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ABSTRACT. We study polygonal billiards with reflection laws con-
tracting the reflected angle towards the normal. It is shown that if
a polygon does not have parallel sides facing each other, then the
corresponding billiard map has finitely many ergodic SRB mea-
sures whose basins cover a set of full Lebesgue measure.

1. INTRODUCTION

The study of the asymptotic behaviour of billiards is an important
subject in the theory of dynamical systems. Billiards exhibit a rich
variety of statistical properties depending on the table geometry and
the reflection law considered.

In this work, we are interested in polygonal tables. The billiard map
of a polygonal billiard with the standard reflection law (the angle of
reflection equals the angle of incidence) is conservative and non-chaotic:
it preserves a measure that is absolutely continuous with respect to the
Lebesgue measure, and all its Lyapunov exponents are equal to zero.

A completely different dynamics arises when the reflection law is con-
tracting [14], i.e. when the reflection angle measured from the normal
is a contraction of the incidence angle. In this case, the billiard is a
dissipative system: its map does no longer preserve an absolutely con-
tinuous measure, and may have attractors [1, 2, 9]. Indeed, if there are
no period two orbits, then the billiard map has a uniformly hyperbolic
attractor [10]. Notice that period two orbits correspond to collisions
perpendicular to a pair of parallel sides of the billiard table. These
orbits are parabolic, and their union forms an attractor.

Contracting reflection laws appear in the study of the propagation
of seismic waves [18], and are of interest for the design of bouncing
robots [8].

For billiards in generic convex polygons with a strong contracting re-
flection law, we have recently proved the existence of countably many
ergodic Sinai-Ruelle-Bowen measures (SRB), each one supported on
a uniformly hyperbolic attractor [10]. This result is significantly ex-
tended in the current paper by enlarging the class of allowed poly-
gons, including now non-convex polygons, and more importantly by

Date: September 7, 2016.



2 DEL MAGNO, LOPES DIAS, DUARTE, AND GAIVAO

removing any restriction on the contraction factor of the reflection law
(cf. [9, 10, 11, 12]). In addition, we establish that the basins of the
ergodic SRB measures cover a set of full Lebesgue measure. The full
result is the following.

Theorem 1.1. For every polygon without parallel sides facing each
other and every contracting reflection law, the corresponding billiard
map has a hyperbolic attractor supporting finitely many ergodic SRB
measures whose basins cover a set of full Lebesgue measure. Every er-
godic SRB measure admits a decomposition into finitely many Bernoulls
components, each component having exponential decay of correlations
for Holder observables. FEvery SRB measure of the billiard map is a
convex combination of the ergodic SRB measures. Finally, the set of
periodic points 1s dense in the attractor.

Besides its specific interest, the previous result may prove useful in
studying polygonal billiards with the standard reflection law, because
they lie at the boundary of the class of billiards considered in this
paper.

A long standing conjecture of J. Palis [15] states there exists a dense
set of dynamical systems such that each of them have finitely many
attractors with ergodic SRB measures whose basins of attraction cover
a set with full Lebesgue measure. Since polygons without parallel sides
facing each other are dense in the space of all polygons, Theorem 1.1
verifies this conjecture for polygonal billiards with contracting reflec-
tion laws.

Polygonal billiards are piecewise smooth systems: they have discon-
tinuities corresponding to trajectories reaching a corner of the table.
Discontinuities may obstruct hyperbolicity in the sense that they may
prevent the system from having local invariant manifolds, or at least
local invariant manifolds of uniform size. The local fractioning of the
unstable manifolds produced by the discontinuities is measured by the
branching number of the singular sets (see section 3).

In order to prove Theorem 1.1 we first control the growth of the
branching number, which is key to guarantee that the expansion along
the unstable direction prevails over the fractioning of local unstable
manifolds caused by the discontinuities. This allows us to extend the
results of [10]. Then, we apply a general theory of Pesin [16] and
Sataev [17] for hyperbolic piecewise smooth maps to prove the existence
of finitely many ergodic SRB measures. To get the exponential decay
of correlations we use results of Chernov et al. [4, 5, 6, 7]. Finally, we
adapt the ideas contained in [3, Proposition 4.2] to prove that almost
every point is in the basin of some SRB measure.

The rest of the paper is organized as follows. In Section 2 we intro-
duce the billiard maps and other basic definitions. The growth of the
branching number is studied in Section 3. In Section 4 we establish the
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existence of finitely many ergodic SRB measures. Finally, in Section 5,
we show that the basins of these measures cover the entire phase space
up to a set of zero Lebesgue measure.

2. BILLIARD MAP

Let P be a polygonal domain (open and connected set) of R? with
d-sides and perimeter equal to one. The billiard in P with the specular
reflection law is the flow on the unit tangent bundle of P generated
by the motion of a free point-particle in P with specular reflection
at JP, i.e., the angle of reflection equals the angle of incidence. The
corresponding billiard map ®p is the first return map on M, the set of
unit vectors attached to P and pointing inside P.

Each element of # € M can be identified with a pair (s, ), where
s is the arclength parameter of P of the base point of x, and 6 is
the angle formed by x with the positively oriented tangent to 0P at s.
Accordingly, we can write

M = S' x [-7/2,7/2].

The domain of ®p does not coincide with the entire M. To specify
it, we first introduce the sets V and S. Let 0 = 51 < --- < 54 < 1 be
the values of the arc-length parameter corresponding to the vertices of
P. The set V is given by

V= {s1,...,84} x (—m/2,7/2),

whereas the set S is the subset of M consisting of elements whose
forward trajectory hit a vertex of P at the first collision with OP.
Define

N=VUS and Nt = NUOIM.

Both sets N and N consist of finitely many smooth curves [10, Propo-
sition 2.1].

The map ®p is defined on M \ NT, and is a piecewise smooth map
with singular set N in the sense of Definition 4.1. Observe that ®p(z)
is the unit vector corresponding to the first collision of the trajectory
of x € M\ N* with OP. For a detailed definition of ®p, we refer the
reader to [10] for polygonal table, and to [5] for more general tables.

A reflection law is a function f: (—w/2,7/2) — (—7/2,7/2). For
example, the specular reflection law corresponds to the identity func-
tion f(0) = 6. Let Ry: M — M be the map Ry(s,0) = (s, f(0)).
The billiard map for the polygon P with reflection law f is the map
Qrp: M\ NT — M given by

(I)f’p = Rf O (I)p.

This map is just the first return map on M of the billiard flow in the
polygon P with refection law f (see Figure 1). We call @ p the billiard
map of P with reflection law f.
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Ficure 1. Billiard flow with a contracting reflection law
in a polygon without parallel sides facing each other.

If f is differentiable, then so is ®; p. In this case, the explicit expres-
sion for the derivative of ® ¢ p can be easily computed (for the derivative
of ®p, see [5]):

cosf  t(s,0)
D®;p(s,0) = — | cosb cost |, (2.1)
0 f'(6)

where (51,0,) = ®p(s,0), (s1,01) = ®;.p(s,0), and t(s,0) denotes the
Euclidean distance in R? between the points of 9P with coordinates s
and s;.
Given a differentiable reflection law f, we define
A(f)=sup |f(0)].
0c(—7/2,m/2)
A differentiable reflection law is called contracting if A(f) < 1. The
simplest example of a contracting reflection law is f(0) = o6 with
0<o<1]L,2,9, 14].
Standing assumptions on f: we assume throughout the paper
that f satisfies the following condition:
(1) fis a C? embedding from [—7/2,7/2] to [-7/2,7/2],
(2) f is contracting,
(3) f(0) =0,
(4) f'(0) >0 for 0 € (—7/2,7/2).
Since f’ > 0, all the entries of D® p have the same sign. This simple
fact will play an important role in the arguments presented in the next
section.

3. GROWTH OF THE BRANCHING NUMBER

To simplify our notation, from now on we shall write ® instead of
® p. For n > 1, define

Nf=Ntue Y(NH)U---Ud "IN,

and
St=SuUd ' (S)u---ud "t (9).
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FIGURE 2. Sectors A;, Ay and Az sharing the same
vertex © € N,

The set N, contains all the points of M where the map ®" is not
defined. Since N =V U S and ®~}(0M) = 0, it follows that

Nf=VUoMuS;.
As a direct consequence of the definition of S;7, we have
St =5Srue™(S)) for k& > 0.
\ N = S5, \ S5 C n(S)) and
O (N \ N C S (3.1

+
Hence, N,

Definition 3.1. A sector of order n with vertex x € N, is a connected
component A of U \ N,/ with U C M being an open ball centered at
a point x € N, such that the closure of U intersects only smooth
components of NI meeting at x (see Figure 2).

The smooth curves forming the boundary of A and meeting at x are
called the boundary curves of A. A sector A’ C A of order greater
than n with vertex x is called a sub-sector of A.

From the definition above, it follows that ®": A — ®"(A) is a C?
diffeomorphism for every sector A of order n. In particular, the first nth
iterates of points of A visit the same sequence of sides of P. Moreover,
if I' is a boundary curve of A such that I' ¢ M, then either I' C V or
PF1(T") C S for some 1 < k < n. In other words, all the trajectories
starting at points of a boundary curve not contained in OM either

emerge from the same vertex or hit the same vertex at the kth collision
with OP.

Definition 3.2. A C! curve t — ~(t) = (s(t),0(t)) € M is called
increasing if §'(t)0'(t) > 0 for every ¢, and is called strictly increasing
if §'(t)0'(t) > 0 for every t. A decreasing curve and a strictly decreasing
curve are defined similarly by requiring that s'(¢)0'(t) < 0 for every
t and §'(t)0'(t) < 0 for every t, respectively. A curve t — ~(t) =
(s(t),0(t)) € M is called horizontal if there exists a constant ¢ such
that 0(t) = ¢ for every t.
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Remark 3.3. The set VUGS, consists of finitely many strictly decreas-
ing C? curves [12, Proposition 2.3].

Lemma 3.4. We have S NOM = () for n € N.

Proof. 1t can be easily checked that the case n = 1 holds true. Hence,
in the rest of the proof, we can limit ourselves to consider the case
when n > 2, and S is replaced by R, := S\ S;". We argue by
contradiction, and suppose that R, N OM # @ for some n € N. Let
r € R, N OM. There are precisely two sectors of order n with vertex
x that have a boundary curve lying on OM. Denote the one on the
right-hand side of z by A. One boundary curve of A is contained in
OM , whereas the other is contained in R,.

Now, choose a point ¥ in the interior the boundary curve v of A that
is not contained in M in such a way that the vertical segment v, with
one endpoint in y and the other one on M is contained in the closure
of A. Denote by = be the sub-curve of v with endpoints x and y, and
denote by z the endpoint of the segment ~; belonging to M.

From the definition of S, it follows that «} := ®(,) is contained
in a smooth component of S,j for some 1 < k < n. Since the smooth
components of S are strictly decreasing curves by Remark 3.3, so is
7. The map ® is C? differentiable on A, and so 7] := ®(7;) is a C?
curve. Since 7; is vertical, and the entries of D® have the same sign
(see (2.1)), it follows that -] is strictly increasing.

Since y € y1Mys, it follows that ®(y) € v;Nv5. Moreover, since ] and
74 are strictly monotone, both limits lim., 5, ®(w) and lim., 5, ®(w)
exist. It is easy to see that these limits coincide, because =,z € OM =
St x {—7/2,7/2}. In conclusion, the curves 7, and 74 intersect at
both their endpoints. However, this is impossible, because one curve is
strictly increasing and the other is strictly decreasing. U

Definition 3.5. A sector A of order n is called regular if ®"|a admits
an extension Wa: A — WA (A) that is a C? diffeomorphism, where A
is the closure of A.

Lemma 3.6. Suppose that A is a regular sector of order n. If T is a
boundary curve of A that is not contained in OM, then WA(T') is a C?
INCTEASING CUTVE.

Proof. Define F(s,0) = (s, f(—0)) for (s,0) € M, and let N~ = F(V U
S1). Remark 3.3 combined with f > 0 implies that N~ consists of
strictly increasing C? curves.

Let I be as in the statement of the lemma. By the remark after
Definition 3.1, we have either I' C V or ®(T') C S} for some 0 < i <
n — 1. Then, it is not difficult to see that there exists 0 < k <n —1
such that WA (T') C ®*(N~). Since N~ consists of strictly increasing
C? curves, to obtain the wanted conclusion is enough to observe that
if v is a strictly increasing curve such that v N N;" = (), then ®(y) is
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strictly increasing curve as well. This is so, because all the entries of
the matrix of D®" have the same sign (see (2.1)). O

Definition 3.7. Let A be a sector with vertex z. A curve v: [a,b] —
M is called A—curve if vy(a) = x and v(t) € A for t € (a,b].

In the next lemma, we give a necessary condition for a regular sector
A to contain singular A—curves. By definition, if A is a sector of order
n, then AN ST = (. Hence, if there exists a A-curve 7 contained in

S, for some k > 0, then we must have v C Sy, \ S

Lemma 3.8. Suppose that A is a regular sector of order n. If there

exists a A—curve contained in S, for some k > 0, then there exists
also a horizontal A—curve.

Proof. First of all, we observe that if z is the vertex of A, then = ¢ OM
by Lemma 3.4. Now, let v be the A-curve contained in S 4 Then

C ST, \St, and so (3.1) implies that Wa(y) C S;. Hence ®(v)
is a strictly decreasing curve passing through Wa(x). Next, the region
UA(A) is bounded by the curves I'y and I's, which are the images
under Wa of the boundary curves of A, passing through Wa(x), and
are increasing by Lemma 3.6.

Summarizing, Wa(A) is bounded by the increasing curves I'; and
Iy, and contains a strictly decreasing curve W (). Moreover, all these
curves pass through Wa(z). It is now easy to see that Wa(A) must
contain a horizontal curve x passing through Wa(z). Since horizontal
curves are mapped by \Ifgl into horizontal curves, we conclude that

U '(x) is a horizontal A—curve. d

Since sectors are bounded by strictly decreasing curves, among the
sectors of a given order with a given vertex, there are only two of them
whose closure contains horizontal curves passing through the vertex.

Definition 3.9. Let b, be the maximum number of distinct regular
sectors of order n with the same vertex. We call b, the branching
number of order n.

Theorem 3.10. We have b, < (2n — 1)by for n > 1.

Proof. To prove the corollary, we show that b,.1 — b, < 2b; forn > 1,
which implies the wanted conclusion. This is achieved by estimating the
maximum number of regular sectors of order n containing components
of S, passing through their vertices, and the maximum number of
such components.

Consider a regular sector A of order n with vertex x. Let a be the
maximum number of A—curves contained in S, ;. Since A is of order
n, these curves are indeed contained in S;,; \ S;f. By (3.1), their
image under W consists of an equal number of curves contained in
S; and meeting at Wa(z). Hence a < by. If @ > 0, then Lemma 3.8
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implies that there exist horizontal A—curves. Since there are only two
sectors of order n with vertex x having this property, we conclude that
bn+1 - bn S 2bl O

Definition 3.11. A non-regular sector is called primary if it is not a
sub-sector of a non-regular sector.

Remark 3.12. It is not difficult to see that if A is a non-regular sector
of order n with vertex z, then either x € 9M, or there exists 0 < k <n
such that ®* is a C? diffeomorphism on the closure of A, and ®*(z) is
a tangential singularity. Moreover, every sub-sector of A is non-regular
as well. If A is primary, then k =n — 1.

4. EXISTENCE OF SRB MEASURES

In this section, we prove our main result. It relies on results of Pesin
and Sataev on the existence and properties of SRB measures for general
hyperbolic piecewise smooth maps. For the convenience of the reader,
we first state the results with the necessary definitions.

4.1. Hyperbolic piecewise smooth maps. Let M be a smooth
manifold with Riemannian metric p. The Lebesgue measure of M
generated by p is denoted by v. Let U be a connected open subset of
M with compact closure. Finally, let N be a subset of U closed in the
relative topology of U.

Definition 4.1. A map F: U \ N — M is called a piecewise smooth
map if F is a C? diffeomorphism from U \ A onto its image F (U \ ).
The set N := N UOM is called the singular set of F.

Let N©™ = 9(F(M\NT)).
Definition 4.2. Let YT = {z e U: F"(z) ¢ N ¥n > 0} be the set
of all elements of M with infinite positive semi-orbit. Define

D=[()FWUt)
n>0

The set A = D is called the generalized attractor of F.
Condition A1l: There exist positive constants A and a such that for
every t € U \ N'T,

ID*F(2)|| < Ap(e, N*)™* and ||D*F(F(x))| < Ap(x, N7) ™"

A cone in T, M, x € U with an axial linear subspace P C T, M and
angle a > 0 is the set given by

Col(z,P)={veT,M: L(v,P) < a}.

Condition A2: The map F is uniformly hyperbolic. Namely, there

exist two constants ¢ > 0, A > 1 and cones

C*(x) = Cos (2, (7)) and - C"(2) = Can (2, P*(2))
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with axial subspaces P"(x), P*(x) and positive angles o“(z), a*(x) for
x € U\ Nt such that
(1) T, U = P*(z) ® P*(x),
(2) dim P*(z) and dim P*(z) are constant,
(3) the angle between C*(z) and C*(x) is uniformly bounded away
from zero,
(4) DF(x)(C"(x)) € C*(F(x)) and DF~H(F(2))(C*(F(2))) € C*()
forx e U\ N'T,
(5) ifz € UT and n € N, then | DF™(x)v| > cA™||v]| for v € C*(z),
and ||[DF " (F™(x))v| > c\*||v]| for v € C*(x).

Definition 4.3. We say that a piecewise smooth map F is hyperbolic
or that A is a hyperbolic attractor if F satisfies Conditions A1 and A2.

Following [16], for every € > 0 and every [ € N, we define
D5 ={z el p(F*(x),NT) > 1"'e™™ Yn >0},
D, ={z e A: p(F "(x),N7) > 1"e™™ ¥n >0},
and
pf=Jpf  D'=D. nD;.
1>1

Roughly speaking, the sets D:l (resp. D_;) consists of points in D
whose forward (resp. backward) orbit does not get too close to the
singular set. These sets are compact.

The local stable manifold W _(z) through a point x € U™ is the set
of all y € U™ such that F"(z) and F"(y) belong to the same connected
component of M \ N for every n > 0, and p(F"(x), F"(y)) — 0 as
n — +oo. The local unstable manifold W (x) at x € D is defined
similarly by replacing F with F~!.

Local stable and unstable manifolds exist at each point of DY for €
sufficiently small.

Proposition 4.4. If F is a hyperbolic piecewise smooth map, then
there exists €y > 0 such that for all 0 < € < ey, W} (x) (resp. W}i.(z))
is a C' embedded submanifold of uniform size & > 0 for every | € N
and for every x € 15:[ (resp. x € D).

Proof. This is [16, Proposition 4] for points in D, (resp. D_,). In order
to obtain the same result for points in 752 it is enough to observe that

the local stable manifold W} () depends only on the forward orbit of
x. U

Definition 4.5. Let F be a hyperbolic piecewise smooth map. An
invariant Borel probability measure ;o on the attractor A is called!

IThese measures are called Gibbs u-measures in [16].
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SRB if u(D?) = 1 with € > 0 as in Proposition 4.4, and the conditional
measures of 1 on the local unstable manifolds are absolutely continuous.

Definition 4.6. Given an invariant Borel probability © on M, its basin
B(p) is the set of points @ € U™ such that

n—1
1 ;
i~ " elF ) = [ pda
=0
for any continuous function ¢: M — R. We say that p is a physical
measure if B(p) has positive v-measure.

Proposition 4.7 ([16, Theorem 3]). Every ergodic SRB measure is a
physical measure.

Let N C M be the e-neighbourhood of N'* for € > 0. The Lebesgue
measure of a submanifold W C M is denoted by vy. A smooth sub-
manifold W C M is called a u-manifold if the dimension of W is equal
to the dimension of the unstable subspaces of F, and the tangent space
of W at x is contained in C"(x) for every x € W.

Condition H: There exist constants C' > 0, a € (0,1), 8 > 0 and
€p > 0 such that for every wu-manifold W, every n > 1 and every
e € (0,¢€),

v (WNF"(N)) < CP (0" + vw (W)

Roughly speaking, this condition states that the relative measure of
points in a u-manifold ending up in a small neighbourhood of N is
of the same order as the size of the neighbourhood. To the best of our
knowledge, Condition H was first introduced [6] (see also [5]).

Theorem 4.8 below contains the main results of Pesin and Sataev
concerning SRB measures for hyperbolic piecewise smooth maps. It
states that if such a map F satisfies Condition H, then F admits SRB
measures, each of them being a convex combinations of finitely many
ergodic SRB measures [17, Theorems 5.12 and 5.15]. Moreover, every
ergodic SRB measure decomposes into finitely many Bernoulli com-
ponents cyclically permuted by F [16, Theorem 4], and the periodic
orbits of F are dense in the attractor A [16, Theorem 11].

Theorem 4.8. Let F be a hyperbolic piecewise smooth map satis-
fying Condition H. There exist finitely many ergodic SRB measures

W1, - - b concentrated on pairwise disjoint subsets &, ...,&E,, of the
attractor A such that
(1) for every SRB measure p, there exist oy, ...,y > 0 with

Z;ll a; = 1 such that p = Z;n Qi b,
(2) foreachi=1,...,m, there exist disjoint subsets M 1,..., My,

with k; € N such that & = i, My; (mod 0), F(My;) =
M for 1 < j < ki, F(M,y,) = M1, and the system
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(F¥ | pmo o i) with pij being the normalized restriction of p;
to M; ; is Bernoulli,
(3) the set of periodic points of F is dense in A.

The system (F%i|rq, ,, f17) is called a Bernoulli component of F.

We observe that Pesin obtained a weaker result than Conclusion (1)
of Theorem 4.8. He proved the existence of SRB measures, and that
each SRB measure is a convex combinations of countably many ergodic
SRB measures.

Condition H does not appear in the works of Pesin and Sataev. How-
ever, this condition is equivalent to Conditions H3 and H4 assumed by
Sataev. Pesin assumed similar but weaker conditions. Conditions H3
and H4 of Sataev are the following.

Condition H3: There exist positive constants B, 3, ¢; such that
V(F(NS)) < B for n > 1 and € € (0,¢).

A smooth submanifold W C M is a u-manifold if the dimension of
W is equal to the one of the unstable subspaces of F, and the tangent
space of W is contained in C"(x) for every x € W.

Condition H4: There exist positive constants 8’ and ¢; such that for
every u-manifold W, there exist an integer m = m(W) and a constant
B = B(W) > 0 such that for every 0 < € < ¢,

(1) vw (W NFNH)) < v (W) for n >m,

(2) vw(WNF™NH)) < B vy (W) forn > 1.

For completeness, we provide the proof of the equivalence between
Condition H and Conditions H3 and H4.

Lemma 4.9. Condition H is equivalent to Conditions H3 and H.

Proof. The fact H3 and H4 imply H is trivial. We prove the other direc-
tion of the equivalence. Since a € (0,1) and vy (W) has a uniform up-
per bound in W, there exists a constant B such that C(a™+vy (W)) <
B for every n > 1 and every u-manifold W. From H, it follows that if
B = 8 and €, = €, then

v (W N FNT)) < B

for every n > 1 and every u-manifold W. Condition H3 follows from the
previous inequality by covering U with a smooth family of u-manifolds,
and using Fubini’s Theorem. Conditions H4 follows directly from H by
taking

Fep), a=min{e (0)77},
and

() = LlogyW(W)J |

log a
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where |z | is the integer part of z. Indeed, if € < ¢ and n > m(W),
then

v (W N F(N)) < CeP (a" + v (W)
< 20P vy (W) < ¥ vy (W).
Moreover, for every n > 1,
vy (W N FN)) < CP (a™ + v (W) < CeP(a + v (W)
< 20 BW vy (W) < € BOIW ) vy (W).
0

4.2. SRB measures for polygonal billiards. Recall that ®; p de-
notes the billiard map for the polygon P with a contracting reflection
law f satisfying the conditions introduced at the end of Section 2. As
before, we will simply write ® for ®; p when no confusion can arise.
Also, recall that Nt =V USUOM and N~ = 9(P(M \ N1)).

The sets M, N, N*, D, D A, ... are the analog for the billiard map
® of the sets M,N,N* D D A, ... for a general piecewise smooth
map F. We also observe that for ®, the analog of U is the set M\ 0M.

We say that a polygon P has no parallel sides facing each other if
the endpoints of every straight segment contained inside P and joining
orthogonally two sides of P are vertices of P. Notice that P has no
parallel sides facing each other if and only if ® has no periodic orbits of
period two. The reflection law f does not play any role in the previous
claim, because we assumed that f(0) = 0.

Proposition 4.10. The map ®; p is piecewise smooth satisfying Con-
dition A1. Moreover, ®; p satisfies Condition A2 if and only if P does
not have parallel sides facing each other.

Proof. The first part is a direct consequence of the fact that the stan-
dard billiard map satisfies Condition Al (see [13, Theorem 7.2]) and
that a reflection law f together with its inverse has bounded second
derivatives. The second claim follows from [10, Corollary 3.4]. O

Remark 4.11. It is easy to see that the horizontal direction (0 =
const.) is always preserved by D®;p. If ®;p is uniformly hyper-
bolic, then the horizontal direction is indeed the expanding direction
of ®; p [10, Corollary 3.4].

We can now state the first part of our main result.

Theorem 4.12. If P does not have parallel sides facing each other,
then the conclusions of Theorem 4.8 hold for ®¢p for every contract-
ing reflection law f. Moreover, each Bernoulli component of ®¢p has
exponential decay of correlations for Holder observables.

The proof of this theorem is given in Subsection 4.4.
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4.3. Growth lemma. We introduce a new condition called n-step ex-
pansion, and prove that it implies Condition H. Results of this type
are called growth lemmas (for instance, see [5, Section 5]). We adopt
this terminology. The n-step expansion condition was introduced in [6].
Rather than giving the most general formulation of this condition, we
formulate it only for the billiard map ®.

Definition 4.13. A horizontal open segment contained in M \ OM is
called a h-curve.

Definition 4.14. We say that & satisfies the n-step expansion condi-
tion if there exists n € N such that

1
B(®) := liminf sup Z <1, (4.1)
0 TEHO) i)

where H(0) is the set of h-curves of length less than or equal to 6,
mo(T'\ N;5) the set of connected components of I'\ N, and a,,(7y) is the
least expansion coefficient of D®"|(1 ) on 7, i.e.

= inf || D,®"|1,0)]l-
an(7y) = If | Do®"|(10)]|

Given an h-curve v, we denote by ¢, the Lebesgue of v. We will drop
the index 7 in £, when no confusion can arise about which curve ~y the
measure ¢ refers to.

Recall that N denotes the e-neighborhood of N*.

Theorem 4.15 (Growth lemma). If ® satisfies the n-step expansion
condition, then there exist B(®) < a <1, g > 0 and C > 0 such that
for any h-curve I', r > 0 and 0 < € < &g,

((DNOT(NF)) < Ce(a” + £(T)). (4.2)

Proof. Since ®(M \ N) C (=A(f)7/2, A\(f)7/2) and A(f) < 1, there
exists a small gy such that eg-neighborhood of OM does not intersect
®(M \ N*). Therefore, it is enough to prove (4.2) with N replaced
by N..

Choose § > 0 in such a way that

( ;= sup Z ! < 1.

PEH®) | crnmiy ™)

Notice that (/" > ¢ > B(®). We call an h-curve long if its length is
larger or equal than J, otherwise we call it short.

Let Ny = 0, and consider an h-curve I'. By Remark 3.3, the set
['N N, consists of g, elements for every p > 0. Hence, ®*(I'\ N;7) is
a union of pairwise disjoint h-curves:

(C\N) = Urm




14 DEL MAGNO, LOPES DIAS, DUARTE, AND GAIVAO

Clearly g, < gp4+1, and gy = 1 because I'g; =1T".
Writer =mn+u>0form>0and 0 <u<n-—1. Let ¥ = o™,
Let I, be the set of indices i € {1,..., ¢nn} such that

(1) \Ij_m+k(rmn,i) C Fkn,b
(2) ¥=*(I'yn,) is contained in a short h-curve for 1 < s < m—k—1.

Denote by £ the set of pairs of indices (k,[) with k& € {1,...,m} and
l€{1,...,q} such that T'y,; is a long h-curve. The sets {Ip;}xes
are disjoint, and together with Iy; form a partition of {1,..., ¢n.}-
Then, we can estimate ¢(I' N ®~"(V,)) as follows:

(T Nd"(N,)) =T N TS “N,)))
= Xm: 14 (qlim(rmn,i N (I)iu(N€>>)
<UAon)+ D C(TF(A)) .
(k)eL

where

App = | U7 (D N OTH(N)).

1€l
Since the restriction of ¥ ™% to T’ mn,i 15 affine, we have
14 (\D_k<Ak’l)) _ g(Ak’l)
14 (‘I’*k(rkn,z)) €<Fkn,l) '

Since I'y,,, is long for (k,l) € L, it follows that for any r > 0 and any
0 <e < e,

(TSN < Uho) + 5 3 (k) € (¥ (Ten)

(k,DeL

We now estimate ¢(Ay;). Let t = m — k. Given i € I, let i €
{1,...,qum—t+s)n} be the index defined by W="**(T,,,) C Tm—ttspm.i
for 1 < s <t. Also, let a(s,is) be the least expansion of ¥ along the
curve U (Dim—tts)ns,) for 1 <s < t¢. Thus,

((Arg) D C(TTH (s NOT(NL)))

iEIk 1

_Z mnzmq) (N))

& a(l,iy)---a(t, i)

The uniform transversality between N and the horizontal direction
implies that there exists a constant C’ > 0 independent of I', r and '
such that

E(Fr,i’ N Ne) < C/E.



HYPERBOLIC POLYGONAL BILLIARDS 15

Let d > 0 be the maximum number of intersection points of N
with h-curves. Also, let b > 0 be the least expansion of ® along the
horizontal direction. Note that b is not necessarily greater than 1, and
that d and b depend only on ®. Then, each I',,,; contains at most
(d+1)" curves @ *(I', ). This together the previous estimate implies

d+1)"
(T NOTH(NL)) < %C’e.

Define Iy = {iy: i € I}, and I = {(is-1,15): i € I} for 1 < s <.

Then, we have

1
z’ez[,;lau’il)”'a(t’it)
1
:Z Z Z a(1, 1) alt, j,)

J1€l1 (41,j2)€l2 (Jt—1,7¢)€lt

1 1 1
:Zau,mmz TeR R R SR

j1€l j2)EI2 (Jt—1,4t) €Ly

Since the curve I'psis—1ynjey 2 V(T m—tts)n,j,) is short, (4.1) im-
plies

> 1.)§<, 2<s<t.

(Jt—1,4t)ELL
The same argument does not necessarily apply to > o, 1/a(1,j1),
because the curve Iy, O U T (t41)n,j, ) may be long. However, we

have
jlell a’<17jl) b
Hence,
Z | 1 < d + 1Ct_17
bl a(l,iy)---a(t,i) b
and so

! ’U,+1
E(Ak,l) S CNE Cm—k’ C/l — % (%) .

The above estimate implies

—r 1 m Cl/g - m— - -
((TN®T(N,)) <C"e¢™ + 5 ;C kgf(‘lf " (Thny)) -

Since
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we obtain
_ C"e ()
((CNOT(N)) < C"e (™ + ——2
s C"el(I)
S C«//8 C" 1 + - 7
6(1=¢)
which implies the wanted conclusion. O

4.4. Proof of Theorem 4.12. In this subsection, we prove the n-step
expansion for the billiard map and Theorem 4.12.
Since we assume that the polygon P does not have parallel sides fac-
ing each other, the map ® is uniformly hyperbolic by Proposition 4.10.
Define the least expansion rate of D®" along the unstable direction
by
A = wg}/ﬁ 1D ®" 1,0

Also define o)
a(x) = cos 0 (2) > CoS <§A(f)) , (4.3)
and
an(r) == | D @"|10)|| = () - - a(@" (7). (4.4)

Lemma 4.16. Suppose that A is a primary non-reqular sector of order
n with vertex x ¢ OM. If A" is a sub-sector of A of order m > n, or
A=A and m = n, then
lim  a,(y) = +o0.
Alsy—z
Proof. By Remark 3.12, the map ®"~! is a C? diffeomorphism on the
closure of A, and ®"~!(z) is a tangential singularity. Thus, ;(®*(z)) =
+7/2, and so a(®"(y)) — +oo as A > y — x. The claim now follows
from (4.3), (4.4) and A’ C A. O

Proposition 4.17. The map ® has n-step expansion for every n suf-
ficiently large.

Proof. Given a sector A of order < n with vertex x, let
A, ={y € A(z): dist(y,z) < €}

for € > 0. Denote by C. the union of all A, with A being a primary
non-regular sector of order < n with vertex not belonging to M.
For a fixed I' € H(6), we have

1 1 1
Z m N Z an(?') " Z an(VI/)7

yemo(D\N) v 7

where >, and >__, denote the sum over the components of I' \ N;-
intersecting the complement of C, and contained in C., respectively.
From the definition of b, it follows that there are at most b,, connected
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components of I"\ N,/ contained in the complement of C, provided that
0 is sufficiently small.

Since ® is hyperbolic, there exist ¢ > 0 and A > 1 such that A,, > cA”
for every n € N, and b,, grows linearly in n by Theorem 3.10, we can
find ng € N such that A,, > b, for every n > ng. Choose n > ng, which
will be kept fixed throughout the rest of the proof.

Now, N, consists of finitely many curves that either are disjoint or
intersect pairwise at finitely many points (see the proof of [12, Propo-
sition 2.3]). Thus, there exists d(¢) — 0 as € — 0 such that any two
distinct components of C¢ N NI either have a distance greater than
d(€) or meet at a point that is not a tangential singularity. In view of
the choice of n and the fact that a,(y) > A,, there exists 0 < n < 1

such that
> L _ o n (4.5)
/ a‘n(’y,) - An ,

v
provided that 0 < d(e).

From Lemma 4.16, we have a,(y") — 400 as € — 0 for every ~".
Thus, by choosing € sufficiently small, we can make sure that

3 an(lfy,,) <7 (4.6)

,y//
Combining (4.5) and (4.6), which do not depend on I'; we obtain
1 _ 77

1
2w <17

for every ¢ sufficiently small and for every I' € H(6). This implies (4.1),
and completes the proof. Il

Proof of Theorem 4.12. First of all, we observe that for F = ®, Theo-
rem 4.8 remains valid if Condition H is satisfied only by h-curves, since
the local unstable manifolds of ® are h-curves (see [12, Proposition
2.7]). By Proposition 4.10, the map ® satisfies Conditions Al and A2.
By Proposition 4.17 and Theorem 4.15, Condition H holds for & and
h-curves. Hence, Theorem 4.8 applies to .

We now prove the second claim of the theorem. Consider a Bernoulli
component (®Fi|yy, -, p; ;) of @, and let ¥ = &%, . By Proposi-
tion 4.17, the n-step expansion condition holds true for ¥ for some
n > k;. It follows from [4, Proposition 10.1] (see also [6, Theorem 10])
that it is enough to establish the exponential decay of correlations for
(U™, p; ). To do that, we apply a theorem of Chernov and Zhang [7,
Theorem 1] to U™. This theorem has five hypotheses H.1-H.5. Tt is not
difficult to see that H.1 and H2 follow from our Conditions A2 and A1,
respectively. The finiteness of the number of smooth components of
NT and N~ follows from Remark 3.3 and the first part of the proof of
Lemma 3.6. Hypothesis H.3 is satisfied if we take as the ¥"-invariant
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class of smooth u-curves the set of all h-curves. Indeed, this class sat-
isfies the three conditions of H.3: i) the curvature of the h-curves is
clearly uniformly bounded, ii) the restriction of DW" along h-curves
has uniform distortion bounds because the restriction of ™ to an h-
curve is a piecewise affine map, and iii) by Lemma 5.7 (see also [16,
Proposition 10]), the stable holonomy is absolutely continuous. Since
(W, i1; ;) is Bernoulli, hypothesis H.4 is trivially satisfied. Thus, us-
ing [7, Theorem 1}, we conclude that (V" u; ;) has exponential decay
of correlations for Holder observables. The same is true for (W, ;)
by [4, Proposition 10.1]. O

5. BASINS OF THE ERGODIC SRB MEASURES

Recall that ® = ®;p denotes the billiard map for the polygon P
with contracting reflection law f. The aim of this section is to prove
the following theorem.

Theorem 5.1. Let P be a polygon without parallel sides facing each
other. Then the union of the basins of the ergodic SRB measures of ®
has full Lebesque measure.

Let us briefly sketch the strategy to prove this theorem, which is
based on [3, Proposition 4.2].

5.1. Outline of the strategy. We take any horizontal line segment
(i.e. parallel to the unstable direction) and prove in Lemma 5.9 that a
positive fraction of its points are in the basin of attraction of some er-
godic SRB measure jiy. For this purpose, we consider the accumulation
points of the Birkhoff averages % ;.:S P’ Leb.,, which starts from the
Lebesgue measure Leb, on the horizontal curve . Ergodic components
of these limit points are SRB measures (Lemmas 5.6 and 5.8).

Let now A be the complement of the union of the basins of attraction
of SRB measures, and assume by contradiction that Leb(A) > 0. By
Fubini’s Theorem there exists a horizontal curve y such that Leb, (A) >
0. Take any full density point x € yN A. Then, for every SRB measure
to, the density of v N B(ug) at x is zero. On the other hand, picking
an ergodic SRB measure po such that Leb,(B(u)) > 0, there are
sub-arcs 7, C 7 accumulating on x such that the iterates ®"(v,) C
B(po) converge to some non-trivial segment v,, of unstable manifold
in the attractor associated to p. Since the iterates ®"(v,) accumulate
ON 7Ye, the stable manifolds of points in v, intersect transversally
®"(7,). Thus, using the holonomy along stable manifolds, and bounded
distortion of the unstable dynamics, we obtain by pull-back a positive
fraction > 0 such that Leb., (B(uo)) > n > 0 for all large n. This
contradicts the fact that v N B(ug) has zero density at x.

For smooth systems, as in [3], the previous sketch of proof can be
easily implemented. In our setting, because basins of attraction are
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in general not open, and also because the sizes of local stable and
unstable manifolds are not uniform, the sketch of proof above requires
elaboration. Three key ingredients for this purpose are Lemma 5.4,
showing that most of the connected components of the iterates ®"(v)
of a horizontal curve v have lengths above any small specified threshold,
Lemma 5.5 saying that on any horizontal curve almost every point is
forward regular in the sense of Pesin, and Lemma 5.7 showing that
the holonomy along stable manifolds is Lipschitz when we fix the order
[ € N of Pesin’ sets (controlling the size of stable manifolds).

Finally, we note that in our setting the unstable distortion is always
zero because the corresponding dynamics is affine. Comparing with [3]
this simplifies a bit our analysis.

5.2. Preparatory Lemmas. Choose ¢ > 0 so that Proposition 4.4
and Theorem 4.15 hold. From now on, to simplify our notation, we
will drop the index e from the symbols D:w D, D?,.

Definition 5.2. Given a C'! simple open curve 7 in M and a point
x € 7, we say that vy has size & around z if the length of the connected
components of v\ {z} is greater than or equal to d.

Definition 5.3. Given an h-curve 7, a point x € v and n € N, let
RZ(x) be the connected component of ®"(v) containing ®"(z). Define

v(n,6) = {y € v: R}(y) has size 6 around " (y)} .

Let ¢¢ > 0 and 0 < a < 1 be as in Condition H, and let ¢ > 0 and
A > 1 be as in Condition A2.

Lemma 5.4. There exists C = C(®) > 0 such that for every h-curve
7, there exists ng = ng(y) such that if n > ng and 0 < § < ceq, then

L(7\7(n,8)) < Cl()s.

Proof. Let v be an h-curve. If z € v\ v(n,d), then either x € N, or
d(®™(x), 09" (v \ N;J)) < 4. Let B C 09™(~\ N,I') be the image under
@™ of the endpoints of v that do not belong to N;. Notice that this
set consists of at most two points and the elements of 0™ (y\ N,/)\ B
are discontinuities of ®~". Let Bs denote the d-neighborhood of B.
Since the horizontal direction coincides with the unstable direction and
| DO ]| > A"

n—1

7\ 7(n,8) c | (v ne (N(;fm/c)) U(yne™(Bs)).

1=0
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Using (4.2), we obtain

MH

N8 < 3 (7107 (N, ) +£ (70197 (B7)

=0

n—1

o) 20

g;& (d"+) +

6 < iy 26
STZ:: (N + Xt) + 55

C 1— A" 20
Sx(l_m 1_%@)*@
Co (A" — m—1 2
ST - 1_M<V>+W)
<2 5(7

for all n such that the expression in parentheses in the penultimate
inequality is smaller than 2/(~). O

Let Dt = ;o Di'-
Lemma 5.5. For any h-curve vy, we have ((y) = {(y N D).
Proof. Since D; is increasing in [, we have £(y \ D) — £(y\ D*) as

[ — 400. Now,

Y\ D C U (vNe™ (Nfia))

n=0

If [ is sufficiently large, then by (4.2),

M8

(\D) <y L(yno™ (Nfy,)

<Y
z

M8°

IN
=~ Q i

e (" +{(7)) <

n=0

Given an h-curve v, we call v-limit measure any weak-* accumulation
point of the averages

i
L

My = i Lebv»

S|
KA

<.
Il
o
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where Leb,, denotes the normalized Lebesgue measure of v, i.e. given
any Borel set A C M,

l(yNA)
()

The next is the key result on the existence of SRB measures proved
in [16]. We recall part of the proof, for the convenience of the reader.

Leb,(A) =

Lemma 5.6. If v is an h-curve, then any y-limit measure y s invari-
ant and satisfies 1(D°) = 1. In addition, if v N\ D~ # (), then p is an
SRB measure.

Proof. Consider the function ¢ : M\ N* — R,
o(z) :=dist(z, NT) ,

where the distance between x and N7 is measured along the horizontal
line through x. Since ¢ is bounded from above, for any probability mea-
sure v, the integral [log ¢ dv is well-defined in [—0c0, +00). Notice also
that for all sub-intervals I of some fixed compact interval containing
the origin, [,log|z| dz > —¢(I). Hence, by a change of coordinates

/ log dist(®’(z), NT)dx > =L (y N @/ (N])) ,
YNP—I(N)

and by (4.2) there exists a constant C' > 0 such that

/ log ¢ dyiy,n = / | logpdpyn+ / - log p dpiy
N, M\N¢

€

SRS LLLELI RS
> —Ce— m —log(1/€) > —o0 .

Because this lower bound is uniform in n, the function logy is u-
integrable, with [logpdy > —C'e —log(1/e). Similarly, logp o ®F is
p-integrable for every k € Z. Hence, u(®(N*)) = 0.

To prove that p is invariant it is enough to see, for any continuous
function ¢ : M — R, that

/wdu:/woédﬂ. (5.1)

If v =0 on ®(N*) then the composition ¢ o ® is also continuous on
M, and hence

lim /¢o®dﬂ7,nk:/@b0®dp.

k——+oo
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On the other hand, a standard calculation gives

v~ [vovin,

Passing to the limit we get (5.1).

In general, given any continuous function ¢ : M — R, because
w(®(NT)) = 0, we can approximate ¢ by continuous functions ¢’
vanishing on ®(N7T), and taking the limit we obtain the invariance
relation (5.1) for 1. This proves that p is invariant.

By Lemma 5.5, Leb, (D) = 1. Hence because ®(D*) € DT, we
have fi,,(D") =1 for all n > 1. Thus, taking the limit, u(D*) = 1.

We are now left to prove that p(D~) = 1. From Birkhoff’s ergodic
theorem, for p-almost every z € M, limy,, o0 = log p(®"z) = 0. This
implies that there exists | € N such that p(®"z) > [71e ™€ for all
n € N. Hence,

dist(®~ Vg, N7) > dist(d "z, N*) = (@ "z) > ["Le ™,

which proves that € D, for some | € N. Thus p(D~) = 1. The
last claim follows from the proof of existence of SRB measures in [16,
Theorem 1]. O

2
<= el

In the next lemma, we prove that the stable holonomy is Lipschitz
continuous (c.f. [16, Proposition 10]).

Lemma 5.7. Given | € N, there are constants § > 0 and C >0 such
that if I' and I are h-curves whose distance is less than §, 1,72 €
' N D;f with |z, — x| < 6 and ) :=T"' N Wi (x;), then

Proof. The proof consists of a few steps.

(a) First the slope of local stable manifolds is uniformly bounded away
from 0. This follows easily from the expression for tangent space to the
stable manifold in the proof of [10, Proposition 3.1].

(b) Let I',(z1) denote the " pre-image of the connected component of
®"(T") that contains ®™(z1). Let I (z1) be the corresponding compo-
nent of [ w.r.t. o). Denoting a, = (®"|r, (x)))’, resp. a;, = (®"|r 21))’,
then

log a—7 <C9¢.
an
Notice that av,(so, 0) = H;:Ol p(0;), where p(0) := cosf(0)/ cos§ and
for each i > 1, (s;,0;) is the image of (s;_1, f(6;—1)) by the specular
billiard.
Given another point (sg, 6)) € W (so,00), denote by 6. the analo-

gous angles for (s, ;). Since log p(#) is Lispchitz, and ‘9; — 0j| decay
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geometrically with j, we obtain

(80, 0o) /
1 1 —1 0,
‘og% A Z!ogp og p(6))]
n—1
SZC|9¢—91'|SC|90—96|:C5-
=0

(c) Write xy, = ®"(21), 2, = ®"(22), and consider the first n > 1
such that z;, and x5, do not belong to the same branch domain of
®. Because x; € ﬁfr, and these two points are separated by singular
curve, we have |x1, — 2,| < 217" e, Writing 2, = <I>"(:U’1) and
h,, = P"(x}), we have |z1, — @, = 1/an(z1) < I7'e ™. Hence,
combining this information with (a), we get

/

|'r,1,n - x2,n| <C
|x1,n - x2,n| - '
(d) By parts (b) and (c) and the mean value theorem, we obtain
[ =l _ [ am| |70 — 75l

|x1n _x2n|

A

|21 — 2 A

ca|$1n - 2n‘ < CeCF
|x1n x2n|

g

By Proposition 4.4, for every | € N, there exists §; > 0 such that
any point € D;" (resp. € D;) has a local stable (resp. unstable)

curve of size §; around z, denoted by Wj(z) (resp. W}*(x)). For any
set A C D}, define WP (A) = U, W/ (2).

Lemma 5.8. Let v be an h-curve such that vy N D~ # (. If p is a
~v-limit measure, then there exists an ergodic component p. of p such
that Leb, (B(p.)) > 0.

Proof. By Lemma 5.6, u is an SRB measure of ®. According to The-
orem 4.12, we may decompose p into a finite number of ergodic com-

ponents p;, ¢ = 1,...,r such that p is a convex combination of the
ergodic measures ji;, i.e. =Y, o;p;. If B :=J;_, B(;), then
w(B) =1. (5.2)

Given [ <!’ in N define

5
Q= {x € D}: Lebyu( (DpNB) >1— 1—0}

where § = (1) is smaller than ¢ as in Lemma 5.7 and to be deter-
mined later. Notice that p(D° N B) = 1 due to Lemma 5.6 and
(5.2). By the properties of the SRB measures (see [16, Proposition
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9]), we know that for p-a.e. 2z € D° there exists [ € N such that
z € D} and Lebyu(y) (D° N B) = 1. This implies that for some ' > [,
Lebywug) (Dp N B) > 1 — 2. Therefore

<t

Let B(z,0) be the open ball of size § around = € M. For every x €
le,, denote by II; () the union of all h-curves of size §/10 centered
at y € Wi(xz) N B(z,9).

The set

Uu/ = U Hul(l')

0
T€Y

is open and contains Q?J,. Choose [ < I sufficiently large such that
9
Q) > —.
H ( Ll ) 10
Since p is a ~-limit and Uy is open, we have
o 9
tim inf iy (Upr) 2 p(Urr) > () > 10
Hence, for infinitely many n € N,
-
10°
Notice that 6(I) — 0 as [ — oo. According to Lemma 5.4, for any
[ € N sufficiently large there exists nyg € N such that for every n > ny,

9
Leb, (1(n,5(0) >
This lower bound together with (5.3) implies that there exist [ <" and
n € N such that

Leb, (@7 (U1r))) (5.3)

Leb, (v(n,0(1)) N @ (Upy)) > %

Therefore, ®"(y) € Iy () for some z € ), and y € 7(n,9).

Recall that RZ(y) is the h-curve of size ¢ around ®"(y). Hence, we
can find z € v such that ®"(z) € Wj(z) and an h-curve contained in
R!(y) of size $6 around ®"(z). Moreover, since x € €, we know that,

Leleu(m) (Dlo/ N B) >1-— %
This means that Wi(W;*(z) N DY N B) has no ‘vertical gaps’ having
size larger than §/10. The local stable manifolds of points in D}, vary
continuously. Thus, by choosing a sufficiently small 6(/) and using
the absolute continuity of the stable holonomy, we can make sure that
R (y) intersects Wj(W}*(z) N D} N B) on a set of positive (-measure.

Notice that if 2 € BN Dy, then Wji(z) C B. Hence, Lebgn,) (B) >
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0. This implies Leb, (B(p;)) > 0 for some i = 1,...,r, because the
restriction of ®~" to Rl(y) is affine.
U

Lemma 5.9. If v is an h-curve, then there exists an ergodic SRB
measure fi. such that Leb. (B(f.)) > 0.

Proof. In order to apply Lemma 5.8 we produce a sub-limit I of iterates
of v such that ' N D~ # 0.

Let p be a y-limit measure. By Lemma 5.6, we can take [ € N such
that p(D}) > . By Lemma 5.4, there exists 6 > 0, which we assume
to be much smaller than the size of the local stable curves of points in
DY such that for all large n,

9
Leb, (y(n,0)) > 0

Denote by g, resp. Aj, the restriction of the measure Leb., to v(n, ¢),

resp. 7\ 7(n,0), so that Leb, = Ao + A;. Setting 9, = £ Z?:_(} DI\
and M;,n = % Z;:Ol I\, we also have i, = ,ugm + /L}/,w Hence there
exists weak-* sublimits pg of ,ugm and p; of ,u,lyw respectively, such that
i = o + p1. By construction pg has total mass > 9/10 while p; has
total mass < 1/10.

Given a set 79 C M, let us say that z € M is a ~p-limit point
if there exists a sequence of points x; € 7y and a sequence of times
ng — —+oo such that z = limy_, o Y™ (25). With this terminology,
any point z € supp(p) is a y-limit point, and any point z € supp(uo) is
a 7y(n, 0)-limit point. Notice that u(supp(uo)) > po(supp(po)) > 9/10.
Therefore pu(supp(po) N DY) > 4/5. Hence, if z € supp(po) N DY and T
is an h-curve I' C W}*(z) of size ¢ around z, then I' is accumulated by
forward iterates 7, of v with ¢ (~,) > ¢.

Applying Lemma 5.8 to I, we have Lebr (B(u.)) > 0 for some er-
godic SRB measure p., which is an ergodic component of a I'-limit
measure.

Since I' is accumulated by forward iterates v, of v with £(v,) > 9,
the Lipschitz continuity of the stable holonomy (see Lemma 5.7) implies
that Leb.,, (B(t.)) > 0, and so Leb,, (B(.)) > 0 because the restriction
of &~ along 7, is affine. O

5.3. Proof of Theorem 5.1. Let pq, ..., u, be the ergodic SRB mea-
sures of ®. Define

B=DB(u)U---UB(u,) and A= M)\ B.

Assume that Leb(A) > 0. We will derive a contradiction from this
assumption.

By Fubini’s Theorem, there is an h-curve « such that ¢ (y N A) > 0.
By Lemma 5.4, for some small 6 > 0 and some ny € N, we have
¢ (y(n,8) N A) >0 for all n > ny.
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Take a Lebesgue density point z € v(n, )N A, and consider a strictly
increasing sequence {n;} such that the sequence of h-curves {R}:(z)}
converges to some h-curve I' of length > §. Notice that the space of
all h-curves with ¢ (T') > ¢ endowed with the Hausdorff distance is
compact.

By Lemma 5.9, Lebr(B) > 0. Hence, Lemma 5.5 gives an [ € N such
that

ni=(TnDfnB) >0

Since the local stable curves of points of I' N ZA)Z+ N B have uniform size
61, they must intersect RJ(z) for all i sufficiently large. The Lipschitz
continuity of the stable holonomy (see Lemma 5.7) implies

((Ry(x)NB) > S0 (Ry()) -

Consider the curve 7' := ®~"(Rli(xr)). Since the restriction of ®" to
~" is affine, we conclude

Lo/ NB) 2 L)

However, x is a density point of A N+, and so the proportion
((+' N B)
C(y)
can be made arbitrarily small by choosing a sufficiently small h-curve
~" around z. This fact contradicts the previous conclusion.
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