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1. Introduction

In classical infinitesimal elasto-plasticity (see standard
textbooks, e.g. [1]) the total strain €'t is assumed to
satisfy the following two conditions:
— There exists an additive decomposition €'t =
€® + €P where the elastic strain satisfies €€ =
Alo with A the elasticity tensor and o the
stress, and where the strain P is called plastic.
Furthermore, the plastic strain is often chosen
trace-free.

Electronic supplementary material is available — The total strain ¢

tot js compatible, that is, there

online at https://dx.doi.org/10.6084/m9. exists a displacement field u such that €'t = vSy,
figshare.c.3699061. with Vu the gradient of u and VSu its symmetric
part.
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On these bases, the equilibrium relation — divo = f with appropriate boundary conditions for
u together with ‘flow rules’ for €P (themselves based on the assumption that plasticity takes place
at the boundary of a convex set—the so-called elasticity domain—and on postulated dissipation
potentials) are jointly solved to find the solution, say (u,€P). It is not discussed here the fact
that this approach has provided enough evidence that such solutions correspond to the observed
behaviours of elasto-plastic materials. In this paper, we would like to propose another approach,
based on completely different paradigms and mathematical methods. We summarize our point
as follows.

— Objectivity is a crucial condition. It is intended field objectivity, that is, the intrinsic
character of field measurements for distinct observers but also the independence of this
field from any kind of arbitrary prescription: for instance u, Vu are not objective in the
classical sense, while VSu still depends on a reference configuration. However, the strain
rate d is an intrinsic, objective, unambiguous quantity. It is also intended objectivity of
tensor decompositions: is the aforementioned elasto-plastic partition well defined? Is
it a physical decomposition (based on experimental evidence) or a mathematical result
(based on proofs of existence)?

— Field decomposition must result from a mathematical statement, with clear conditions
for existence and uniqueness.

— Elasto-plastic materials are modelled with one governing system of equations (in place
of equilibrium + flow rules), of which classical infinitesimal elasticity is a particular case.

— Plastic behaviour is due to the motion of dislocations, which themselves create strain
incompatibility (i.e. the fact that €P is not a symmetric gradient) by the famous Kroner’s
relation inc e’ = —Curlk, where « is the dislocation contortion, directly related to the
dislocation density. Therefore, the incompatibility operator inc, defined in such a way
that inc €'t =0 represents the classical Saint-Venant compatibility conditions, is a key
ingredient of our approach.

— The second principle of thermodynamics must hold, and possibly be at the heart of the
model because plasticity is in essence a dissipative phenomenon.

Our model can be briefly described as follows. First, we derive the governing equations by
the classical method of virtual powers, together with the Beltrami decomposition of symmetric
tensors. We obtain a coupled system of equations which generalizes the classical system of
elasticity by involving the strain incompatibility through the fourth-order differential operator
inc inc. A crucial scalar appearing in these equations is the newly defined incompatibility
modulus ¢, whose link with classical Mindlin-like theories of higher-order elasticity is discussed.
Moreover, the role of £ as an internal variable for plasticity is established. In a second step, we
define the associated dissipation of the system. In the last step we compute, in a simplified setting,
the topological derivative of the dissipation functional.! The resulting quasi-static elasto-plastic
model is based on the second principle which allows us to nucleate plastic regions in the otherwise
perfectly elastic crystal. This nucleation is based on the creation/motion of dislocations which
increases the strain incompatibility while decreasing the modulus €. The incremental formulation
in which plastic effects take place in constantly updated regions results in an overall elasto-plastic
evolution model which is highly nonlinear (the governing equations are linear in each increment,
but the nucleation procedure by topological sensitivity is not).

2. Preliminary results

(a) Notations and conventions

Let £2 be a bounded domain of R?, d=2,3, with smooth boundary 3£2. By smooth we
mean C*, but this assumption could be considerably weakened. Let M® denote the space

!The detailed computations are published online in a specific document.
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of square 3-matrices, and S® of symmetric 3-matrices. The superscripts t and S are used
to denote the transpose and the symmetric part, respectively, of a matrix. Divergence, curl,
incompatibility and cross-product with second-rank tensors are defined componentwise as
follows with the summation convention on repeated indices: (div E); := d;E;;, (Curl T);; := (V x
T)ij = &jkm Ok Tim, (inc E);j := (Curl(Curl E)");j = &itn&in k01 Emn, (N x T)jj := —(T x N)jj = &jiuNg Tim-
Here, E and T are second-rank tensors, N is a vector, and ¢ is the Levi-Civita third-rank tensor.

(b) Function spaces used and preliminary results
Define
H($2):=(E e H*(£2,S?), divE =0}

. 21
and Ho(2):={E e H(2): E=(dNE x N)! x N=0on 3£} &

These spaces are naturally endowed with the Hilbertian structure of H?(£2,S%). Note that (dnE x
N)t x N =0 exactly mean that the tangential components of dNE vanish. Furthermore, it is proved
in [2] (see also [3]) that the following holds on 952:

E=@NExN)}xN=0 = CutllExN=0 = incEN=0. (2.2)

Tensor Curl® E is called the Frank tensor (see [4-6]).

(c) Some important theorems

Theorem 2.1 (Coercivity [2]). Let $2 be a bounded and connected domain with C'-boundary. There
exists a constant C > 0 s.t. for each E € Hy(£2), IElf2 (@) < Cllinc Ellr2 (o).

The following result is given for the sake of generality in LP(£2) with 1 < p < co but should here
be considered for p =2.

Theorem 2.2 (Beltrami decomposition [7]). Assume that §2 is simply connected. Let p € (1,400) be
a real number and let d € LF (2, 83). Then, for any vg € WLY/PP(382), there exists a unique v € WL”(Q, ]R3)
with v=vg on 32 and a unique F € LP($2,S%) with Curl F € LP(2,R3*3), inc F e [P(£2,S?), divF =0
and FN =0 on 952 such that

d=VSy +incF. (2.3)

We call VSv the compatible part and inc F the (solenoidal) incompatible part of the Beltrami
decomposition. Of course, prescribing v on a portion of 92 only is sufficient for the existence
of the decomposition. In fact, for our purpose, uniqueness will not be needed because the
decomposition will only serve as a convenient mathematical tool to project our model equations
onto orthogonal subspaces. The fields VSv and inc F will be said non-objective. It is however
important to note that the relation incd=0=d = V5o for some v € W7(£2,R3) (see [7]).

Theorem 2.3 (Divergence-free lifting [2]). Let E € H3%(352,S%) with [5o ENAS(x)=0,and G €
HY2(352,S%). There exists E € H($2) such that

E=E onas2,
(ONE)T=GT onas2,

in the sense of traces, where subscript T stands for the restriction to the tangential components.
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Lemma 2.4 (Green formula for the incompatibility [2]). Suppose that T € C*($2,S?) and n e
H2%(2,S®). Then

J T-incndx= J incT-ndx+ J T1(T) - ndS(x) + J To(T) - ann dS(x) (2.4)
2 Q IR IR
with the trace operators defined as
To(T):=(T x N)t x N (2.5)
and
Ti(T) := (Curl(T x N)"® + ((dn + )T x N)! x N + (Curl® T x N)%, (2.6)

where k is twice the mean curvature on 952.

Remark 2.5. Alternative expressions for 71(T) are given in [2]. In particular,

S
TiT) ==Y KT x ) xR+ (an + BT x N)' x N =2 <Z(3RT x N)t x rR) . (27)
R R

where (14, tg) form an orthonormal basis of the tangent plane to 352 oriented along the principal
directions of curvature and dg stands for the derivative along tr.

Remark 2.6. It is not hard to see that every E € Hy(2) satisfies div (Curl E)! =0 in £2 and
aNE=0on 9£2. Moreover, [, incE-Fdx= [ E- incFdux, for every E, F € Ho(£2).
(d) Some identities in the local basis

Let us consider a local orthonormal basis (4, 78, N) on 852 (for details on such bases and their
extension in 2, cf. [2]). For a general symmetric tensor T, one has in this basis

Tan Tap Tan Tap —Taa O
T=|Tga Tpg Tpy|, TxN=|Tgg —-Tpga 0],
Tna Tns TnN Tng —Tna O
0 0 0 TNy 0 —Tan
(TxtMYxtd=0 Tay -Ten|, Tx®'xf=] 0 o0 o |, @8
0 —-Tng Tgp —Tna O Taa
0 Tng —Tgs —Tng 0 Tap
and (T X N)t X TA =10 _TNA TBA ’ (T X I\])t X ‘L’B = TNA 0 _TAA . (29)
0 0 0 0 0 0

3. Construction of the model equations for a continuum with dislocations

(@) A-la-d’Alembert method of virtual powers

In this work, the method of virtual power will be considered to produce balance equations
for continua with microstructure. In general, this method is used together with the principle
of objectivity, in order to select admissible virtual velocity fields. The great advantage of this
approach is that it implies no restriction to thermodynamical reversible processes. It is also not
specified a priori whether the matter is solid or liquid, nor if the solid is elastic or plastic. By
virtue of this procedure, which will be briefly recalled, a model is constructed for our purposes
in a rational manner, as soon as a set ¥ =% x --- x ¥y is chosen to represent certain virtual
rate fields, as for instance a velocity field, or an elementary displacement taking place during a
time interval &t. Let us emphasize that these virtual rate fields need not be a displacement or a
velocity, but in general it is the rate of some well-defined kinematical descriptor (not necessarily
objective, or frame-invariant, see below). This space of virtual fields is selected together with
a chosen number of linear and continuous functionals defined on the Hilbert spaces 7;. In the
following, we consider a family of virtual fields v = W,..., oM e x - x .
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(i) Virtual external power

A first family of linear functionals represents the virtual power of external bulk and contact forces.
The virtual power of these external forces writes as (with summation convention on i),

9(8)(1)/ Q) = <¢i/ Ui>/

where (-, -) stands for the duality pairing in %. Hence, the given (data) field @ € % may represent
any quantity which is work-conjugate to v'.

(ii)) Virtual intrinsic power

Another family of linear and continuous maps are considered, defining the virtual intrinsic power,
that is the power exerted by matter on itself. It is written as

P (v, 2) = (A, V).

The functional structure, i.e. the chosen scalar product, will determine whether vl alone, or
also some of its derivatives will be taken into account in the model equations. Depending on
the nature of the generalized velocity v’, its conjugate field A’ may represent either classical or
configurational forces [8], as at the present stage we do not distinguish between intrinsic efforts
resulting from smooth deformations and those due to microstructural changes.

(iii) General conservation law
D’Alembert principle in the absence of inertia is then stated as
Py (v, 2) = Py (v, 2), (3.1)

for all ve 7 satisfying some kinematic assumptions. The latter ones amount to choosing a
subspace of 7/, thus they could have been directly incorporated in 7. However, it is generally
useful to define the intrinsic power on a larger space, because it is associated with the matter
itself and not to a particular configuration, as explained thereafter. Upon incorporating in
¥ fields accounting for heat transfer, D’Alembert principle expresses the first principle of
thermodynamics.

(iv) Objectivity

The virtual intrinsic power determines the internal forces, that is, the forces exerted by the matter
on itself. The general velocities that work against these forces are said to be objective, i.e. they
are independent of the observer and the kinematic assumptions. Independence of the observer
means that these quantities obey the standard rules for the transformation of scalars, vectors,
tensors through a roto-translation of the frame with arbitrary speed. It is for example well known
that the field ‘velocity” is not objective, nor is its gradient, whereas its symmetric part is at
least frame-independent [9]. However, our concern is that it is not always possible to define a
velocity field in an intrinsic manner. Indeed, the traditional approach of continuum mechanics
relies on the definition of a smooth bijective transformation between two configurations of the
same material, whereby the velocity is obtained through its time derivative when one of these
configurations is chosen as reference. But in the presence of crystal defects like dislocations such
a construction is no longer possible [10]. At the microscopic scale, one could think of using a
transformation to describe the motion of atoms, but this would be insufficient to describe changes
in the crystal arrangement, which nevertheless produce work. For instance, atomic bonds can
move while atoms remain fixed. For us the velocity field is only the name given to one element
of the Beltrami decomposition [7] of a symmetric tensors d, i.e. d = VSv + incF, which is a mere
mathematical decomposition of d whose uniqueness relies on the kinematical assumption v = vg
on 982. Of course a change of frame, which amounts to changing vg(x) into vo(x) +a+ w x x,
with (2, ) the speeds of translation and rotation of the new frame with respect to the former
one, does not change either VSv or inc F as only v(x) is changed into v(x) 4+ a 4+ w x x. But a more
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general change of the boundary condition (like changing vp) would change the decomposition. We
emphasize that neither V59 nor inc F alone are objective in our generalized sense, simply because
they follow from a decomposition which is non-unique. As already mentioned, uniqueness would
indeed require to fix boundary conditions for v and F in the Beltrami decomposition, which is by
definition dependent on external kinematical constraints.

(b) Model objective tensors: strain and strain rate

In our model, we consider the deformation rate d as the principal objective field. Recall it is a
symmetric tensor whose components at point x can be defined in the following manner. Identify
three fibres at x, denoted by ay,a»,a3, which at time ¢ are oriented along the axes of a Cartesian
coordinate system and of unit lengths. The deformation rate at x is defined as ([11])

1
dij(t) = 3 (%(ai . ﬁj))t~ (3.2)

It is easily checked that this definition corresponds to the classical interpretation of the strain rate
in linearized or finite elasticity: the diagonal components of d represent unit rates of extension
in the coordinate directions, whereas the off-diagonal terms of the rate of deformation tensor
represent shear rates, i.e. the rate of change of the right angle between line elements aligned
with the coordinate directions. In the presence of dislocations, the above definition can still be
used at the microscopic scale, and permits the definition of its macroscopic counterpart by local
averaging. We point out that choosing the strain rate as primary unknown is also the main idea of
the so-called intrinsic approach of elasticity. However, this approach still hinges on compatibility
relations [12].

Now, the Beltrami decomposition yields the vector v and the symmetric and solenoidal tensor
F such that

d(t) = VSu(t) + inc F(t). (3.3)

For a compatible deformation one has incd = inc F = 0 hence v is determined up to rigid motions
[7]. Thus, one recovers the classical picture: for any compatible deformation rate, there exists a
unique (up to rigid-body motions) velocity field such that d = VSv, and this symmetric gradient is
objective in the classical sense. For smooth fields and fixing boundary conditions, this amounts to
the Mitchell-Cesaro path integral formulae [7]. However, in the incompatible case, as for instance
in the presence of dislocations, the incompatible strain rate inc F is non-vanishing due to the
volumic source incd, and hence, the velocity field appears in conjunction with the symmetric
and solenoidal tensor F, which we call the incompatibility tensor field.

Having fixed an initial time fg = 0, the time integral of the objective tensor d, called the strain
or deformation tensor reads

e(t)= J; d(s)ds = Vou + incE, (3.4)

where by Beltrami decomposition one has v =1t and F =E.

(c) Generalized rate fields for continua with dislocations
(i) The virtual intrinsic power

Following the approach recalled above, the first step in the description of internal efforts is the
definition of spaces of objective fields. Our point of view is that the prototype of such fields
is the strain rate d, which we henceforth denote by d to emphasize that it is a virtual (or test)
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field. We choose 70 :=12(£2,S%) as single space of virtual objective fields. Therefore, by the Riesz
representation theorem, the intrinsic power generated by the virtual strain rate d takes the form

%)(ﬁﬁhj ¥ - ddx,
2

with ¥ € L2(£2,S3). In classical models, a constitutive law of form ¥ = Ae¢ is chosen; however, it
does not take into account the material distortion which we consider as crucial in the modelling
of continua with dislocations.

Here, we assume that there exists a partition of 2 as £2 = £2; U - - - U £2;; with mutually disjoint
subsets £2;, such that, in each £2;, the material is homogeneous and linear in the sense that the
intrinsic power generated by the virtual strain de C5o(s2;, $%) is the classical Mindlin model [13]

.@(i)([i, £2)) =J (Aje - d + B;Ve - V&) dx,
£2;

where A; and B; are constant second- and third-rank tensors, respectively. In the literature [10,13],
o;:= Aje and 1; :=B; Ve are referred to as the stress and the hyperstress tensors in £2;, respectively.
Recall that all subsequent gradients of d are also objective tensors. By the Green formula, one has

Po(d, 2;) = J (07 — divt) - ddx.
£2;

Supposing that o; — divr; e L2(2,MP), the above expression extends by continuity to any
d € L2(£2;,S%). Hence, we have for an arbitrary strain d € L2(2,S%)

n n
y(i)(d, .Q) = Z @(,‘)(d, .Qi) = Z JQ (U,' — div ‘Ei) -ddx.
i=1 i=1""

(ii) The virtual external power

By Beltrami decomposition, d can be decomposed in a compatible part and an incompatible part,
and the general approach (see [9]) allows the use of these non-objective test fields to describe
external actions. However, we believe that exerting surface or volume efforts that work against
these fields independently is not very natural as the two fields are combined at every point.
Therefore, we suppose that the external power is a linear functional of ﬁ, that is,

Peo)d, 2) :J K-ddx,
2

for some given tensor field K € L2(£2, S). We emphasize that K is given by mere functional duality
at this stage.

Observe that, considering the decomposition d=V5) + incF and assuming sufficient
regularity, integrating by parts using lemma 2.4 yields

Py, 2) =J (—=divK - + incK - F)dx + J (KN - d + To(K) - onF + T1(K) - F) dx.
2 982

Hence, f := —divK may be interpreted as a volume force (gravity for instance) and g:=KN as
a surface load. The loads G :=incK, go := 79(K), g1 := 71(K) are generalized external forces that
work against the incompatible part of d. Although it is not straightforward to give a precise
physical meaning to these quantities, one should remark that it is not possible to prescribe these
loads independently. For instance, g and g1 share common components of K. In fact, the system

—divK=f, incK=G in £
KN=g onaf2

is well posed. This is easily seen with the decomposition K = V5¢ + inc H. The system for ¢ is a
Neumann elasticity system with unit elasticity tensor. The system for H € Hg was studied in [2]
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(note that H satisfies incHN =0 on 9£2). Thus, one can prescribe f, G and g, but then go and g1
must be consistent with this choice. More details will be provided in §5c.

(iiii) Equilibrium equations
At this stage, the virtual power principle in weak form reads

n

ZJ (ai—divr,-)-ﬁdx:J' K-ddx, (3.5)

i—1 £2; 2

for all kinematically admissible d. This will be our gradient-elasticity model equation.

4, Constitutive laws

(@) General form

Let us concentrate on a set §2; and drop the index i. Tensor A is recognized as Hooke’s tensor
of linear elasticity. Assuming material isotropy, it admits the classical expression A =2uly + Alp.
Similarly, under the same assumption, it is shown in [13] that B derives from the quadratic form

IBVe - Ve = c1(9j€i7) (Okeik) + c2(dk€in) (9jeii) + c3(dk€in) (9keji) + caldkeis) (deif) + c5(dkei) (diei)
where ¢y, ..., c5 are real numbers. Componentwise, this reads
0jj = Adjjekk + 2/i€j 4.1)
and

0
Tijk = ¢1(8kidy€rj + Sxjorer) + E(akiajéll + Skjdien + 28;dj€rk) + 2c3850key

+ 2c40k€ + C5(3i6]'k + dj€ik)- (4.2)

(b) Consistency with classical linear elasticity

Let us again restrict ourselves to the domain £2;. In order to be consistent with standard models,
i.e. with models for continua without dislocations, one imposes that the hyperstress r does not
produce any virtual intrinsic power as soon as the strain d is compatible. This means

ince=0:>J T-Vddx=0, v&ech(Q).
Q2

Integrating by parts yields ince =0 = — div r =0 in £2. One obtains from (4.2)
(div 7);j = (c1 + ¢5)(ike€jk + jkeix) + ca(djjen + 8ijdkiex) + 2¢3850ken + 2c4 ke (4.3)
For € = V5, one finds
divt=(c1+c2 + C5)V2 divu + (c1 +2c4 + C5)VSAM + (cp 4 2c3)A div ullp.

This vanishes for every u € C;°($2) if and only if ¢; +c2 +¢5 =0, c1 +2c4 + 5 =0, c2 +2c3 =0.
The above system is equivalent to the existence of a scalar ¢ such that c; +c5=—¢, c2=¢,
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c3 =—1/2, ¢4 = /2. Plugging this into (4.3) yields
(div 7)jj = —L(djkeji + Ojkeik) + £(djjen + 8jjokiex) — €3ijOkken + L0kkesj.

This expression is identical to that found by Lazar & Maugin in [10] (with different arguments),
and rewrites as

— divr =¢ince. (4.4)

Remark that ¢ has the dimension of a force. Moreover, £ can take values in [0, +oo[. It will be
called the incompatibility modulus: it is a force that governs strain incompatibility, namely that
opposes to incompatibility: if ¢ increases then resistance to incompatibility increases, and in the
limit ¢ = 400 classical compatible elasticity is recovered as ince = 0. On the contrary, decreasing
the value of £ means that incompatibility can increase more freely, and the limit ¢ = 0 corresponds
to perfect plasticity because there is no more limit for incompatibility. This interpretation will
become clear once the model equations are established.

We emphasize that so far ¢ is taken constant. Indeed, taking ¢ constant in space and time
means that we consider a high-order model of elasticity to account for incompatible deformations
(which Mindlin has modelled as taking place with specific displacements at a lower scale, but we
prefer to simply consider the Beltrami decomposition). We will show in the sequel that our elasto-
plasticity model is based on the possibility that £ varies in space and time. As a matter of fact, the
chosen constitutive law for £ will determine our plasticity model. Indeed, plasticity is modelled,
as varying £ implies by the governing equations that the strain incompatibility varies accordingly,
the latter being related to the motion of dislocations, i.e. their mobility.

5. Incompatibility-governed linearized elasticity system

(a) Weak formulation of generalized elasticity

By the above constitutive laws, (3.5) rewrites as

n

x|

(Aie—l—éiince)ﬁdx:J K-ddx,
=174 $

for all kinematically admissible d. Defining the functions

n n
AzZAiXQﬂ ZZZEiX.Q‘/
i=1 i=1

with xg, the characteristic function of §2;, we arrive at

J (Ae+unce)-&dx=J K -ddx, (5.1)
2 2

for all kinematically admissible d.ltisa second-gradient model of elasticity, because the operator
inc involves two derivatives of the strain. Then, Beltrami’s decomposition of d yields the coupled
system

J (Ae-l—Zince)-VSﬁdx:J K-VSdx Vi (5.2)
2 2
J (Ae + Lince) - incﬁdx:J K- incFdx VF (5.3)
Q2 fo}

Write the Beltrami decomposition of € as € = VSu + €0, with €0 = inc E and where E is called the
internal variable of incompatibility. A typical kinematical framework could be the following. Split
the boundary 952 as the disjoint union of a Dirichlet boundary 9£2p and a Neumann boundary
32N. On a2p fix u=0 and E = (dNE x N)! x N=0. Recall that this latter condition implies
€N = inc EN = 0. This means that the incompatible strain can only be tangential to the Dirichlet
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boundary. Said otherwise, incompatible (plastic) sliding tangent to the boundary can occur. This
is in contrast with the compatible (elastic) strain which has no purely tangential component on
the Dirichlet boundary. Let us emphasize that plastic slip is permitted on the Dirichlet part of
the boundary even if the deformation is in L? and not in a measure space.? Of course, the same
kinematic restrictions apply to the test fields © and F. With the notations of §3c(ii) we arrive at

J (Ae—}—[ince)-vsﬁdxzj f~ﬁdx+J g-vdx Vo (5.4)
2 2

J(Ae—{—éince)-ineﬁdxzj G-ffdx+J (g0-ONF+g1-F)dx VFE (5.5)
2 2 0N

(b) Strong forms of generalized elasticity

The classical procedure consists in selecting various particular cases of admissible virtual fields
¥ and F. By admissible it is intended from a physical as well as a mathematical standpoint.
In particular, appropriate boundary lifting results as well as Gauss—Green-type of formulae must
first been established (see [2]). A case study will now be done.
Taking ¥ arbitrary in £2, (5.4) classically yields
—div(Ae +lince)=f a.e.in 2

(5.6)
and (Ae +tince)N =g a.e.on df2N.

By boundary lifting (i.e. theorem 2.3), one can select F, (BNﬁ)T arbitrary on d£2y up to the condition
that [, 2 EN dS(x) =0. Then, (5.5) yields the additional model equation

inc(Ae + Lince)=G a.e.in £2,
To(Ae + Lince)=gp a.e.ondf2N (5.7)
and T1(Ae + Lince)=g1 a.e.ondf2N.

We emphasize that in general equations (5.6) and (5.7) are coupled. In this paper, we do not study
existence of solutions for such a system. Furthermore, we observe that if ¢ is constant in space
then (5.6) simplifies to the classical elasticity system with the extra boundary force —¢ inceN.

(c) Coupling between external forces

We now investigate the precise relations between the boundary source terms ¢ =KN, g9 = 7p(K),
g1="T1(K).

First, we observe that KN and 7;(K) have uncoupled components, as this latter only involves
the tangential components of K. As for KN and 7;(K), one should consider expression (2.7).
Let us write g in the local basis (¢4, 7%, N) as ¢ = (¢4, g8, gN)- Then, the first curvature-dependent
term of (2.7) writes by (2.8) as

0 0 0 N 0 —ga
— ZKR(K X ‘L’R)t xtR=—k410 SN -8B | — Bl 0o o0 0 1. (5.8)
R 0 —gp Kaas -84 0 Kaa

The second curvature-dependent term of (2.7) is k 7o (K) while two other terms are —7p(dNK), and,
by (2.9),

0 0488 —0aKpp —oggp 0 3pKup
—2) @GRKxN)'xtR=-2[0 —daga 9aKpa | -2 dpga 0 —05Kaa|. (59)
R 0 0 0 0 0 0

From these relations we observe that for a flat boundary, the only coupling is due to the tangential
variations of g in (5.9). That is, spatial fluctuations of ¢ (and in the extreme case, discontinuities)

2As found in other formulations if the displacement is taken of bounded deformation, see [14-16].
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can be considered as sources on incompatibility. For a curved boundary, all terms of g and of the
tangential variations of its tangential components will act as source terms for the incompatibility.
It is interesting to note that the magnitudes of these terms increase with the curvature. All
other source terms, i.e. the tangential components of K and their tangential derivatives, are not
explicitly coupled with the boundary load g. As an example, assume that gy is the only non-
vanishing component of g. Then, the incompatibility source terms vanish for a flat boundary, and
increase with the curvature. The limit case of a corner is a particular source of incompatibility.

(d) Interpretation of the incompatibility modulus in terms of dislocation mobility
and macroscopic plasticity

When ¢ =0, the incompatible part of € is not controlled. On the contrary, when ¢ — oo, (5.3)
formally shows that ince — 0. This also holds locally. Now, by Kréner’s formula, ince = Curlx
(see [17] for a proof) where « is the dislocation contortion (or its density) defined by « =
A —(I/2) trA, with A the dislocation density (with the conservation property div A = 0). Take
a reference value {, large enough so that the incompatible part of the strain is negligible. If ¢ is
decreased in some region w € £2, then inc € is likely to increase in , meaning that « varies in space
so as to increase its curl. This means that motion of dislocations has taken place at a microscopic
level, i.e. that plastic effects are observed at a macroscopic level.

(e) Selected examples

Let us recall that in Cartesian coordinates and components, the incompatibility of & reads
in extenso as follows

Trr = ez + 02eyy — 20yzey
Tyy = 83622 + azzexx - zaxzfxz
Tz = ey + D€ — 20uyeny (5.10)
Ty = 02(dy€xz + 0x€yz — Oz€xy) — ry€zz

Ty = ay(axeyz + azfxy - ayéxz) - axzfyy

and Ty, = 0x(0z€xy + Oy€xz — Ox€yz) — dyz€xa

In this section, we will consider 2D elasticity, meaning that the strain € only depends on the
coordinates (x,y) and is independent of the vertical coordinate z. Moreover, the stress and strain
tensors represented by 3 x 3 matrices. The geometry is that of a vertical cylinder. We consider
an homogeneous material, i.e. £ is constant. In this case, (5.10) is rewritten as

Ty = ayzfzz
Tyy = BJ%GZZ + azzéxx — 20yz€xz
T,, = 826 — 20yy€

2z = Ox €yy xy=xy (5.11)
Txy = —0Oxy€zz

Ty, = 3y(3x€yz - ayfxz)

and Tyz = 0x(dy€xz — dx€yz).

Furthermore, note that in 2D, T := ince vanishes if and only if componentwise &y &1y, I 01€mn =
0, that is, if and only if there exists real numbers K,a, and b such that [4] €4y €85000p€,5 =0,
aplu€pz =K, €z =daXq +b.
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(i) Planar strain and edge dislocations

Assume that the strain and stress tensors are of the form

€xx  €xy 0 Oxx Oxy 0
e=|ey €y 0|, o=]oy oy 0|,
0 0 0 0 0 oy
with
Oxx = (A + 2)€xy + )\Eyy/ Ooyy = (+ 2M)€yy + Aexx (5.12)
and Oxy = héxy, 02z = Meéxx + €yy)-
We infer
0 0 O
T=ince=|0 0 0 |, withT,; =0dweyy —20xy€xy + dyy€xx-
0 0 Ty
We find
Oyy(0zz +LTzz)  —0Oxy(02z + €T%z) 0
inc (O‘ + ZT) = —Bxy(azz + ZTzZ) axx(O'zz + ETZZ) 0 ,
0 0 Bxxayy — 28xyaxy + Byyaxx

thus inc(o +¢T)=0 is equivalent to oy, + €T, affine, and inc Oplan = OxxOyy — 20xy0xy +
dyyoxy = 0. Using (5.12), we get 02z = (1/2(A + w))(0oxx + oyy), whereby we deduce Tz;.

If £ — 400 then T,; — 0 and the standard solution is retrieved. Note also that by (5.12)
incopjan = LA tre + 2u(ince)z; = Atrince + 2puincez = (A + 2u) Tz =0. If £— 0 then Tz is not
controlled.

Following [4] and classical textbooks [18], the edge dislocation in 2D corresponds to a planar
strain. At the mesoscopic scale (dislocations are modelled as kinematical singularities), according
to [4], the strain associated with a straight line along the z-axis, with Burgers vector B = Bye, reads
in Cartesian components and polar coordinates as

_p, [cost siné O

€edge = 2—: sinf —cos6é O
T

0 0 0

(ii) Transverse strain (30 shear) and screw dislocation

Assume now that the strain and the Cauchy stress read

0 0 €
e=| 0 0 ez|, o=2ue,
€xz €z 0.

The incompatibility is purely transverse, namely,

0 0 axyfyz - 3yy€xz
T=ince = 0 0 Oxy€xz — Oxx€yz

Ory€yz — dyy€xz  Ory€xz — Oxx€yz 0

Following [4,18], the screw dislocation in 2D corresponds to a 3D shear. According to [4], the strain
associated with a straight line along the z-axis, with Burgers vector B = B,e, reads in Cartesian
components and polar coordinates as

0 0 sin 6
Escrew = Tt 0 —cos6
sinf —cos6 0
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Figure 1. The Beltrami decomposition (A — A" — B) versus the standard elastic/plastic decomposition (A” — A — B).

(f) Link with classical elasto-plasticity models

Recall that classical elasto-plasticity models are based on the a priori decomposition €'t = € + P,
where the total strain €'°! is compatible (ince't=0), the elastic strain €® is derived from
the Cauchy stress by Hooke’s law and the plastic strain €P obeys so-called flow rules. We
now compare this decomposition with the Beltrami decomposition € = V5u + €%, As ince'®t =
inc V5u = 0, there exists a vector field w (see [7]) such that '°t = VSy — V5w and we can write

et = V5 — VSw=—(" + Viw) + (V3u + €0).

We then recognize VSu + €¥ as the strain e.

The interpretation is the following (figure 1): for us, € represents the deformation from a
reference state, say state A to a neighbour state B of the same material. It can be viewed as the
composition of the incompatible deformation € from state A to an intermediate state A’, and
the compatible deformation VSu from A’ to B. In the classical approach, another configuration
A" serves as reference configuration. The total deformation €'°! from A” to B is the sum of the
plastic deformation P = — (€Y + VSw) from A” to A and the elastic deformation €® = ¢ from A to
B. Of course, choosing w =0 (thus A” = A’) would be a choice of simplicity, but it would be too
restrictive because in that case P would be identified with —e?, hence it would not be trace-free
and it could not comply with the flow rules.

6. Energy dissipation by incompatibility

(a) Time-rate formulation

For the purpose of evaluating energy dissipation, it is crucial to involve time. Knowing that
(5.2) and (5.3) represent a linearized elasticity system (small strain with respect to a natural
configuration), their time-rate counterparts in the general case are

J (Aé+£incé)~VSﬁdx=J K- VS5dx (6.1)
2 2
J (Aé+€incé)~incf—"dx:J K - incFdx, (6.2)
2 2

with é = V51 4 €0,é9 = inc E. In this formulation, A and ¢ play the role of tangent moduli and only
the rates ¢, it and E are the unknowns of the model. We emphasize that at a given time the solution
of (6.1) and (6.2) are not the time derivatives of the solution of (5.2) and (5.3), because A and ¢
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may vary with time in this general formulation of the model (according to the material stress—
strain and hyperstress-incompatibility curves). Indeed, (6.1) and (6.2) should be understood as
the time-rate equations of state for a nonlinear model of gradient-elasticity.

(b) Mechanical dissipation

The work of the external load in the time interval [tq, tp] is
ty .
Wi, 1, :J dtJ (K- VS + K- inc E)dx.
tp 2

Suppose first that £ is constant in space and tends to infinity so as to enforce inc € = 0 in the interval
[t1, t2]. Hence, there is no motion of dislocations, that is, no dissipation. This transformation is thus
said to be isentropic or reversible. In this case, we have éey = VSilrey and (6.1) becomes

J Aérey - Vi dx = J K- VS5 dx. (6.3)
2 2

We assume that A is time invariant. A standard calculation leads to
tz 1 tZ
Wtr1e,‘t,2 ZJ dfj K- Vsurev dx= |:J (K . Vsurev - EAVSurev : VSurev) dx:| ’
t 2 2 t
with [X]Z = X(t2) — X(t1). This quantity corresponds to the increment of free energy ¥ in the time
interval [t1, t2]. The free energy rate is

17 =J K - Viilrey dx.
2

Let us now come back to a general transformation. The global dissipation rate is defined as
the difference between the power provided to the system by external loads and the rate of free
energy, i.e. D:= W — ¥. The power of the external forces is

v‘v:J K - (Vi + é% dx.
Q
Still assuming A time invariant, we obtain
D :J K- (V51 + € — VSilrey) d. (6.4)
Q

We emphasize that the reversible field iiey is independent of ¢, hence it will not play any role in
our subsequent sensitivity analysis.

The dissipation rate can be rewritten in a more classical manner (e.g. [1]) in the following
case: consider a time interval in which A and ¢ are constant (as in an incremental formulation).
For simplicity (and without loss of generality), we assume that K vanishes at f =0. We define
Urey(t) := ﬁ) tirev(s) ds and €(t) := f(t) é(s) ds. Integrating in time, the relations (6.1) and (6.2) yield

D :J (A€ + Cince) - (Vs(il — Urey) + éo) dx.
2

This expression shows the dissipation rate as the power of the flux é — VSiiey against the force
A€ + tince. By definition, the dissipation rate vanishes when £ — co. Some standard models of
plasticity can be written in the form of the principle of maximum dissipation, namely, plasticity
occurs so as to maximize the dissipation rate among a given set of internal variable rates [19].
At least, by the second principle of thermodynamics, the dissipation rate must be positive. Thus,
in order to model a time-dependent experiment, an evolution law for ¢ has to be determined in
such a way that this principle is satisfied. In an incremental formulation, ¢ is constant in each
time interval [f;, ;1 1], but the values (they depend on space) need to be fixed. The analysis of the
behaviour of D with respect to the spatial distribution of ¢ is the object of the next sections.
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7. Topological sensitivity analysis

(@) Framework

The coupled system (5.4)—(5.5) (or equivalently, (6.1)-(6.2)) seems highly involved from the
mathematical point of view. In fact, in this paper dedicated to the presentation of the new model,
we have not proven the existence of a solution. In the subsequent analysis, we will restrict
ourselves to a simplified model assuming that

(1) the principal part of (6.1)-(6.2) is predominant,
(2) full homogeneous Dirichlet conditions are prescribed.

These assumptions lead to the problem: find E € Hj such that
J £incE - inchx:J G-Fdx, VFeHy. (7.1)
2 2

According to [2], this problem is well posed as long as ¢ € L*°(£2), infe £ > 0,G € L2(£2),divG =0.
Note that from this section on, in comparison with (6.1)—(6.2), E plays the role of ¢0 and F that of
F.In [2], it is also shown that the problem: find E € H such that

J aM*incEdnchx:J. G-Fdx, VFeH,y, (7.2)
Q Q

with M* a fixed symmetric positive definite fourth-rank tensor, is well posed if o € L™(£2),
info o > 0. We will focus on (7.2), choosing

M*:=yl4 + b @ I.

Obviously, (7.1) is recovered from (7.2) by taking oM* = ¢I4.

(b) Preliminaries

Let w  R? with smooth boundary dw and outward unit normal N. For we :=% + ew CC 2, € >0,
we define

7

o In 2\we
o = )
o1 1IN Wwe

with ag, @1 two positive constants. We consider a cost functional of form
J(E) :J H-Edx,
fo}

for a given tensor field H € 12(2), divH =0. In particular, choosing H = K gives the contribution
of the incompatible strain to the dissipation (6.4). Furthermore, the transmission conditions are as
follows. If a solenoidal tensor field T satisfies inc («T) = 0 weakly in a neighbourhood of dw, then
it is shown in [2] that the following transmission conditions hold on 9w,

[Zo(eD]=0, [7i(eD]=0, [TN]=0. (7.3)

By convention, [T] = Text — Tint-
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(c) Formal derivation

The background solution Eg satisfies
ag(Eg, F) =I(F) := JQ G -Fdx, VFeHy£), (7.4)
with ag(Eg, F) := [ 5 agM* inc Eg - inc F dx. Moreover, the perturbed solution E. satisfies
ac(E¢,F)=1(F), VFeHoR), (7.5)
with ac(Ee, F):= | o @eM*inc E, - inc F dx. The cost functional reads
O =JE) = | F-Eeds, 76)
and the associated adjoint state E. satisfies
ae(E,EE)z—J'Q]HI-de, VE € Ho(£2). (7.7)
These definitions entail
Fe=j() =) = | H-: (B~ Eo) =ac(Ee ~ Eo,Eo
= —ac(Ec, Ee) + ac(Eo, Ee).
Using that ac(Ee, Ee) = l(ée) =ag(Eo, Ee), we get
Se = —ag(Eq, Ee) + ae(Eo, Ee) = (ac — a0)(Eo, Ec)
= L} (e — p)M* inc E - inc E. dx. (7.8)

Let us introduce the variation of the adjoint state

E.:=E. — . (7.9)
By (7.3), one has
inc (@M* inc E;) =0 inwU(2\o)
[oe ZM* inc E))[ = —(ag — 1) Tiinc Eg)  on dw, (i=0,1) (7.10)
and [(M* inc E.)N] = B[ tr(inc E¢)N]] on dw.
Moreover, (7.8) yields
X = JQ (e — ag)M*incEg - inc Eg dx + Lz (e — a9)M* inc Eg - inc E. dx. (7.11)

We now approximate inc Eg and inc Eo in we by the constant tensors inc Ep(X) and inc Eo(fc),
respectively. This yields

Yo~ |we|(a1 — ag)M* inc Eg(%) - inc Eg(X) + (a1 — o) inc Eg(X) - J M* inc E, dx.

We

We further approximate Ec(x) by Ec(x) ~ €2H(x/e€), solution to the blown-up transmission problem

inc (M*incH) =0 in R2\dw
[oZ;(M* inc H)] = —(ag — a1)Ti(inc Eg(})) ondw, (i=0,1) (7.12)
and [(M* inc H)N] = B[ tr(inc H)N]| on dw.
We write
T ~ |wel(oq — ctg)M* inc Eg(®) - inc Eg(%) + (a1 — )€ inc Eg(®) - J M* inc H dx. (7.13)
»
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(d) Topological sensitivity
We consider two space dimensions as in §5e. In the sequel, we will denote
S:=incEy(), S:=incEy(%), (7.14)

and the main unknown of (7.12) by
T:=M*incH, (7.15)

where H will be called the scattered field. Our aim is now to compute the contribution
A:= (a1 — ap)inc Eg(%) - J M* inc Hdx = (a1 — ag)S - J T dx.
w [0}
Assuming that T = T™ is constant in the interior of the inclusion (this will be proved valid in

the sequel for a disc inclusion, see [20]), this rewrites as A = (a1 — a0)|w|§ . Tint, By the problem
linearity in S, there exists a fourth-rank tensor P? _ such that T™ =P2 & Hence, (7.13)

0,001 oo,
results in
j(€) = j(0) = €8] + R(e), (7.16)
with
8j = |wl(e1 — a)S - (M* +P2 ) (7.17)

and R(e) the remainder. The fourth-rank tensor M* + P, , is called the polarization tensor.
Following the lines of [21], it is proved that R(¢) = 0(€?), whereby §j is identified with the so-called
topological derivative of j.

Let the centre of the inclusion % be the origin of the chosen coordinate system oriented in such

a way that S writes as § = §plan 4 §uni | §trans \vhere in Cartesian coordinates,

s 0 0 . 0 0 O 0 0 54
Splan—10 & 0 Smi—lo 0 0 Strans — | 85 (7.18)
0 0 0 0 0 & 54 55 0
In the same basis, we decompose S as S = SPlan 4 guni | gtrans yith
S1 S12 0 ) 0 0 O 0 0 S4
sPln— s, s 0|, S™=f0 0 o], S™=[0 0 s5]. (7.19)
0 0 0 0 0 S3 S4 85 0
Lengthy calculations, detailed in [20], lead for w the unit disc
& 1 lan ap] i i &uni &
S. ]P)Z)o,a] § — gplan | ]P)go,m §plan | quni ]P)g(r)l,lal Suni 4 gtrans Pg;ngtrans,
where
1 C
Piva =Bla+ 51 ® T,
9 5 (7.20)
with B— Y@ —e1) _ 200(ctg — o1)(y* + 5yB + 4°)
yer + (B +4B)a’ (vao + (v +2B)ar)(yar + By + 4B)e)’
i a1—q t _ o1 — Qg

It is immediately observed that IP’}X‘RL , is degenerated in the sense of [21], i.e.

— it does not depend on the shape of w,
— it does not remain bounded when o — 0.
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8. Discussion

(a) Interpretation of the topological derivative

On choosing M* =1, the analysis of the two previous sections deals with the situation where
the incompatibility modulus ¢ = « varies from its background value «yg to its new value «; inside
the inclusion.

However, our main goal is to evaluate the dissipation due to dislocation motion/creation,
which is by definition an energetic comparison between the elasto-plastic transformation and its
purely elastic counterpart. Therefore, we analyse here formula (7.16) when og — oo, keeping the
tensor M* for the sake of generality. Recall the direct and adjoint state equations

J aOM*incE0~incF:J G-F, VF € Hy,
Q2 2

J aOM*incE.incz‘z(J:—J H-E, VEeH,.
2 2

Assume « is constant and set Efj = aoEo, 1:36 = aOI:ZO. It holds by definition
@S =T:=incE}(X), aoS=T:=incE}®),

while Ej, EB are obviously solutions of
J M*incEBdncF:J G- F, VF eHy,
2 2
J M* incE - inc]:ZG:—J H-E,  VEeH,.
2 Q

Note that the re-scaled fields Ej and Ea are independent of o, hence T and T are also independent
of ag. We rewrite (7.17) as

M* + P2 N
§j:= ol (“—1 —1>1r- (ﬂ) T. (8.1)
@0 o
From (7.20)-(7.21), we obtain
lan : "
fm P o g P _ L PER
=00 @ " w00 g o " gp=oo P, .
We arrive at
lim 8= — ©lpuni _ funi 62)
ap— 00 o1

Upon choosing the dissipation rate as cost function, this limiting topological derivative can
be viewed as the power done by a thermodynamic force that works against variations of ¢ to
dissipate energy (the thermodynamic force tending to zero as wgp — 0o as to compensate the
divergence of a1 — ap). It appears that our model is able to represent the effect of plastic nucleation
when the strain incompatibility has a non-vanishing uniaxial component. This situation occurs
in the presence of edge dislocations. Observe that when «; — 0 (perfectly plastic inclusion)
the topological derivative §j is likely to diverge, revealing an unbounded dissipation rate. We
emphasize that our sensitivity analysis has been restricted to a significantly simplified model.
In the full model, additional terms are expected to appear due to the coupling between the
incompatible and compatible parts of the strain and also due to the fact that the elasticity tensor A
may take a different value in the inclusion. By (8.2), we remark that in the present model the total
dissipation §j does not depend on the shape of the inclusion, but only on its volume. In particular,
this means that a plastic crack cannot dissipate energy.
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(b) A quasi-static elasto-plastic evolution scheme

The results of this paper allow us to consider a novel elasto-plastic scheme based on an
incremental formulation. Each increment might be computed as follows.

(i) Consider the current configuration as reference configuration and compute the almost
elastic deformation rate by solving the elasto-plasticity model ¢ ={+, as a background
large value.

(ii) Compute the topological derivative §j of the dissipation rate.

(iii) Identify the points where 8j >, where > 0 is a material-dependent threshold? (1 could
be a constant or depend on local material properties).

(iv) At these points, where plasticity occurs, choose a new (lower) value for the
incompatibility modulus ¢.

(v) With this new value, solve the elasto-plasticity model from the reference configuration
and update the full deformation.

(vi) Increment the (pseudo)-time and update the load.

This scheme is repeated while the external force K (whatever the exact meaning at this stage of
model development) is increased. The values successively chosen for the incompatibility modulus
£ and the threshold 7 should rely on constitutive laws. For instance, some standard elasto-
plastic laws can be represented as constraints within the principle of maximum dissipation [19],
which in turn could give rise to specific choices of 1 (as a function of space) through Lagrange
multipliers [24]. Strain hardening occurs when the decrease of £ in a given region is slower and
slower, while the load increases at a fixed speed. Perfect plasticity occurs when ¢ goes to 0 in finite
time. Keeping ¢ = £, permits to recover the (almost) purely elastic case, as in unloading.

(c) Final remark on equation decoupling

Let us finally comment on the coupling between the compatible and incompatible parts of the
strain. Recall the full equation

J (Aé + £incé) - incﬁdx:J K - incFdx. (8.3)
2 2

In the case of planar strain (as in the typical case of edge dislocations), inc ¢ is uniaxial. If A =0,
then A¢é and ¢ inc € have uncoupled components. In particular, taking F planar leads to

J £incé - incﬁdx:J K- inc[%dx,
2 Q

which is the equation we considered in the simplified model, applying to the incompatible part
of €. Note also that choosing V57 planar in

J (Aé + £incé) - V5D dx:J K- V59 dx (8.4)
2 2

yields
J Aé- V%dx:J K. V59 dx.
Q Q
If  is constant, it is the standard linear elasticity system applied to the compatible part of €. On
the contrary, if € has transverse components, then ¢ and incé share common components. Then,

in (8.3) coupling occurs between the compatible and incompatible parts of € as soon as u is not
constant. Eventually, the two equations are coupled. This will be further studied in future work.

3Quasi-static growth of damage and crack had already been envisaged with the topological derivative in [22,23].
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(d) Concluding remarks

In this paper, we have presented and developed from the ground up a novel model for elasto-
plastic continua. It is based on the known fact that plasticity is related to dislocation motion,
which itself is a source of strain incompatibility. In traditional models, this interdependence is
not clear, because there is a superposition of the equilibrium equations (for the elastic strain) and
the flow rules (for the plastic strain), as deriving from other arguments. In our model, strain
incompatibility is incorporated already in the equilibrium equations, hence showing a more
general system than classically adopted. Plastic laws are introduced as soon as a constitutive law
for the newly introduced incompatibility modulus is provided. Of course, numerical simulations
are now required in order to assess our model. This task is left for future works.
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