positivity: for any family of real numbers (yq)|o|=m it holds

Y. aapyayp 0. (2.3)

la|=|Bl=m
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e Uniform ellipticity: there exists « > 0 such that

D anpt*tP Z kg VEER". (2.4)

la|=|B|=m

We define the homogeneous operator A, : Hy' ($2) — H ™" (£2) by

(Actt, V) gm0 () = Z /psaaﬂDauDﬂvdx Vu, v e HJ'(£2). (2.5)
e

We recall that the space H"(£2) is defined as the closure in H™(£2) of the set of functions of
class C* in £ with compact support, and that it is also the set of functions of H™(£2) with
vanishing trace on 92 up to the order m — 1, see e.g. [1]. We will later argue that A, is invertible
(see Corollary 3.2).

We further consider coefficients (bqg,¢) defined for all € > 0 and «, B such that || < m and
|B] < m — 1. We assume that, for ¢ small enough,

bap.e — bap,0 = qup Xw.

for some coefficients gqg, and with x,, the characteristic function of w.. We define the operator
B : H)'(£2) — H™"(82) by

(Bsu, v)H“"(Q),H(;"(Q) = Z /baﬂygD“uDﬁvdx Yu,v e H(l)n(g)
le|<m o
|Bl<m—1

We assume that, for all ¢ sufficiently small, the operator A, + B, and its adjoint A, + B; are
injective. We will infer (see Proposition 3.3) that A, + B; is invertible, as well as its adjoint (the
proof is the same). Henceforth ¢ will always be implicitly assumed to be small enough.

Given a source f € H™"(£2) we denote for every ¢ > 0 by u, € H6” (£2) the unique solution
of

(Ag + Bo)ug = f. (2.6)

The goal of this paper is to analyze the asymptotic behavior of a shape functional of the form
j(&) = J:(us) when g — 0.

3. Well-posedness

The space H™ (£2) is endowed with the standard norm ||.|| g () and the associated seminorm
|.|gm(22) defined by

2 2
||”||%1m((z): Z ”Da””LZ(Q)’ |”|%1m(.(2): Z ”Da””LZ(Q)'
o] <m loe]=m

The expression (2.5) obviously defines a symmetric and continuous bilinear form on Hj"($2).
The coercivity is based on the lemma below, whose proof can be found in Appendix A.
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Lemma 3.1. There exists ¢ > 0 independent of € such that
(Actt, ) g-m(2), (@) = clulym gy Vu € HY' ().

By the Lax—Milgram theorem and the Poincaré inequality in Hé" (£2) (see [1]) we infer the
following result.

Corollary 3.2. For all f € H™"(82) and all & > 0 there exists a unique u € H}' (§2) such that

(Aeu, m)p-m@), mp ) = (fin) ¥ € Hy' (£2).
Moreover, there exists a constant ¢ independent of € such that ||u||gm (o) < cll fllam(2)-

Proposition 3.3. For all f € H™"($2) and all & > 0 there exists a unique u € H}' (§2) such that

Moreover, there exists a constant ¢ independent of ¢ such that ||u||gm Q) < cll fllam Q).

Proof. Since A, is invertible, we have
(Ae+Bu=f <& (I+B£A;1)Aeu:fy

where [ stands for the identity operator of H ™" ($2). By Corollary 3.2, A;l cH™T"(R2) —>
H(’)"(.Q) is uniformly bounded. Next, the operator B, can be decomposed as B, = J Bg, with J
the canonical embedding of H'~"(£2) into H " (£2) and B, the operator defined algebraically
like By, but acting from H™ (£2) into H'~(£2). By construction, B, is uniformly bounded and,
by the combination of the Rellich and Schauder theorems, J is compact. It follows that the family
of operators {BgA;1 H™"(2) > H7™(£2), ¢ > 0} is collectively compact (see Appendix B).

In order to apply Theorem B.1, let us prove that it is also pointwise sequentially compact.
Let () be a bounded sequence of nonnegative numbers. By the Bolzano—Weierstrass theorem
there exists 5 > 0 such that, for a non-relabeled subsequence, e — €. Let now ¢ € H ™" (£2)
be arbitrary and define ¢, = A;klga € Hy'(£2). Then we have pg, — pg,, almost everywhere,
which implies by a standard argument (see e.g. Theorem 16.4.1 of [10]) that ¥ — ¥ := A;oiw
weakly in Hy" (£2). We now write for any n € Hy' (£2):

—1 __ I px* -1
(BaAs @, n)H—’”(Q),H(;"(.Q) =(B;n, A, (p)H—'”(.Q)‘H(')"(Q)‘

Lebesgue’s dominated convergence theorem yields that B, n — By n strongly in H™"(£2). As
a product of weakly and strongly convergent sequences we infer:

(ngA;kl ¥, n)H*"’(.Q),Hé"(.Q) g <B:oon’ A;ol(p>H*m(.Q),H6"(.Q) = (Be., A;ol‘/” n)H*’”(.Q),H(’)”(Q)'

This means that Bg, A;'¢ — Be A; !¢ weakly in H™"(£2), but the convergence is actually
strong by compactness of the sequence. We have thus proved that B, Agkl — Be, A;ol pointwise.



1740 S. Amstutz et al. / J. Differential Equations 256 (2014) 1735-1770

By the Fredholm alternative, the operator I + BSA;l is invertible for each & > 0, since it
is injective by assumption. Therefore, by virtue of Theorem B.1, the operators (/ + B(EAA;I)’1
are uniformly bounded. Writing that u = A;'(I + B.A;!)~! f and using again Corollary 3.2
provides the desired uniform bound. 0O

We will later need the following variant of Lemma 3.1. The proof, which is very similar, is
left to the reader.

Lemma 3.4. Let p be a positive constant. There exists ¢ > 0 such that, whenever 0 € L") is
essentially bounded from below by p and D*u € L2(R") for every a with || = m, we have

Z ﬁsaaﬁD“uDﬁudx >C|M|2Hm(Rn).
|a|=\ﬁ\:mRn

As opposed to the previous case where the domain £2 was bounded, in Lemma 3.4 the semi-
norm |u|12qm(Rn) is not a norm and the Poincaré inequality does not hold. Hence, in order to
prove the existence and uniqueness of a solution in R", the Lax—Milgram theorem cannot be
applied directly. To address this issue, we introduce in Appendix C a weighted space W™ (R")
(cf. Eq. (C.1)) and its quotient space W™ (R")/P,,—1 where P,,_1 is the space of polynomials of
degree not greater than m — 1. We have the following extension of the Poincaré inequality (cf.
Corollary C.5).

Lemma 3.5. There exists ¢ > 0 such that, for all u € W™ (R"),

lleell wm ey /P, < clulgm@n).

The combination of Lemmas 3.4 and 3.5 will lead to useful existence and uniqueness results
for problems defined in R". We recall that the approach with quotient spaces is due to Deny
and Lions as reported by Ciarlet in [23] (see e.g. Theorem 14.1 as applied to the Finite Element
Methods).

4. Derivation of the general formula
4.1. A preliminary abstract theorem: asymptotic expansion of a cost function

The following theorem provides a general framework for the sensitivity analysis of a cost
function associated with a constraint in variational form. It has been introduced in [4], however

we give here a short proof for completeness.

Theorem 4.1. Let V be a vector space and I be a real interval containing 0. For all ¢ € 1
consider a vector ug €V such that:

as(ue,m) = (fe.n) Vnev, 4.1

where a; and f, are a bilinear form on YV x V and a linear functional on V, respectively. Con-
sider also a functional J; : V — R and a linear functional g, € V'. Suppose that the following
hypotheses hold:
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(1) Forall € € I, there exists v, € V such that

as(m,ve) = —(ge, ) Vnev.

(2) There exist real numbers Sa, §f and a function € — ¢(¢) € R such that, when ¢ — 0,

(ae — ag) (o, ve) = @()da + o(¢(e)),
(fe = fo.ve) = @(&)Sf + 0(0(#)).

(3) There exist real numbers §J1, § J such that

Jo(ue) = Jo (o) + (ge, ue — uo) + ()81 + 0(9(e)),
Je(uo) = Jo(uo) + ¢(€)8J2 + 0(p(e)).

Then we have
Je(ug) — Jo(uo) = @()(8a — 8f + 8J1 + 8.J2) + o(p(¢)).

Proof. From (4.5) and (4.6), we obtain

Je(ue) — Jo(uo) = (ge, ue — o) + @ (e)(8J1 +8J2) + 0(p(e)).

Taking into account (4.2) and the fact that u, — ug € V, we get

Je(ue) — Jo(uo) = —ae (ue — uo, ve) + @(£)(8J1 4 8J2) + o(¢(e))

1741

4.2)

(4.3)
(4.4)

(4.5)
(4.6)

%))

= —ag (e, ve) + (ae — ao) (uo, ve) + ap(uo, ve) + (&) (81 +8.12) + o(p(e)).

Then (4.1) yields

Je(ue) — Jo(uo) = (ag — ao)(uo, ve) + (fe — fo, ve) + @(e)(8J1 +812) + 0(p(e)).

Finally, using the hypotheses (4.3) and (4.4), we arrive at
Je(ue) — Jo(uo) = ¢(&)(8a + 8f) + ¢(£) (81 + 8.12) + o(¢(e)),
which leads to the result. O

4.2. A particular class of cost functions

(4.8)

For the sake of simplicity, we focus here on a particular class of cost functions. It should be
noted however that the theory developed here can be readily extended to other cost functions, on

possibly some additional estimates, similarly to [4,6].
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Theorem 4.2. Suppose that the cost function is of form J.(u) = J(u) with J : Hy'(£2) — R
satisfying

J@+h) = J ) = (g, h) g-m@).ume) + O(I117) 4.9)

forallu, h € H™(82), where either ||h|| = ||h]l gm(2\N)» with N an arbitrary neighborhood of X,
or ||hll = Ikl gm-1(g)- Then (4.5) and (4.6) hold true for ¢(¢) = &" and §J, = §J, = 0.

Proof. We already have (4.6) with §J, = 0, since J; is independent of &. Then (4.9) yields

Jeue) = Je (o) — (g, ue — uo) = O(Jlue — uoll). (4.10)

It will be proved in Lemma 7.1 that ||v, — vg|| = 0(£"/?), with a similar estimate holding for the
direct state, i.e., ||us — ug|| = o("?). Together with (4.10), this implies (4.5) with §J1 =0. O

For example purposes, two common cost functionals for which the above theorem applies
are given below, namely the least-square-type and compliance functionals. We still call N an
arbitrary neighborhood of x.

e Tracking-type functional

Js(u)=/|u —ug|*dx, 4.11)
D

with ug € L*(D)and D C 2\ .
e Compliance functional

Js(u):/fudx, (4.12)
2

with f; = f independent of ¢ (see the example in Section 6.2.2).
4.3. Strategy of the proof

We consider in the general setting a family of functionals J; : H)'(£2) — R satisfying (4.5)
and (4.6) for some g, = g € H"(£2), independent of ¢, and ¢(&) = &". As announced in Sec-
tion 2, we also assume for simplicity that f; = f € H ™" (£2) is independent of &, from which
Eq. (4.4) is straightforwardly satisfied with 6 f = 0.

According to Theorem 4.1, in order to obtain the general expression (4.7) of the topologi-
cal asymptotic expansion of Jg (i), the main step will be the evaluation of (4.3). This will be
achieved in Lemmas 4.3 and 4.4 of Section 4.5. An important part of the analysis, which con-
sists of the estimation of the remainders providing the o(gp(¢))-term in (4.3), will be deferred to
Section 7.

Let us now start the evaluation of Eq. (4.3). Recall first that in the present context the function
spaces are V = H6” (£2) and V' = H™™(£2), and the bilinear form a, is defined by
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as(u’ 'U) = ((AE + Bs)l/l, U)H*m(ﬂ),H(;"(Q)'

Moreover, the background state ug € Hy' ($2) and the background adjoint state v € Hy' ($2) are
respectively defined as the solutions of

(Ao+ Bo)ug=f and (Ag+ Bj)vo=—g, (4.13)
with B the adjoint operator of By. Moreover, Eq. (4.2) can be rewritten as
(Ag + B;‘)vs =—g.
4.4. Preliminary definitions
We introduce the variation
D 1= Ve — V0, (4.14)
and, in order to prove Eq. (4.3), we define the quantity
Va(€) := (ae — ap) (uo, ve). (4.15)
To proceed with the analysis of the asymptotic behavior of V(&) we shall use the spaces W™ (R")
and W"(R")/P,,—1 defined in Appendix C. In the course of the analysis we will need some

auxiliary functions. They are defined thereafter.
First, we define h, € W (R")/P,,—1 as the solution of

> peaap D he DPndx = —(p1 — po) Y faaﬁDavoDﬂndx (4.16)
lor| =18 =mggn ler|=1Bl=my,
for all n € W™(R") /Py, —1, with

. oo ifx eR"\ oy,
pa(x>={f’ \@e (4.17)

o1 ifx € we.
We next set
Ho(y) =& "he (X + ¢y). (4.18)

Then, we define for each y with |y | = m the function ¥,, € W (R")/P,,_1 as the solution of

> / pags D"y, (y)DP @ (y)dy = —(p1 — o) ) / aysDPd(y)dy  (4.19)
ot |=|Bl=mpn |Bl=m ¢,

for all ® € W™ (R")/Pp,—1, with
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n oo ifyeR"\ @,
p(y) = { A (4.20)
o1 ifyew.

Note that the existence and uniqueness of the solutions of (4.16) and (4.19) is a consequence of
Lemma 3.4 and Lemma 3.5. We set

H= Y D'u({)¥,. (4.21)
lyl=m

Finally we define the polarization tensor (pgg) by its entries

Pap = |o|(r — Dagpg + kap, (4.22)
with
" (4.23)
£0
the contrast and
kay =(r—=1) Y aap / DPw, (y)dy. (4.24)
Bl=m &

4.5. Asymptotic expansion of the bilinear form

Lemma 4.3. For ¢ sufficiently small, the following expression of (4.15) holds true:

Va@@)=¢"po Y papDuo(®)D uo(2)

la|=|Bl=m
5
+e'lol Y qupD uo(R)DPro(R) + ) Eile), (4.25)
< i=1
\ﬁlt\xélmﬂ—ll l

with the remainders

@ =G -p) Y [ (DD i - Do D)

lal=1Bl=m gy,

+ > /qaﬂ(D“uoDﬂuo—D“uo()e)Dﬂuo()e))dx,
lal<m g,
|Bl<m—1"*

EE@)=@1—p) Y. [ awp(D*uo — D*uo(%)) D dx.

lal=1Bl=m gy,

E(e) = Z qupD*uoDP ¢ dx,

la|Sm g,
[Bl<m—1
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Ea(e)=(pr—po) Y / aap D*uo(R) DP (B — he)(y)dy,

lerl=1Bl=m gy,

Es(e)=¢"(h1—fo) Y. / dop Duo(3) DP (H, — H)(y)dy.

la|=|Bl=m g

Proof. We have by definition

1745

Va(e) = Z /(pg — 00)0ap D¢ uoDlg vedx + Z /(aaﬂ’g — aaﬁ,o)DaMODﬂ vedx,

la|=[Bl=m g, le|<m o
IBl<m—1

hence, for ¢ small enough,

Va@)= Y f(ﬁl—ﬁo)aaﬂDauoDﬁvgdx+ > /qaﬂDauoDﬂvgdx.

\0‘|:|ﬂ|:mw€ la|<m g,
IBl<m—1

We make the splitting V,(¢) = Vu1 (&) + Vuz(s) with

Val (&) = (p1 — po) Z faaﬁDaMODﬁUO dx + Z /qaﬁDaMODﬁUO dx,

le=1B=mg, lal<m g,
IBl<m—1

ViEe)=(pr—po) Y /aaﬁD“uoDﬂﬁedx+ > fqaﬂD“uoDﬂﬂgdx.

la|=1Bl=m, la|<m g,
[Bl<m—1

e First approximation. With the help of the splitting D*ugDPvy = D%uo(x) DPvo(%) +

[D%uoDPvg — D*ug(x) DPuy(x)] we obviously get

Vi@ =loel(pr —po) Y. awpDuo(R)DPro(®)

la|=[B|=m
Floel Y. qepD*uoE)DPuo(R) + 1 (o).
| <m
[Bl<m—1

e Second and third approximations. Similarly we have

Vie= ). / (D1 — Po)aop D*uo(R) DP i dx + Ex(e) + E3(e).

le|=1B=m,,

e Fourth approximation. We now approximate v.. We have for any n € Hy' (£2):

as(n, V) = as(n, ve) —as(n, vo) = —(g, n) — (a: — ap)(n, vo) — ao(n, vo)

= —(as —ao)(m, vo).

(4.26)

4.27)

(4.28)
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For & small enough, we therefore have

> [ragpranfoax+ Y [ b 00t dx
2

lor|=|B1= || <
e Flm—1
== —po) ) /aaﬁD“nDﬂvodx— > /qaﬂD“nDﬂvodx, (4.29)
lar|=1B1=m g, la|<m g,

IBl<m—1
which suggests to approximate v, in (4.27) by &, solution of (4.16). We arrive at

VZ(e) = (b1 — fo) Z aap D% ug(R) DPhe dx + Ex(e) + Ex(e) + Eu(e).

latl=1Bl=m gy,

By the change of variable x = X + ¢y this can be rewritten ass

Ve =G0 Y [awD @D o) dy
lee|=|Bl=m ¢,

+ & (e) + E3(e) + E4(e). (4.30)

e Fifth approximation. On one hand, plugging h.(x) = " Hy(e~'(x — %)) and n(x) =
8’”¢>5(8_1(x — X)) in (4.16) yields after the change of variable x = X + €y in both integrals
of (4.16)

) f p(¥)aap D* He (y) DX (v) dy
=18 =mpgn

——(i=p) Y [ apD i+ D o dy (431)

la|=1Bl=m g
for every ¢ € W™ (R")/Py,—1, with p defined by (4.20). On the other hand, combining (4.19)

and (4.21) results in

> | A(awpD*H(y)DP @ (y)dy
la|=1Bl=mgn

=—(pr—p0) Y | awD*v@)DPO(y)dy (4.32)

la|=|Bl=m g

for every @ € W"(R")/P,,—1. On replacing H, by H 4+ (H, — H) in (4.30) we obtain

5
ViEe)=e"(p1—po) Y / aap D*uo(R)DP H(y)dy +)_ Ei(e). (4.33)

lee|=|Bl=m i=2
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Plugging (4.21) into the above yields

5
Vie)=e"(pr—po) Y. aap D uo(£) DY vo($) DP &, (y) dy + ) &ie).
loe|=|Bl=ly|=m ¢, i=2
After rearrangement we obtain
5
ViE) =e"po Y kayD"uo@)D vo(®) + Y _ &ie), (4.34)

la|=ly|=m i=2

with kyg defined by (4.24). Altogether we arrive at

5
Va@)=¢" Y (1ol(p1 — po)aap + pokap) D*uo($) DPvo() + ) Ei(e).

la|=|Bl=m i=1
The expression (4.22) of the polarization tensor leads to (4.25). O

The following lemma provides the appropriate estimates for the remainders &; (¢). This is the
core of the analysis. The proof is given in Section 7.

Lemma 4.4. Suppose that f and g are of regularity H® in a neighborhood of X with s >
max (0, % + 1 — m). Then the remainders E;(¢) in Lemma 4.3 satisfy |&;(e)| = o(e") for each
i=1,2,3,4,5.

4.6. Topological sensitivity analysis of the cost function
We are now in a position to provide the asymptotic expansion of the cost function.

Theorem 4.5. For every ¢ sufficiently small let u. be the solution of (2.6). Suppose that the cost
function Jg is such that (4.5) and (4.6) hold true for ¢(¢) = " and g, = g independent of ¢, and
that f, g are of regularity H’ in a neighborhood of X with s > max(0, 5 + 1 —m). Then we have

Js(ug)—fo(uo)ZE"[ﬁo > papDuo(R)DPuo(%)

la|=|B|=m

+ |o| Z qaﬂDo‘uo()?)Dﬁvo()?)—f-SJl+8J2:|+0(8"), (4.35)

la|<m
[Bl<m—1

with the entries of the polarization tensor (pug)|a|=|g|=m given by (4.22), and ug, vy solutions
of (4.13).
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Proof. By Lemmas 4.3 and 4.4 and Definition 5.3, Eq. (4.3) is satisfied with ¢(¢) = ¢" and

Sa:=po . papDuo@DPro®) +lol Y qupDuo(R)DPro().
la|=|Bl=m la|<m
[BI<m—1

The claim follows from Theorem 4.1. O

Remark 4.6. If the source term f = f, depends on &, then (4.35) is simply modified by the addi-
tion of the extra term £"3f, which stems from (4.4). If now the function g, which satisfies (4.5)
depends on ¢, then (4.28) changes, which results in the additional term (g, — go, 1) at the right
hand side of (4.29).If [|ge — goll - () = 0(e"/?), then we still have |0, — he|pm(2) = 0(e"/?)
in Lemma 7.1, therefore formula (4.35) remains unchanged. But if ||ge — goll g-»(s2) is of or-
der £"/2, then an extra term appears in (4.35). For an example we refer to [6] where such a term
has been computed for the Kirchhoff plate problem. Note that the regularity conditions f, g € H®
apply to fo and go.

Remark 4.7. Although the condition p; > 0 has been used in several places, the topological
asymptotic expansion for Neumann holes can be rigorously obtained by taking the value 5; =0
in the computation of the polarization tensor, provided that (4.19) still admits a solution (neces-
sarily non-unique) for this value. The proof of this claim is rather technical, and has been done
for the Laplace operator and the Kirchhoff plate problem in [4] and [6], respectively. The same
idea applies here, therefore we do not reproduce the proof.

5. A class of degenerate problems
5.1. Degenerate expression of the polarization tensor

Definition 5.1 (Degenerate polarization tensor). We say that the polarization tensor (4.22) is
degenerate when its entries do not remain bounded when the contrast r tends to zero.

In particular, when the polarization tensor is degenerate, the topological sensitivity for Neu-
mann holes is not defined, see Remark 4.7. This situation occurs when the cost functional is
discontinuous with respect to the nucleation of a Neumann hole, and it is observed for instance
in dimension n = 1 for the Laplacian (see Section 6.2). We will see that it can also occur in
higher dimension, but for higher order operators.

The goal of this section is to give a sufficient condition of degeneracy, as well as to provide
an explicit expression of the polarization tensor in this case. To this aim we introduce the family
of piecewise constant functions &, : R" — R defined by

_bizhg if
tay(r)={ A oy HXED 5.1)
0 if x e R" \ w,
with 84 =1 if & =y, 84y = 0 otherwise. We have for all ® € W™ (R") /Py, _1:
> f Paaplay DPD(y)dy = —(p1 — fo) Y | f ayp DP & (y)dy. (5.2)

la|=|Bl=mpn |Bl=m ¢,
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In the definition of the polarization tensor, (4.19) appeared as a critical step. Accordingly the
following assumption is made.

Assumption 5.2. For any multi-indices y with |y| = m, there exists a function ¥, €
W™ (R™)/Pp—1 satisfying

Z aap D*W, = Z agplay VB, |Bl=m. (5.3)

||=m lae|=m

It immediately stems from Assumption 5.2, using (5.2), that ¥, solves (4.19). Hence (4.24)
results in:

kay—< )/ Z agg DP W (y)dy—(——1>/ Z aaplpy

\l=m \Bl=m
=_<ﬁ_1) Y a PL=P0 15y = —a M| | (5.4)
00 5 Py Y pipo ' )

|Bl=m

with || the n-dimensional Lebesgue measure of . Moreover, plugging (5.4) into (4.22) pro-
vides the following closed formula for the polarization tensor.

Proposition 5.3 (Degenerate polarization tensor). If Assumption 5.2 is fulfilled, then we have

1
Pay = |U)|<1 - ;)ao{y- (5.5

We also note that, in addition to be degenerate in the sense of Definition 5.1, the polarization
tensor (5.5) is independent of the shape of w.

5.2. Characterization of a degenerate problem

We shall now give sufficient conditions for Assumption 5.2 to be satisfied. To do so, set
q = t{a € N", || = m} and define the linear map

A:R?T > RY
(Ua)al=m > (VB)|p1=m

such that

Vg = Z agpUy.

lat|=m

We recall the following general result from [20, Theorem 7.1.20].
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Theorem 5.4. If P is a homogeneous elliptic (i.e. P(§) =0 = & = 0) polynomial of degree p
in R", then the differential operator P(D) has a fundamental solution of the form

E =Ep— Q(x)log|x]|, (5.6)
where Eq is homogeneous of degree p — n, C*° and analytic in R" \ {0} and Q is a polynomial
which is identically 0 when n > p and is homogeneous of order p —n when n < p. (Cf. [20] for

its explicit expression.)

Corollary 5.5. Let E be the fundamental solution introduced in Theorem 5.4 and o € N" be such
that |@| = k. For all R > 1 there exists ¢ > 0 such that, for all x € R" with |x| > R,

ifn>p, |D*E)|<clx|P™7k,

ifn<p, |[D*E()|<clx|P?™" Floglx].

Proof. We first concentrate on the term £ of the decomposition (5.6). For all (r, v) € R4 x R”
we have

Eo(rv) =rP"Ey(v).
Differentiating k times with respect to v in the direction (§vyq, ..., duk) gives
d*Eo(rv)(révy, ..., réuvp) = rP"d* Eg(v) vy, - . ., Sp),

whereby

|d* Eo(rv) | = r?=" || d* Eo(v)|).
Choosing now x = rv, with |v| = 1 yields

|d*Eoo)]| = 1x17"*[|d* Eo) | < elx|P =",

which in turn implies

|DYEo(x)| <clx|P™" 7% V]| =k.

This provides the result for n > p. We now assume that n < p. Similarly to the previous calcu-
lation we obtain

|D* Q)| < clxP™"F Vel =k (5.7)
Denoting by E (x) = O(x)log|x|, we have, for some coefficients cog > 0,

DY E(x) = D” Q(x)log |x| + Z ca,gD"‘Q(x)Dﬁ (log |x|).

la|+BI=ly
1B1>1
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Using (5.7) we get whenever |y| =k and |x| > R:

[DYE@)| <elx|P™"Floglxl+e¢ Y7 1x|P7" x| TP < el P log ).
|| +[B1=k
1B1=1

Thus we get the results. O

We now state and prove one of the main results of our work, which allows to easily determine
whether the polarization tensor associated to an elliptic problem of order 2m is degenerate in the
sense of Definition 5.1.

Theorem 5.6. Suppose that rank(A) = 1. Then Assumption 5.2 is fulfilled. In consequence the
polarization tensor admits the expression (5.5), hence it is degenerate.

Proof. Let V = (V) gj=n € im(A) be such that VB # 0 for some ,3 Since dim(im A) =1 we
have im A = span(V') and

A((DW) o) =V & D agDUW =V (5.8)

lot|=m

For V defined by Vg = Zlalzm auplay, v fixed, a solution to the rightmost equality of (5.8) is
given by

W, = E x Vg,

where E is the fundamental solution of the operator »_,_,, a,5D%. Let us show that the
polynomial P (&) = Zla\=m aaﬁé"‘ associated to this operator is elliptic. Thus, assume that
P(&) =0. For |a| =m we set Uy, = &%, and we define U = (Uy)|o|=m- We have [A(U)]B =
P(&) =0, and since A(U) € span(V) (i.e., A(U) = AV for some A) with VB # 0, we in-
fer A(U) = 0. Therefore, Zlalzm agpt® = 0 for every B with |B| = m. Multiplying by gP
and summing over |8| = m, this implies Z|a|=|ﬁ|=m aaﬂ$“+’3 = 0. By the uniform elliptic-
ity assumption (2.4) we derive £ = 0. Therefore, the fundamental solution of the operator
P(D) = Z|a|=m aaED"‘ satisfies Theorem 5.4. Using Corollary 5.5 with p = m, it is easily
checked that £ € W™ (R") (defined in Appendix C). Hence ¥, € W™ (IR") as well, and the proof
is achieved. O

6. Selected applications
6.1. Examples of operators
In this section we review some classical elliptic operators. As the polarization tensor only

depends on the principal symbol, we restrict our presentation to homogeneous operators, i.e., we
assume that byg . = 0. In order to check the uniform ellipticity condition, we set

PE) = Y amptt’.

la|=|Bl=m
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6.1.1. In dimensionn =1

We have |o| =m = o = (m), hence ¢ = 1 and rank(A) = 1 for every m > 1. This case is
always degenerate and the topological asymptotic expansion for w being the interval (—1, 1) is
given by

. 1\ d™ Ldm R
Te(ue) — JoGuo) = | 2p0( 1 — = ) St () =2 (%) + 8y + 85 | + 0(e).
r ) dxm dx™m

6.1.2. Laplacian in dimension n > 2

We have m = 1, hence ¢ = n. Let (¢;);—1...., be the canonical basis of R". The bilinear form

.....

is

n
ag(u,v)=/,0€Vu.Vvdx:Z/pgDe"uDeivdx,

2 i=lg

hence P(§) = |& |2. In the basis formed by the vectors (e;);=1...., the matrix of A is the identity
matrix of order n, hence rank(A) = n. This case is not degenerate. The polarization tensor is
explicitly known for ellipses and ellipsoids, see e.g. [3,4].

6.1.3. Bi-Laplacian
For this operator we have m = 2 and the bilinear form is

as.(u,v) = / peAulAvdx.
Q

This yields P(§) = |& |*. Let us first focus for simplicity on the dimension n = 2. Ordering the
family (o € N2, |a| =2) as ((2,0), (0,2), (1, 1)) the matrix of A in the canonical basis of R is

1 10
A:(l 1 0).
0 0 O

It is immediately checked that A > 0 and rank(A) = rank(A) = 1. This case is thus degenerate.
The same thing occurs in any dimension 7, with, using a similar ordering, a matrix having as
only nonzero coefficients an n x n upper left block of ones. Therefore we have in any dimension
the topological asymptotic expansion:

r

1
Je(ue) — Jo(uo) =" |:,50|w|<1 - >Au0(3?)Av0(J?) +8J1+ SJz] +o(e").

6.1.4. Kirchhoff plate model
For this fourth order operator (m = 2) in dimension n = 2, the bilinear form is

ag(u,v) :k/pg(AAuAv +2uVVu :VVuv)dx,
2
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where k = 73 /12, T > 0 is the thickness of the plate, A, u > 0 are the Lamé coefficients. This
entails P(§) = k(L +2un)|& |4, which is uniformly elliptic provided that either A > 0 or u > 0. In
the same basis as in the previous case, the matrix of A is

A+2u A 0
A:k( A A+2u 0>>0.

0 0 4u

We find det A = 16k3 > (A + ), hence rank(A) = 3 provided that 2 > 0. The problem is thus
non-degenerate. The polarization tensor for a circular inclusion has been obtained in [6].

6.2. Numerical illustrations

6.2.1. One-dimensional problem
We consider the compliance functional associated to a second order one-dimensional equa-
tion, where, for 0 < a < 1/2, the source term f has the form:

2, O<x<a,

f(X)={

0, a<x<l.

The cost functional associated to the unperturbed problem reads

a

1
Jo(uo)=/fuo=2/u0,
0

0

with uq solution to

—up(x) =2, O0<x<a,
—ugy(x) =0, a<sx<l,

uo(0) =uo(1) =0.
The expression of #( can be easily shown to be

—x2—a’x+2ax, O<x<a,

uo(x) = {

—az(x—l), a<x<l.

The compliance associated to the perturbed problem reads

a

1
Ja(“s):/fuszz/us»
0

0
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Fig. 1. One-dimensional case: Solutions uq(x) and ug (x) fora =1/4.

with u, solution to

—ul(x)=2, O<x<a,
1 1
—ug(x) =0, a<x<§—s,
Vi 1
—ug(x)=0, 5+8<x<1,
e (]
U 5—8 =u, 5-{-8 =0,
us(0) =u.(1)=0.

This means that the domain is topologically perturbed by the introduction of a hole of size 2¢,
with homogeneous Neumann boundary condition. The explicit solution is given by

—x24+2ax, 0<x<a,

ug(x) = az, a<x<%—8,

0, % +e<x<l.
The solutions u( and u, are represented in Fig. 1 for a = 1/4. As we have already mentioned,

this is a degenerate case. In fact, in this simple example the difference between J, (1) and Jo(up)
is explicitly given by a jump independent of &, namely

Je (ue) — Jo(uo) = a*.

This means that the cost functional J, (u.) is not continuous with respect ¢. Hence, the topologi-
cal derivative for a Neumann hole is not defined.

6.2.2. Bi-Laplacian operator
Let us consider three balls B;, B,, B. € R2 with centers at the origin and radii 1, a and
&, respectively, such that ¢ < a < 1. We consider the compliance functional associated to the
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bi-Laplacian operator with source term

8 ifxe B\ Bq,

1= {0 if x € By.

The cost functional associated to the unperturbed problem reads
Jo(uo) = / fuo=38 / uo,
By Bi\B,

with uq solution to

A%up=8 inB;\ By,
Auy=0 in By,

up=~0
on dBj.
8,,u0 =0

For the perturbed problem with a homogeneous Neumann condition on the boundary of a hole

B, the cost functional is
Js(us):/fuazg / Ug,

By Bi\B,

with u, solution to

A’u, =38 in By \ By,
A%u, =0 in B, \ Be,

u, =0
on 0B,

Opte =0
Aug, =0

on d0B;.
opAug =0

Using a polar coordinate system (r,0), we find analytical expressions for both u( and u, by
separation of variables, as plotted in Fig. 2. Due to the axis-symmetry of the problems, their
solutions can be written in terms of r only, as shown in Fig. 3. In this example the difference
between J (u,) and Jo(up) is again given by a jump independent of &, namely

Jeue) = Jo(uo) = 7 (a* — 4a>loga — 1)*.

The cost functional J,(u.) is not continuous with respect to ¢ at ¢ = 0, which confirms that this
case is degenerate.
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(a) solution ug (b) solution ue

Fig. 2. Bi-Laplacian case: solutions u( and ug < 0.3 fora =1/2.

030 F B

0.0 0.2 0.4 0.6 08 7 1.0

Fig. 3. Bi-Laplacian case: profile of the solutions uq(r) and ug(r > 0.1) fora =1/2.

7. Estimation of the remainders

This section is devoted to the proof of Lemma 4.4. We will use the letter ¢ to denote a generic
positive constant independent of €.

7.1. Preliminary estimates
Recall that we have defined
Ue = ve — Vo € Hy' (£2).
We introduce the difference
ec = Ve —he € H"(2)/Pp—1,
where i, € W"(R")/P,,—1 solves (4.16). Moreover, we set

B pe(x) ifx e 2,
Pe(x) =1 . . ny B
00 ifx eR"\ 2.

Lemma 7.1. Let a > 0 be such that the open ball of center X and radius a, denoted by By, is
contained in $2, and choose an arbitrary §' € (0, 1/2). For & small enough we have that
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/

=
|he|am@n\B,) < ce" ™%, leg|am () < cs
n/2 n/2+8"

n/2+8”’ (71)

- ~ ~ "
e [l m (2) < ce 15e |l m (2\B,) < c& 156 1l g1y < ce™*H° (7.2)

Sor some 8" > 0.

Proof. The proof is divided into five steps.

o First step: estimation of |hg|pmwny. By elliptic regularity applied to (4.31) (see Lemmas 3.4
and 3.5) we get || He ||wm ®n),P,,_; < ¢, hence in particular

|He|gm@rny < cC. (7.3)

A change of variable results in

he|gm@ny < ce?. (7.4)
o Second step: estimation of |h¢|gm®m\B,). We derive from (4.31) that, for all ¢, €

W™(R")/Pim—1,

> [ foaus Dt Hr)D e ) dy @.5)
o= 1B l=

= Y [bapptm ;P ordy+ Y [ Go pag Dt H)D 0. (31 dy

lo|=|Bl=mpn la|=[Bl=m

=G0 > [asD G+ )01 dy

la|=1Bl=m g

t-p) Y [apDtH0IDP g1y

lee|=[Bl=m ,

=Go—5) Y. / dop (D0 (E + ) + D* He (3) DP g (v) dy. (7.6)

lae|=Bl=m g,
We define the distribution 7, € D' (R") by
T == Y [ aup(D"w + ex) + D H. (1) D0y dy.
la|=[Bl=m g

‘We therefore have, in the sense of distributions,

D" Y hoaaD P H =T, .7
|e|=|Bl=m

We call E the fundamental solution of the differential operator (—1)" 3~ _| gj=m P0dap DYP,
whereby a solution of (7.7) is given by HS = T, % E. By elliptic regularity, since clearly
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Te € HT™(R"), we have H? € H]!

1o (R™). In addition, if dist(x, w) > 0 we have the expres-
sions

= o= Y [ (D0 + e) + DUH.00)DPEGx = ) dy

la|=|Bl=m g,

and

DVH!)=(ho—p1) Y. f dop(D*v0(% + £y) + D*He () DY PE(x — y)dy.  (18)

la|=I|Bl=m g

The Cauchy—Schwarz inequality applied to (7.8) implies

172
|Dst'(x)| <c Z (/|Dy+ﬁE(x—y)|2dy) .

[Bl=m ~g

By Corollary 5.5 with p = 2m we infer that, for any R > 2, 8 € (0, 1/2) and |y| = m — k such
that w C B(0, R/2),

|DY H? (0)] < clx [+ Vx| > R. (7.9)

This implies in particular that HS € W™ (R"), and by uniqueness that HS is a representa-
tive for H,. Recalling that h.(x) = ¢" H; (e~ '(x — %)), we select the representative hg(x) =
e"H? (e 1(x — %)), hence

DYh2(x) =DV H? (7' (x = %)), |yl=m—k. (7.10)
From (7.9) we derive

DY he(x)| < e (x — )?)}k_”ﬁsf

=ce" Y |x = Vx| > eR, |yl=m —k. (7.11)

Therefore, choosing an arbitrary a > 0, we obtain

|22 W R\By) S ce" ™ (7.12)

for any ¢ small enough. In particular this yields |A¢|pgm g\ B,) < ce" Y,

o Third step: estimation of ||he | gm-1(gy. From (7.9) we obtain, for |y| =m — k,

n_p_ s

|DYH? |, <ce? +c (7.13)

(C(R,e~'Ry))

and

||DVH8° H L2(C(R2R)) S ©
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where C(a, b) stands for the ring of radii a and b. The above inequality together with (7.3) yields,
thanks to the Poincaré inequality, that

“ H; ” Hm(Bg) S € (7.14)
Combining (7.13) and (7.14) we arrive at

|D” H? ||L2(Bg_lR0) <cteer k9

A change of variables provides

[D7 1] 20 < 6% 4ce"™"

For k > 1, as 8’ € (0, n/2), the right hand side of the above inequality is of order 0(8%+6//) for
some 8" > 0. It follows that

([ PRRETRSES ce+, (7.15)

o Fourth step: estimation of |eg|gm (o). We set

(Aau,v)yfm((z),Hgf(g)= Z /ﬁgaa,gD“uDﬂvdx
o |=1Bl=m 5

so that, in view of (4.16) applied to the selected representative h$ and for a test function n €
H{" (§2) extended by 0, we have

AAeh; = —(AAE - Ao)vo.
Recalling that
(Ae + B)ve = (Ao + Bf)uo = 5.
we find
(Ac + BY)ve = —(Ac — Ao + B} — Bj)vo.
This entails, for el = v, — A,
*) o __ . N . *7 @ N N * *
(Ae + BY)ed = Se := —(As — Ap)h? — B} h? — (Ae — Ao — Ae + Ao+ B} — Bj)vo.  (7.16)

In addition it holds e} = —hg on 0§2. By Proposition 3.3 and classical arguments of elliptic
regularity and trace theory we infer that

”e; “ H™(£2) S C(”SSHH"”(-Q) + Hh;” W'"(R"\Ba))‘

Yet for every n € Hy' (£2) we have
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(Ses M) H-m(2), HI"(2)

=_ Z /(pg — Pedagg D*heDPydx — Z /baﬁ,gD“nDﬂh;dx

la|=|Bl= o<
e Blm1?

-y /(pg — po— P + Po)agg D*voDPdx — > /qaﬁD“nDﬁh;dX-
|ot\=|/3|:mg lo|<m e

1Bl<m—1

Using (7.12), (7.15), and the fact that p, — pg = p. — 0o for every & small enough, we get

(Se» M H-m(2), Y (2) < ce 2l pm(g).-

Using once more (7.12) we arrive at

le2] sy < ce? ™t (7.17)

o Fifth step: estimates on V.. From (7.1) and U, = h{ + e} we derive |U;| gm(@\B,) < cez o,

The Poincaré inequality entails ||, || gm(2\B,) < ce2 " Likewise, (7.4) yields ||vgll gm(2) <
ce? . We also derive from (7.15) and (7.17)

1Tell g1 g2y < ce 2 (7.18)
All the estimates are now proven. [
We are now in a position to estimate the remainders &;(¢),i =1, 2, 3,4, 5 of Lemma 4.3.
7.2. First remainder

Due to the assumed regularity of f and g, it follows that D%ug and D%vg are C! in a neigh-
borhood of x. By the mean value inequality we arrive at

|51 (s)| el
7.3. Second remainder

The Cauchy—Schwarz inequality entails
& () < cey/lwe||Ve| gm(e2)-
Using Lemma 7.1 we straightforwardly get

|52(8)| el
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7.4. Third remainder
The Cauchy—Schwarz inequality yields
E3(©)] < el 2 1Del gm-1(2)-
From Lemma 7.1 we infer
|&3(e)| < ce"t",
7.5. Fourth remainder
The Cauchy—Schwarz inequality yields
|Eae)| < clllll 120, lec | Hm(2)-
Then Lemma 7.1 entails
|54(8)| < ce"
7.6. Fifth remainder

We begin by observing that, subtracting (4.32) from (4.31), one gets for any ¢ € W™ (R")
> | 6()aws D (He — H)(y) DPpdy
ler|=1Bl=mgin

=— Z /(/31 — po)aup(D*vo(% + €y) — D*vo()) DP ¢ (y) dy.

la|=|Bl=m g

Applying the Cauchy—Schwarz inequality to the right hand side and using the C! regularity of v
we get

) / P(aws D (H, — H)(y) DP ) dy| < cell m e,
Ialz‘ﬂ‘:mRn

By elliptic regularity (see Lemma 3.4) we infer that
|Hy — H|pgm@ny < c&.
This implies by the Cauchy—Schwarz inequality that

\55(8)| et



1762 S. Amstutz et al. / J. Differential Equations 256 (2014) 1735-1770

8. Generalization to elliptic systems

We explain here how the previous results can be generalized to the differential systems. We
restrict ourselves to homogeneous differential operators merely for notational simplicity. We
concentrate on the main changes, that is, the expression of the polarization tensor.

8.1. General case

We consider now a vector field u, = (ul,...,ul) € H"(2)" solution of
ZZ/,OS aﬁD“u’Dﬁ fdx—Z(f n') Vne ' (2)N.
ij a.p Q

By convention Latin indices, written as superscripts, range over the set {1, ..., N}, whereas
Greek multi-indices are of length n. The system coefficients (a(lx]ﬂ) are supposed to satisfy the
following properties.

e Symmetry: it holds for every «, B, i, j
a ]ﬂ = aé; (8.1)

e Positivity: for any family of real numbers ( yé) it holds
) Zaaﬂyayﬂ 8.2)
ij off

e Uniform ellipticity: there exists « > 0 such that

YodalE Pz > klEP Y P V(E.2) eR" x CV. (8.3)

ij of i

Based on these assumptions the asymptotic analysis can be easily generalized, which is left to
the reader. This leads to define the function H = (H L. HN ), instead of (4.32), as the solution
of

> / (DY H () DPdI (y) dy

TR

=—(h—h))_ Y, / agly Dvh($) DP & (y) dy (8.4)

ij af g

for every family of functions @', ..., ®N € W™ (R")/P,,_;. By linearity, we have

=Y > Doyl (8.5)

Iy
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with kl/}ﬁl € W"([R")/Pu—1 solving, for each y, [,
>y / PNy DU (NDPDI (y)dy=—(p1 = po) Yy Y / alyDP®I(y)dy  (8.6)
ij b g i B
forall @', ..., &N € W™ (R")/P,,_1. The polarization tensor ( ng) is defined by
s = ol (r = Dagy + ks 8.7)

with
Kl =~ I)ZZa;’é/DﬂlI/}fl(y)dy. (8.8)
iB

Theorem 8.1. Suppose that the cost function J. is such that (4.5) and (4.6) hold true for
p(e) =¢&" and g, = g independent of €, and that f, g are of regularity H® in a neighborhood
of X, s > max(0, 5 + 1 — m). Then we have

Je(ug) — Jo(ug) = &" [,60 N pds D ul ) DP v R) + 8.0y + 512} +o(s").
ij op
8.2. Degenerate case

We introduce the family of piecewise constant functions g“(;ly :R" — R defined by

. _bi—bosil

gly={ A day Hxee (8.9)
0 ifx e R"\ w,

with 8 =1ifa =y and i =1, 5/, = 0 otherwise. Assumption 5.2 is modified as follows.

> Yay

Assumption 8.2. For any y, [, there exist functions llfjﬁl € W™(R")/Py,—1 satisfying

Y o> al Wl =" a8, (8.10)

i
We arrive at the following expression of the polarization tensor.

Proposition 8.3 (Degenerate polarization tensor). If Assumption 8.2 is fulfilled, then we have

i — - 1) 8.11
po[y_|a)| r ao{y' ( )
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9. Conclusion

In this work we have derived the general form of the topological asymptotic expansion for a
wide range of linear elliptic operators of order 2m. We have also identified a class of degenerate
problems, for which the closed formulation of the polarization tensor has been obtained. We have
given a simple algebraic criterion to recognize the degenerate cases, and we have shown that a
typical example of degenerate operator is the bi-Laplacian. As a consequence, the physical mod-
els whose state equations obey a PDE involving the bi-Laplacian will exhibit peculiar nucleation
properties. By nucleation it is here meant changes of the physical properties of the body by re-
moving and adding infinitesimal quantities of different materials with a view to the minimization
of a cost function, usually taken as the energy of the model. As an example, heterogeneities in
an elastic continuum can be modeled as small strain gradient perturbations, which in the scalar
setting would mean an energy comprising a term of the form €|Au|?, with u standing for the
displacement and € a small parameter, and a state equation thereby involving A2 (see [15] where
such a problem is treated in the framework of homogenization). Another example is provided
by time-dependent phase-change models involving Cahn—Hilliard type equations; a recent appli-
cation in geology which could also fit our setting has been numerically studied in [21]. Finally
we mention that the dislocation problem [26] which involves the bi-Laplacian (as a simplified
model for the incompatibility operator appearing in elasticity of dislocated elastic bodies) will
be further analyzed with a view to the results developed in the present paper.
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Appendix A. Proof of Lemma 3.1

We use the standard notation % for the Fourier—Plancherel transform of u € L%(R"), 7 for the
complex conjugate of z and |z| for the modulus of z.

By density, we can assume that u belongs to D(£2), the set of compactly supported and
infinitely differentiable functions defined in §2. Next we extend u by zero outside §2. Due
to the positivity assumption, the function ZID!I:I Bl=m aaﬂD“uDﬂ u is nonnegative. Thus, with
p = min(essinfg pg, p1), we have

(Agu, u) gp-m(@) HI(2) Z P Z aup / D*uDPudx.
lel=Il=m
Passing to the Fourier transform, we have by the Parseval equality

(At ) gni@nmp 20 D), dp / DuDfuds=p ) dup / 0P de.
la|=|Bl=m  Ra la|=[Bl=m  pn
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The uniform ellipticity assumption yields

(Agtt, u) g-m(2), HM(2) >£K/ &7 @) d.
RV!

The expansion of |£ |2m = O3y Eiz)m results in an expression of the form

EP" =) cat™

|la|=m

for some coefficients ¢, > ¢ > 0. This entails

(Actt, 1) ) 1 (2) > PK Y Ca [ lg@a* d& > pre Y [ jgal” dt.
lee]=m R” ‘C‘|:mRn

Using again the Parseval equality leads to

(Aeu, u) g-m 2y, Hr(2) = PKC |D“u|2dx =£K£|u|%_1m 0)-
0 (£2)

lo|=m o
Appendix B. Collectively compact operators

Let X be a Banach space and K be a subset of £(X), where £(X) is the set of bounded
linear operators from X into itself. We say that /C is collectively compact if the set {Kx, x € X,
x|l <1, K € K} isrelatively compact. The following result is a corollary of Theorem 1.6 of [9].
A proof can be found in [5].

Theorem B.1. Let I be a collectively compact set of bounded linear operators of X. Assume
further that IC is pointwise sequentially compact, i.e., for every sequence (K,) of K there exists
a subsequence (K, ,) and K € K such that K, ,x — Kx forall x € X. If I — K is invertible for
all K € K, then

sup ||(1 — K)71 < co. (B.1)
Kek

Appendix C. Weighted and quotient Sobolev spaces

In this appendix we define the functional spaces which provide existence theorems in R”. The
main result is found in Corollary C.5 which is the restatement of Lemma 3.5. Before arriving at
this result several preliminary lemmas must be proved.

Let B, be the open ball centered at the origin and of radius a. We will denote by r = |x| the
radial coordinate.

Lemma C.1. Let a > 0, B, =R" \ B, and q € (—00, 1]. If 2q 4+ n # 0, then it holds for all
ueD(B))

”’q”“LZ(B,;) < |261T”| ”rqHV””LZ(B,;)'
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Proof. Let v € S, the unit sphere of R”. Integrating by parts yields

0]

o
2
/r2q+n_lu(rv)2dr — _—/r2‘7+”u(rv)Vu(rU).UdV
2q +n
a a

o
2g+n
< py- /r ’u(rv)HVu(ru)’dr.
a

We obtain by the Cauchy—Schwarz inequality

0 5 0 1/2 , o 1/2
/rz‘””_lu(rv)zdr < —(/r2‘1+”_1|u(rv)|2dr) (/r2q+"+l|Vu(ru)|2dr> .
2g+n

a a a

This implies

/rzq+"_1u(rv)2dr < (—) /rzq+"+l|Vu(rv)}2dr.
2g+n
a a

Next, we have

(0.¢]
Irul sy, = [ [ w2 arao

S, a

< 2 )// 2‘1+”+1|Vu(ru)| drdv
2g +n

2 2
(261+n) Il e

which leads to the desired result. O

Let 6 € (0, 1/2) be fixed. For every k € N we introduce the weight functions as follows:

2 Pk
wi(x) = (1+[x]%) 2 (C.1
with
0 ifk=0,
=1 —k—35 ifk>1landn=1,

z
-5 —k—34 ifk>1andn>2
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Lemma C.2. Let a > 0, B, =R"\ By, meN. Forallk=0,...,m and every u € D(B)), we
have

swp_JukDul g < cx s |07l
m

B/ 9
jal=m— jal= (Fa)

where ¢y is a positive constant.

Proof. The result is obvious for k = 0, thus we assume that k > 1. We treat first the case n > 2.
By induction from Lemma C.1, we infer for || =m —k,

||;’17%71‘7‘3D’3 gcalfgf sup ||D u||L2

u“LZ(B(’Z) ol

””LZ(B 1y N

clsup ||r 3-8 p B

The desired estimate follows straightforwardly. Suppose now that n = 1. Again by induction
from Lemma C.1, we obtain for || =m — k

|4

u ” L2(B.)

<c sup [r°D” u||L2(B,)<ca ‘SUP ”Da””LZ(Bg,)’
o=m

la|=m
leading to the result. O
For any open subset A of R"” we define the space
W"(A) ={ueD'(A)|Vk=0,....,m, la| =m —k = wD"u € L*(A)}, (C.2)
where the weights are given by (C.1). It is endowed with the norm
m 1/2
2
luellwmay = [Z > ”kaau”LZ(A)] :
k=0 |a|=m—k

This norm is associated with an inner product (., .)wm 4), for which it is easily shown that W' (A)
is a Hilbert space.

We define W' (A) as the closure of D(A) in W (A). Let u € W"(B)) and 1 be a smooth
function such that n = 1in By, and n =0 in B},. Then nu € H™ (B and (1 — n)u € W"(R").
This allows us to define the normal trace of u on 9B, of order j, j < m — 1, denoted by Bﬁu.
Also, one may prove by standard arguments (see e.g. [1]) that D(R") is dense in W™ (R"). This
implies the following result.

Lemma C.3. We have
W (BL) = {ue W"(B.) | 9ju=0Vj=0,...,m—1}.

Proposition C.4. Let H be a closed subspace of W™ (R") and ||.|l3 be a norm on H such that,
for some constants c1, cp >, it holds

C1|M|Hm(Rn) < ||M||'H < c2||u||WW(]R)l) YueH.

Then, on the space H, the norms ||.||y and ||.||wm ®ny are equivalent.
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Proof. We must show that there exists a constant ¢3 such that

llellwrm gy < c3lluliz-

By contradiction, we assume that there exists a sequence (u,) € H such that, for every p,

1
lupllwm@ny =1, luplia < > (C.3)
Let 1 be defined as above. The Leibniz formula provides, for all v € W™ (B)),

[NVl (By,) < €IV H™ (Bsy) + ClIVI gm—1(py,)s (C4
|- n)v|Hm(Béa) <clvlgmpy ) +clvll gm py,)- (C.5)
The embedding of H™(B3,) into H™~'(B3,) is compact and the sequence (u p) is bounded

in H™(B3,). We still denote by (u,) a subsequence such that u, — w in H" 1(B3,). Using
Lemma C.2, (C.5) and the assumptions we get

”(1 —mup — ”q)” W™ (B,) Scllup —ugliy +cllup — ”q||Hm—1(B3u)-

Moreover, the Poincaré inequality in Hj' (B3,) together with (C.4) and the assumptions yield

”’7(”p —ug) ” H™(Bs,) Scllup —uglly +cllup —ugll gm-1(p,,)-

Therefore, (nu,) and ((1 — n)u,) are Cauchy sequences in H"(B3,) and W™ (B} ), respec-
tively. Thus, there exist (vi, v2) € H"(B3,) x W"(B},) such that nu, — vi in H" (B3,) and
(I =nup — vz in Wm(Béa). After summation, we infer u, — v :=v; + v2 in W"(R"). By
assumption, this limit holds also in /. From (C.3) we obtain a contradiction. O

Let P,,—1 be the space of polynomials of degree not greater than m — 1. It is easily checked
that P, is a subspace of W™ (R"). The quotient space W (R")/P,,— is endowed with the
norm

u > ullwngnyp,_; = inf |lu+ pllw»me, (C.6)
peP,

m—1
where u is an arbitrary representative of its class. Proposition C.4 implies that the seminorm

|| grm (ry is an equivalent norm to ||u||wm sy on W™ (R™) /Py, —1. This will be made clear in the
following corollary, which is a restatement of Lemma 3.5, and whose proof is now given.

Corollary C.5. There exists ¢ > 0 such that, for all u € W™ (R"),

llullwm ey /P,y < clulgmmny.
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Proof. By standard arguments of the calculus of variations the infimum in (C.6) is attained at a
unique point. The Euler-Lagrange equation applied to the problem with squared norm reads for
the minimizer v :=u + p

(v, p)wm@ny =0 Vp € Ppy_1,

which is equivalent to

(v,xo‘)W,,,(R,,) =0 Via|<m-—1. (C.7)

Therefore, W™ (R")/P,,—1 can be identified with the subspace of the functions v € W™ (R")
satisfying (C.7). In addition, the seminorm |.|m ) is a norm on this space. We then apply
Proposition C.4 with H = W™ (R")/Py,—1 and |Jully := |[u|gm®ry. O

Remark C.6. It appears from inspection of the proof that Corollary C.5 remains true if R” is
replaced by any connected open set containing the origin.
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