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ANALYSIS OF THE INCOMPATIBILITY OPERATOR AND
APPLICATION IN INTRINSIC ELASTICITY WITH DISLOCATIONS*
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Abstract. The incompatibility operator arises in the modeling of elastic materials with disloca-
tions and in the intrinsic approach to elasticity, where it is related to the Riemannian curvature of the
elastic metric. It consists of applying successively the curl to the rows and the columns of a second-
rank tensor, usually chosen symmetric and divergence-free. This paper presents a systematic analysis
of boundary value problems associated with the incompatibility operator. It provides answers to such
questions as existence and uniqueness of solutions, boundary trace lifting, and transmission condi-
tions. Physical interpretations in dislocation models are also discussed, but the application range of
these results far exceed any specific physical model.
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1. Introduction. The incompatibility operator is a second-order differential op-
erator consisting of taking the curl of the rows and the columns of a second-rank tensor
€, Viz.,

(1.1) inc e = Curl Curl® e,

the curl being taken rowwise. The incompatibility operator arises in physics, in the
area of dislocation modeling, since the linear elastic strain e is incompatible in the
presence of dislocations, that is, cannot be written as a symmetric gradient, as soon
as inc € # 0. Specifically, its incompatibility is related to the tensor-valued density
of dislocations A as found by Kroner [14] and further discussed in, e.g., [20, 23],
and shows ultimately as a macroscopic manifestation of plasticity (let us recall that
plasticity is generated by dislocation motion). The insight of Kroner was to under-
stand the incompatibility as a genuine geometric property of the dislocated crystal
related to the connection torsion and contortion (we refer the reader to [9, 18, 20]);
the crystallographic evidence of the latter had been first identified by Nye [17]. In a
recent contribution [21] to this discussion, it was shown that the incompatible strain
is written by virtue of the Beltrami decomposition [15] as

(1.2) e=V9u+ inc F,

where u may be given the meaning of a displacement field, here complemented with a
tensor-valued symmetric and divergence-free field F' which is related to the dislocation
density by the formula

(1.3) inc inc F' = inc e = Curl &,
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where the last equality is due to Kroner [14], and with the contortion tensor

(1.4) ﬁ::A—gtr A.

Here A is the macroscopic counterpart of the mesoscopic dislocation density tensor
Az =7 ®@bH!,, where 7 is the unit tangent vector to the dislocation line £, and b is
its Burgers vector.

Moreover, (1.1) shows tensor Curl® e, called the Frank tensor [23], from which
the infinitesimal rotations and the displacement field are classically defined in linear
elasticity. In fact, in the presence of dislocation lines, the displacement and rotation
jumps around the lines are explicitly given [15] by means of recursive line integration
of linear combinations of the elastic strain and Frank tensors. Obviously, these jumps
vanish if and only if the strain incompatibility vanishes.

So far, we can say that incompatibility, an important operator in continuum me-
chanics, is related to dislocations and carries a clear geometric interpretation. About
this latter point, it should be emphasized that inc e is another way of writing the
curvature tensor associated to the elastic metric g := I — 2¢, to the first order (the
explicit relation between the fourth-rank curvature tensor and the second-rank strain
incompatibility can be found in [15]), whose properties in mathematical models of
elasticity have been discussed in a series of recent works by Ciarlet (see, for instance,
[7, 6]), in which he refers to the intrinsic model. Let us emphasize here the deep
impact of this point of view for modeling, since it consists in a change of paradigm:
to no longer consider the displacement as the main model variable, but rather the
strain, and from this knowledge (be it given, or be it deduced from a constitutive law
from the stress field) to define an elastic metric g, the associated Riemann curvature
tensor (and possibly, the Cartan torsion, as far as dislocations are concerned; see,
e.g., [14, 20]), and then, in a second step, to deduce a displacement field. In Ciarlet’s
series of works, the displacement is found as soon as the curvature tensor associated
to g vanishes. We also share this point of view and consider the elastic strain as the
primal variable, defined here from the stress o by the linear homogeneous, isotropic,
and isothermal constitutive law

e=A"lo,

where A is the elasticity tensor. However, for us, not only does the Riemann curvature
not vanish because of (1.3), but it is the central model variable besides the elastic
strain.

The main motivation and purpose of this work is indeed the mathematical study
of the incompatibility operator, in particular, in terms of function spaces used and
their properties. From a mathematical viewpoint, it should also be stressed that the
incompatibility operator is related to the Laplacian in the sense that for symmet-
ric and divergence-free fields E, one has tr inc E = Atr E! and inc inc E = A2
Thus, in some sense, it constitutes a tensor generalization of the Laplacian, but as
for the Curl Curl operator (recall that Curl Curl = —A for solenoidal vectors), any
associated boundary value problem must be addressed carefully since it applies to
solenoidal fields and hence might not be an elliptic operator (see [13] for the analysis
of Curl Curl systems, the vector and first-order counterpart of our study). Indeed,
the solution must satisfy the divergence-free condition in the domain, as well as spe-
cific boundary conditions (i.e., complementary in the sense of Agmon, Douglis, and

Here, trace tr means the sum of the diagonal components of a second-rank tensor.
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Nirenberg [1]), which are normal and/or tangential components of its boundary traces.
Note that in H'-spaces, the study of divergence-free fields is of the utmost importance
in fluid dynamics [10, 19]. In particular, boundary lifting results can be found in [11].

A natural initial question is to seek the appropriate boundary conditions (if
one thinks of the strong form) in order to well define the boundary value problem
inc (Minc E) = G, or the appropriate function space (if one thinks of the weak
form) to have existence of minimizers for fQ(%Minc E - inc E — G - E)dx, where
G is some given symmetric and divergence-free force dual to E. The first issue is
therefore the bilinear form coercivity and the function trace lifting properties; that
is, given appropriate combinations of F and its normal derivatives, is it possible to
find a divergence-free field E in H? whose trace on the boundary corresponds to these
values?

These questions are positively answered in this paper. As the first step, a study
of the extension of boundary tangent and normal vectors will also be achieved. Such
extensions and their differentiability properties can be found in Theorem 2.2. We
emphasize that our solution method is not very standard, since it is coordinate-free
and based on the extension of an orthonormal basis on the boundary, which is thus
viewed as locally Euclidean, though with a triad of local, nonconstant, basis vectors.
Our core result, Theorem 3.10, states that one can find F' € HZ(Q2) with prescribed
divergence in 2. Its main application for our purposes is about trace boundary lifting
for solenoidal fields in H?(2). The exact statement can be found in Theorem 3.12.
Then, in section 4, combining this latter result with the bilinear form coercivity
in HZ(Q) (namely, Theorem 3.9), existence and uniqueness of the nonhomogeneous
boundary value problem inc (Minc F) = G follow in a standard way. Finally, with
a view to performing topological sensitivity analysis in future work in the spirit of
[2, 3], transmission conditions are identified by means of an appropriate Gauss—Green
formula. They are given in Theorem 4.4.

To the best of our knowledge, our most substantial auxiliary results, namely
Theorems 3.10 and 3.12, are not found elsewhere in the literature and seem to be
of the utmost importance for a broad range of applications, far exceeding our study
of the incompatibility operator. Let us emphasize that the incompatibility operator
and its physical interpretation in dislocation modeling must be considered here as
one possible application, which was the motivation for addressing this problem, but
Theorems 3.10 and 3.12 show a level of generality which we believe renders their study
useful to a large community of mathematicians working in applied sciences. Let us
also stress the importance of boundary lifting in numerical analysis, in particular, in
the finite elements methods [5, 11].

To conclude, the proper boundary value problem is discussed in section 4, while
its application in dislocation models is proposed in section 5.

Physical meaning of the model field E in elasticity. The first physical
interpretation of the variable E is the field F' in Beltrami decomposition (1.2). Let
the stress o be given, and define the elastic strain as ¢ := A~ 'c, where A is the
assumed constant elasticity tensor, i.e., A = 2ully + Ao ® Iy, with A\ and g the Lamé
coefficients. Equilibrium reads as

{—div c=—divAe=0 in £,

(1.5) oN =g on 0,
and from (1.2) is rewritten as

(1.6) —div (AVu) = Fp, := AVtr (inc F) in €,
' (AVSu)N =g — Atr (inc F)N =g on 09,
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recalling the solenoidal property of inc F. Therefore, u is called the generalized
displacement field. By virtue of (1.3) with a suitable choice of boundary conditions,
one also has

inc inc ' =1ince=Curlk in €,
(1.7) F=0 on 09,
(ONF x N)!x N=0 on 0.

Systems (1.6) and (1.7) are also discussed in [21].

Moreover, recall (1.2), and take E = € := inc F. By (1.3), the symmetric and
solenoidal field €” is the part of the elastic strain which plays a role in dislocations.
Thus it may be called the dislocation-induced elastic strain. Let us now address
the question of a thermodynamical setting in our elastic body with dislocations in
which the free energy would depend on internal defect variables such as € and k.
Considering a high-order model in the spirit of [4], which involves the derivatives of
in the form of its curl, by (1.3) the free energy is then a function of €® and inc €. Now,
if a quadratic model is proposed (we refer the reader again to [4]), one would naturally
consider terms such as %Mine €Y inc € in the free energy, with M a positive-definite
fourth-rank tensor whose components are related to material properties of the crystal
and of the dislocations. Therefore, one is led to study variational problems of the
form

1 1
inf / <—Avsu -V + =Minc € - inc 60) dx — / G - edx,
e=VSu+e® Jq 2 2 Q

where G is a body force that works against the total strain e. Of course, surface
forces could also be incorporated, as discussed in section 5. If G is now decomposed
as G = Vow + G, one has

/G-edx:/(—divvsw-u-l-GO-eo)d%
Q Q

where all boundary terms have again been dropped for simplicity. Thus, f :=
—div V3w is recognized as a body force that works against the displacement, while
G° works against the solenoidal part of the strain. Moreover, the minimizations with
respect to u and €® become uncoupled. The former provides the standard linear
elasticity equations, and the latter formally yields

inc (Minc ¢°) = G°.

With these two examples of physical fields F, whose incompatibility plays a cen-
tral role, let us now begin the mathematical analysis.

Notation and conventions. Let ) be a bounded domain of R? with smooth
boundary 0€2. By smooth we mean C'*°, but this assumption could be considerably
weakened. Let M?® denote the space of square 3 x 3 matrices, and S* the space
of symmetric 3 x 3 matrices. Divergence, curl, incompatibility, and cross product
with second-order tensors are defined componentwise as follows with the summation
convention on repeated indices. Here, E and T are second-rank tensors, N is a vector,



324 SAMUEL AMSTUTZ AND NICOLAS VAN GOETHEM

and e is the Levi-Civita third-rank tensor. One has
(div E); := 0;E;j,
(Curl T)i; == (V x T)ij = €jkmOkLim.,
(inc B);; := (Curl Curl® E)ij = €ikm€jinOk0 Emn,
(N xT)i5:=—=(T x N)ij = €xmNipTim,
(E xT)ijk = €jmnEimTin,
tr (EXT); = €jmnEpmTpn.

2. Extension and differentiation of the normal and tangent vectors to
a surface.

2.1. Signed distance function and extended unit normal. We denote by
Nyq the outward unit normal to 0€2, and by b the signed distance to 9€2, i.e.,

by = [ distl@,00) it e g0,
YT\ —dist(z,09Q) ifx e Q.

We recall the following results (see [8, Chap. 5, Thms. 3.1 and 4.3]).
THEOREM 2.1. There exists an open neighborhood W of 02 such that
1. b is smooth in W ;
2. every x € W admits a unique projection paq(x) onto 09;
3. this projection satisfies

1
(2.1) poq(r) =2 — §Vb2(x), xeW;
4. it holds that

Vb(z) = Noa(paa(x)), xeW.

In particular, this latter property shows that Vb(z) = Naq(z) for all x € 92 and
|[Vb(x)] =1 for all x € W. Therefore, we define the extended unit normal by

(2.2) N(z) := Vb(z) = Naa(psa(x)), xeW.

2.2. Tangent vectors on 9. For all z € 092, we denote by Thq(x) the tangent
plane to 9Q at z, that is, the orthogonal complement of Npo(x). As 9 is smooth,
there exists a covering of € by open balls By, ..., By of R3 such that, for each index
k, two smooth vector fields 74, 745, can be constructed on 92 N By, where, for all
x € 00N By, (thy(x), 74, (z)) is an orthonormal basis of Tyq(z). In what follows,
the index k£ will be implicitly considered as fixed, and the restriction to Bj will be
omitted. In fact, for our needs, global properties and constructions will be easily
obtained from local ones through a partition of unity subordinate to the covering.

Using that the Jacobian matrix DN (x) = D?b(z) of N(x) is symmetric, differen-
tiating the equality |N(x)|? = 1 entails

(2.3) ONN(x) = DN(z)N(z) =0, xeW.

In other words, N (z) is an eigenvector of DN (x) for the eigenvalue 0. For all z € 09,
the system (744,(z), 755, (2), Noa()) is an orthonormal basis of R3. In this basis,
DN (z) takes the form

Kho(x)  Coalz) O
(2.4) DN@) = | alz) nBy(x) 0|, wzecon
0 0 0
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where k5, k5, and ¢ are smooth scalar fields defined on Of2.
If R € {A, B}, we denote by R* the complementary index of R; that is, R* = B
if R=A,and R* = Aif R=B.

2.3. Extended tangent vectors. Let d be defined in W by
d=(1+b kg opaq) (1+b Kby opaa) — (b €aq 0 paq)®.
Possibly adjusting W so that d(x) > 0 for all z € W, we define the following in W:
(2.5) 7 =1L, 0poa, R=A,B,
R = a1 (146 wfo 0 poo) (5Ba 0 por) — b (Soaopon)?) . R=A,B,

£ =d "&aq o poa,
k=rA + ,%B,
A = div 7F, R=AB.

Obviously, for each 2 € W, the triple (74 (z), 78 (z), N(z)) forms an orthonormal
basis of R?. Next, we compute the normal and tangential derivatives of these vectors.
We denote the tangential derivative 0.z by O for simplicity. Specifically, Org(z) is
the differential of the vector ¢ at x in the direction 7%, viz.,

Org(x) == Dg(x)7"(2).

THEOREM 2.2. It holds in W that

(2.6) Nt =0,

(2.7) OrN = K 4 erf
(2.8) OrTlt = —kAN — 4B 78
(2.9) Op-T = AR _¢N,
(2.10) div N = tr DN = Ab = k.

Proof. Differentiating (2.1) in the direction h € R? and using (2.2) yields
Dpsa(x)h =h — (N(z) - h)N(z) — b(x) DN (z)h.

Choosing h = N(z) and using (2.3) entails Dpgq(z) N (x) = 0; then (2.6) follows from
(2.5). Choosing now h = 7(z) gives

(2.11) Dpaa ()8 (z) = 78 (x) — b(x) DN (z)7% ().

Differentiating N (z) = N(psa()) in the direction 77 (x), one obtains using (2.11)
(2.12) (I +b(z)DN (paq(x))) OrN(x) = DN (paa(x))r%(z).

Plugging (2.4) into (2.12) yields (2.7). Differentiating the relations 7%(z) - N(z) = 0,
|78 (x)]? = 1, and 77(z) - 78" (z) = 0 in the direction 77 (z) yields dp7%(x) - N(z) =

—kB(z), OpTB(z)- 7B (x) = 0,and Op7 R (x)- 77 (2)+0rT™ (x)-77(2) = 0, respectively.
From

div TR(x) = 8R7'R({E) . TR({E) + Op+ TR(x) i () + GNTR(QC) - N(z)
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and the preceding relations, one infers

*

(2.13) VR () = O B(a) - 7T (2) = —Op- 7T (z) - 7T ().

This leads to (2.8). Differentiating 7%(z)- N(z) = 0 and |7'R(x)|2 = 1 in the direction
7 () yields Or-7%(x) - N(z) = —&(2) and Og-77%(x) - 7%(x) = 0. With the help of
(2.13) one arrives at (2.9). Finally, (2.10) is a straightforward consequence of (2.7)
and the definitions. O

COROLLARY 2.3. If f s twice differentiable in §2, it holds that

(2.14) OrONf = ONORf + HRaRf + EOp+ f.
Proof. We have on the one hand
OrONf = Or(Vf-N)

=OpVf N+ Vf- (kB et

= D2fTR - N + liRaRf + £0R+ f,
and on the other hand

ONORf=0On(Vf-T8) =0NVf -t"=D*fN .77

One concludes the proof using the standard Schwarz lemma. d

2.4. Divergence expression in the local basis. Let us decompose a 3 x 3
symmetric matrix F in the local basis (74,75, N):
(2.15)

Eij:ENNNiNj'F Z ENR(NiTJR+NjT Z ERRT 7' +EAB(T 7' +7'A7'B)
R=A,B R=A,B

Using Theorem 2.2 we obtain
8jE1'j = 8jENNNiNj + ENN(aNNi + KJNi)

+Z [8jENR(NiTjR + NjTl-R) + ENR(aRNi + NiajTJR + 8ij7‘iR + 8N7'ZR)]
R

+Z [8jERRTiRTJR+ERR(3RTiR +7’1R8j7'jRﬂ
R
+9;Eap(7] T +T 72) + Eap(0p7{* + 7 37 +TB€97 +oatP)
= ONENNN; + ENnEN;

+ Z [aRENRNi + 8NENR7‘1»R + ENR(HRTZ-R + fTiR* + ’yRNi + HTZ-R)}
R
+ Z [0rERaE + Epn(—kN; =77 77 4 478)]

+33EABT + OAEABTE + Eap(WATE — éN; + 4872 + 4478 1+ 4B1A —¢N))

=N; (3NENN +KENN + Z(aRENR ++"Eng — k"Egg) — 2§EAB)
R
+ Z[ (ONEng + (k+ K" Eng + EENR- + OrERR

+’)/RERR — ’}/RER*R* + Op-Eap + 2’}/R*EAB):|.
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Hence
(2.16)

div £ = <3NENN +KENN + Z(aRENR +"ENg — k"Egg) — 2§EAB) N
R

+ Z (3NENR + (k + £™)Eng + €Eng- + OrERR
R

+ v Err — v Er+r+ + Or-Eap + 2"/R*EAB>TR~

3. Function spaces.

3.1. Definitions and basic properties. Let I'g be a subset of 02 which is not
everywhere flat and has nonzero two-dimensional Hausdorff measure. Define
Heun(Q,M?) := {E € L*(Q,M?) : Curl E € L*(,M?*)},
Hine(9,S?) := {E € L*(,S?) : inc F € L*(Q,S%)},
H(Q) :={E € H*(Q,S?): div E = 0},

Ho(Q) :={E€H(Q): E=(ONE x N)! x N =0 on 90},

)

) =

Hry () :={E€H(Q): E=(OnE x N)' x N=0onTg},
HY(Q,R3 {ueHg(Q,R?’);/udx:o},
Q

H?2(00,S%) := {E € H*?(09,S%): | ENdS(x) = 0} '

o0

Given E € H*/2(9€;S%) and F € HY2(9€;S?) such that [,, ENdS(z) = 0 and
FN = 0, we define the affine spaces

(3.1) Hep():={Ee€H(Q): E=E, (OnE x N)t x N =TF on 90}
and
(3.2) Herr,(Q) ={EcH(): E=E, (OnFE x N)t X N =T onT'g}.

Obviously, in the latter case, it suffices that E and F be defined on I'g, and the
condition [,, ENdS(x) = 0 is not restrictive whenever I'y CC 9. The spaces H(£2),
Ho(€2) and the above affine spaces are naturally endowed with the Hilbertian structure
of H%(9,S?).

LEMMA 3.1. For all E € H*(Q,S3) it holds in W that

t
CurltExN:—(aNExN)th—i—<ZTR><33E> x N on 0€.

Proof. We compute componentwise
—[Cwl® E X Nlpmg = €jguNo€min01Ejn,
= 6qu-Z\/v'uErnlnj\/vlaNEjn + 6qu-Z\/v'uernln Z TlRaREjn
R

((aNE % N x N)

t
— <ZTR><8RE> x N ,
R

mq

mq
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proving the result. d
LEMMA 3.2. For all V € HY(Q,R3) it holds in W that

Cwrl V- N = 04Vp — 05Va — v5Va + 14 V5.
Proof. We have

Curl V- N = €;,N;0; Vi
= €ijuNi (ONViN; + 0aVir]* + 05Vir))
=94V -8B -0V .4
= 0a(Var? + VprB + VyN) - 78 — 0 (Var™ + Vpr? + VyN) - 74
=04V + (VAaATA + VgaATB + VNaAN) .rB
—0pVa — (VadpT™ + Vopt? + VyOpN) - 4.

Then one concludes the proof using Theorem 2.2. a
LEMMA 3.3. Every E € Ho(Q)) satisfies

(3.3) div Curl* E =0 in 2,
(3.4) Curl' Ex N =0 on 0L2,
(3.5) ONE =0 on Of.

Proof. One has
[diV Clll"lt E]l = 6ikmajakEjm = eikmékﬁjEmj =0

and Curl® £ x N =0 by Lemma 3.1.
From (2.16) one infers that on 92

8NENN ZO, 8NENR=0.

Therefore (2.15) entails

OnEi; = ZaNERRTlRTJB + 8NEAB(TZ-ATjB + TJATZ-B).
R

In the basis (74,77, N) one has

ONEaa OnEap 0 ONEap —OnEaa 0
(3.6) 8NE = aNEAB aNEBB 0 s 8NE X N = 8NEBB —aNEAB 0 s
0 0 0 0 0 0
ONEpp —OnEap 0
(37) 0= (8NE X N)t X N = _8NEAB 8NEAA 0 s
0 0 0

whereby (3.5) follows. O
Remark 3.4. By the same token, for a general symmetric tensor 7', one has in
the basis (74,75, N)

Taan Tap Tan Tap —Taa O
T=|1Ta TBp 1BN |, T'xN=|Tgp —-Ta 0
Tna Tnp Tnn Tng —Ina O

3
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Tgp —Tap O
(3.8) (T X N)t x N = _TAB TAA 0
0 0 0
Remark 3.5. Let T'= Curl® E be such that ' x N = 0 on 9. Then, by Remark
3.4, one has Tgr = 0 for R = A,B and Q = A,B,N. For fixed 4, let V; = Tj; in
Lemma 3.2. We infer (Curl T)N = (inc E)N = 0 on 0.
LEMMA 3.6 (Kozono and Yanagisawa [13] and von Wahl [24]). Let F' € Heun (95 M?)
such that div F =0 in Q and F x N =0 on 0S2. Then F € H*(2,M3), and it holds
that

for some positive constant C independent of F.
LEMMA 3.7. For all E € Ho(Q) it holds that

1E m2) < C (|1 Ell 20 + [|Curl E|2(q) + |linc Ellr2(q))

for some positive constant C' independent of E.
Proof. By Lemma 3.6 we have already

HVE||L2(Q) S C'HCurl E||L2(Q)-

Set F' = Curl® E. We have Curl F € L%(Q), and, by Lemma 3.3, div F' = 0 in 2 and
F x N =0 on 99. Hence Lemma 3.6 entails |VF| 2o < C||Curl F| 2, i.e.,

H& Curlt E||L2(Q) < C||inc E||L2(Q)-
This implies

In addition, div 0;F = 0;div E = 0 in Q. By Lemma 3.3, OyE x N = 0 on 012,
whereby, since £ =0 on 99, 0; E x N =0 on 0. Therefore, by Lemma 3.6,

Haj&-EHLz(Q) < C|Curl 81-E||L2(Q).
Using (3.10) we derive
(3.11) ||aj81EHL2(Q) < C'||inc E|IL2(Q)7

and the proof is achieved. O
THEOREM 3.8 (Poincaré’s inequality). There exists a constant C' > 0 such that,
for each uw € H*(Q,R3),

(312) ||uHL2(Q) < C (||VU|L2(Q) +/ |u X N|d5) .
Lo

Proof. By contradiction, assume that for each k¥ € N, there exists a up €
H'(Q;R3) such that

||UkHL2(Q) >k (||vuk|L2(Q) +/ |uk X N|d5) .
o
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Deﬁning Uy 1= uk/Huka(Q), one has ||1.Lk||L2(Q) =1, and hence (1) Hvak”L%Q) — 0,
(i) Jp, [@ke x N|dS — 0 as k — oco. By (i) and Rellich’s theorem there exists v €
H*(Q,R3), 1/2 < s < 1, such that a nonrelabeled subsequence uy — v in H*(Q, R3),
and hence by virtue of (i) and for every ¢ € D(Q,R?),

k— o0

/ vdiv pdr = lim g div pdr = — lim Duypdz =0,
Q Q k—o0 9]

whereby Vv = 0, meaning that v is a constant vector. Condition (ii) now implies that
Jr, [ x N|dS — [, v x N|dS =0 as k — o0; i.e., v x N =0 and thus v is parallel
to N, which is not constant and of unit length, and hence v = 0, a contradiction,
since [|v||z2(0) = 1. 0

THEOREM 3.9 (coercivity). There exists a positive constant C such that, for each
E e HO(Q)7

(313) ||E||H2(Q) S C’||inc EHLz(Q)-

Proof. By Theorem 3.8, the tensor counterpart of (3.12) reads as
Pl < € (IVFllizo + [ |F % Vlas)
T'o

for all F € H*(Q,M3). By Lemma 3.3, div Curl® £ =0in Q and Curl®* Ex N =0 on
0. Hence by Lemma 3.6 and again by Theorem 3.8, one has (with the nonrelabeled
constant C' > 0)

||E||L2(Q) S CHVEHLz(Q) S C||Cur1 EHL2(Q) = C’HCUI‘lt EHL2(Q)
< OHV Curlt E||L2(Q) < CHCHI‘l Curlt EHL2(Q) = C’||inc E||L2(Q)-

The proof is completed using Lemma 3.7. O

3.2. Lifting of boundary traces.

THEOREM 3.10. Let g € HA(Q,R3). Then there exists U € H3(Q,S?) such that
div U =g.

Proof.

Step 1. Let v € H*(£2,R3) be a solution (unique up to a rigid motion) of

—div Vv =g in Q,
V*uoN =0 on 01,
and set V = V®vu. By elliptic regularity, v € H3(Q); thus V € H?(2). We have
divV =g in Q and VN =0 on 9.
Step 2. We aim at defining U = V + W, where W = inc ¥, ¥ € H4(,S%), must
satisfy

(3.14) WN =0 on 99,
(3.15) Wrft = —vr® on 09,
(316) 8NW == —GNV on 0.

We assume a priori that U € H*(,S?) satisfies

(3.17) U=0y0 =0 on 0.
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Then (3.14) holds true by Remark 3.5 and Lemma 3.1. We are going to derive other
conditions on ¥ such that (3.15)—(3.16) are also satisfied.

Step 3. Now let us rewrite the traces of V and dyV on 99 in the local basis
(r4,78,N) as

Vaa Vap Van Vaa Vap 0
V=1|Vap Ve Van|=|Var Vap 0],
Van Ven Van 0 0 0

ONVaa OnVap OnVan
ONV = [ OnVap OnNVB OnVBN
ONVan OnVen OnVNN

Assume that

—Vee Vap 0
(3.18) 8]2\;\1/ = Vap —Vaa O
0 0 0
and
(3.19)

(—3]\] =+ QKA)VBB — 2€VAB (8N — H)VAB + f(VAA + VBB) 0
030 = | (O —K)Vap +E(Vaa +Ver)  (—0n +268)Waa —26Vap 0
0 0 0

Let us compute the components of the vector W%,
e For W7 . N, it holds that

(3.20) Wt . N W . N=WN.-78=0=-Vzy.
e For WP .78 we compute componentwise
Wiij‘TZA = GikalAéjzanak@\I/mn
= eikaf‘eﬂn@k(Tf&\Pmn) — eikmrfejln(akrf)ﬁllllmn.
The last term of the right-hand side vanishes by (3.17); hence

WijT}quA = eikazAak(Gjlanal\I/mn)
= €ikmTi (TP 0B + NpdN) (6jznTj4(TlB(93 + NON) )
= (Nm0p — THON)(Nn0B — 72 ON) Yinn
= Np0p(Npdp¥mn) — NpOp(tBoNY,00) — 7E0N (N,OB,00)

+ T ON (77 ON W),
which again by (3.17) yields
WiijTiA = —1BNLON(OB Y ) + TETEON (ON TV );
that is, by (3.17) and (2.14),

(321) WiijTlA = aNaN(Tng\Ifmn) = 812\]\:[133'
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2
R*

Similarly, it holds that WijTjB B = 0%V 44.

e Now, consider W7 . 75" and compute componentwise

WijTJATZB = eikaiBejlnTjAakﬁl\Ilmn = eikafak(ejlnTJAal\Ilmn)
= €ipmT2 ({204 + NiOn) (eﬂnr;‘(rlBaB + NiON)¥rnn)
= (—Nm0a + 700N8)(Nn0p — 72 ON) Vi
= —NOa(NppVmn) + NnOa (1,7 On Vo) + 710 ON (N0 Urnn)

— TréaN(TEaN\IJmn).

By (3.17) and (2.14), this reads as

K2

(3.22) Wyt = -0} U ap.

Thus (3.15) is satisfied by (3.18) and (3.20)—(3.22).
Step 4. Let us compute Oy W.
e We first compute Iy W7 - 7. Recall that from Corollary 2.3, one has

(3.23) Ona = Oan — K204 — E0B.
By mere projections, we have

aNWijTJATZA = 0N [eikmejlnTZATJAakﬁl\I/mn}

= 0N [eikmejlanTf (1204 + T 0B 4+ NLON) (71204 + TP OB + NiON) W |

=0y [eikag“(T,;“aA +720p + NLON) (ejlnTJA(TlAaA + 780 + N[@N)\I/mn)
— €ikm€jinTi (1904 + TP OB + NkQN)TJA (104 + TP 0p + NiON) V|

= N [(NwOp — 750N)(Nw 0B — TP ON) U inn
— €jin ((NmQB — TEQN)Tf) (T;“aA + TlBGB + NlaN)\Ilmn}

= (NmOnp — TEONN)(NuOp — TP ON) Urnn
— GijmaBTJA (TlAaNA + rlBaNB + NONN)Y

(3.24) — €jin (NmOnp — 7E0NN)T) (77204 + 7505 + NiON) Urnn,
and hence from (3.17) and (3.23), the right-hand side of (3.24) is equal to
(NmOng — TEONN) (Nuds — 720N Uinn — €jin N7 (17 On 4 + 72 0n 5 + NiONN) Wi
By (3.23), it follows that
ONWimi' 7 = (NmOpn — 5P NiwOp — ENmOa — 70NN ) (NaOp — 7208) Vi
— GjZnNm(’}/ATjB — fNj)(TlAaNA + 7208 + NiONN) Y s
thus by virtue of (3.17) and (3.23),

8NWijTJAT{4 = (NmﬁgN — TE@NN)(NnaB — Tfa]v)\:[/mn
= €jtn N (VA7 = EN)) (NiONN) U
= (Nw0p — 1E0N)(Nwdng — 720NN ) Vonn — Non (YA ON N Wi,
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and again by (3.23),

aNWMTjATlA = (Nm83 — TnB;(?N)(NnaBN — HBNn(?B — anaA — TfaNN)\I/mn
A A
-y Nan 8NN\Ijmn~

By (3.17), this entails that

ONWi T 7 = Now0Op(— 7P ONN) Ui — 70 (NuOnpn — 6P NoOng — (Onk") N0
—ENWONA — (ONENwOA — TP ONNN) Urn — Y Nin 7 ONN Piin,
whereby, again using (3.17) and (3.23),
8NWZ-J-7'JAT{4 =—N,, 0B (Tf@NN)\I/mn — 7'5 (N,.ONBN — Tf@NNN)\IJmn
— VAN T2 ONN Y
= — Np(—kE N OnN — YA 7208 N + 70NN ) Winn

— 7B (NpOpNN — T2 ONNN) Urn — Y Non T2 ON N Wi

Therefore,

8NWijTJAT'A = KJBNmNnaNN\I/mn - (NanB + NnTﬁ)aBNN\IJmn + TﬁTfaNNN\IJmn

K3

(3.25) = kBN N ONN T i — 2N 7B OB NN Y i + TETEONNN T -
Yet
05 (Nu?) = (kP75 + €172 + N (6PN, — v 1)
(3.26) = kBrBrB L erArB _ (BN, N, — AN, 7.
This yields
ONWi it = KP Ny NuONN Y — 205(Non 7 ON N W)
+2(kB7BrB 4 erA7B _ kBN, N, — yANw ) ONN T n
+ 72T ONNN Y
= — kBN NuONNYinn — 205 (N TEONN Yo
+2(kB7BrB 4 erdrB _ NAN, TMONNY i + TETEON NN i
=— kPONNUNN —2050NN YN
+26P0NNT g + 260NNV as — 27 ONN T AN + ONNN Y BB,
which implies by (3.18) and (3.19) that
(3.27) ONWiyTirit = — 26PVau + 26Vap + 03 U = —OnVaa.

We have obtained OxyWa4 = —OnVaa. Similarly we find OnWgp = —OnVBB.
e Then we compute dy W - 7. We have
GNWiijTiB = 0N [eikmejlanTfakﬁl\Ilmn}
= O [eikmejinT T (17204 + 7208 + NiOn) (104 + 7705 + NiON)Vrnn
= ON[(=Nm0a + 7208 ) (N0 — 720N) U s,
— €in(—Nm0Oa + T,ﬁaN)TJA (104 + 1P 0p + Nl('?N)\I/mn} ,
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which by virtue (3.17) is rewritten as

3NW¢jTj47iB = (—~Npna + 7208N)(N.Op — T20N) U,
+ ejlnNm(—IiANj — "/BTJ»B)(TlAaNA + TlBaNB + NlaNN)\I/mn.
Hence, by (3.17) and (3.23),

ONWi TP = (= NpOan + £ Nipda + ENmOp + 7008 N ) (NnOp — 770N ) Vi
+ GjZnNm(—/ﬁ}ANj — ’}/BTjB)(TlAaNA + 78085 + NiONN) ¥ s
and by (3.17) again, one has
INWiymi 1 = (=Nim@an + 1508 N) (NnOp — 70 ON) Wi
— €jin N (KA N; + 'yBTjB)Nl@NN\I/mn
(3.28) = (—Nm0a + 7/0N) (NuOnp — 7 ONN) Winn — VP Nen 77 On N V-
Again by (3.23), the right-hand side of (3.28) is equal to
(—Nm0a + 775 0N) (NuOpn — £ NpOp — ENwOA — 72 ONN) Vinn — VP Nin 2 ON N Vi,
which by (3.17) is rewritten as
NinOaT2ONNUmn + Tip(NnOnBn — KPNuOnp — ENROna — TR ONNN) Ui
— VN ON N W
Therefore, (3.17) and (3.23) imply that
GNWiijTZB = NmaA(TfﬁNN)¢mn + Tﬁ(NnQNBN - Tf&NNN)\IJmn - 'yBNmTfQNN\I/mn
= N (V270NN — ENRONN + T2 0aNN) Vinn
+ T (Nn 0NN — TR ONNN) U — V2 Non 77 O N Wi
= — ENNWONN Y + Nn TP OANN Uinn + NuTia OBNN Ui
— AT BN NN Y .
Yet,
OA(Npu7B) 4+ 0(Not) = wriarB + €(rAr2 + 78 18) 4 AB N7 + yAN, 7B — 26N, N,,.
This yields
ONWi T 78 = = ENm NaONN Y + 04 (Nin 72 ONN W) + 0B (Nn T/ ONN Vi)
— (nT,ﬁTf + §(T£Tf + TET,ZB) + ’)/BNanA + ’yANnT,E — 2§NmNn) ONNYn
— AT BONNN Y
= ENRNpONN Y + 04 (N7 ONNYnn) + OB (NaTinONN Vinn )
(R 4 ST+ ) 49 N+ 4 AN,7E) By Vo
— ATBONNN Y,
= EONNYNN + 0a(OnNNYBN) + OB(ONNTY aN)

— kONNY AR — EONN(Van + Upp) —YPONNTAN — v ONN U BN

—OnnNYaB.
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Thus, by (3.18) and (3.19), one has
ONWiTi 7P = — kVap + £(Vaa + Vep) — 03 Vap = —OnVasp.
e Now we address the term OyW N - 7. Tt holds that
ONWi N7t = On [(NmOp — 720N ) (7204 — 71108) ¥ nn
— €jin (Nm0p + TEON)N;) (104 + 7205 + NiON ) Vn ],
which by (3.17) is rewritten as
ONWii N7t = (NimOnp — THONN) (T 04 — 73005) Urnn
— €j1n N (0 N;) (17" Ona + 720N B + NiONN)Vn,
and by (3.17) and (3.23), as
OINWi N8t = (Npwdpn — 10NN ) (1B 04 — 72208)Yinn — €jin N (0 N;) NiON N Y.
The last term vanishes since Oyny¥;ny = 0. Thus
OINWi N7 =(Nim0p — 120N ) (120N a — 700N B) Vin — YA Nou T ON N Wi,
and by (3.23), is rewritten as
ONWi Nyt = (NyOp — 7BON) (72 0an — k7204 — 7P 05 — 720N
+ kP17 08 + €771 04) Ui,
which by virtue (3.17) is rewritten as
5NWiijT{4 =— T,’Z('?N(TEGAN — RATE(?A — 57'563 — Tf@BN + ﬁBTfGB + 577‘146,4)\117,”1

B/ _B A_B B A
:_Tm(Tn 8NAN—’% Tn 8NA—€Tn 8NB_Tn 8NBN

+ :‘iBTfaNB + foaNA)\Ifmn.
Again by (3.17) and (3.23), one writes
8NV[/vij]VjTiA = - Tﬁ(rf&ANN - KJATfaAN - 57,{3831\; — Tr?aBNN
+ 557 A0pN + £ 0AN) Wi,
which, recalling (3.17), reads as
ONWi N7t = — T (17 dann — T OB NN) Winn
=—1BB0ANNT s + TE T OBNN T

Yet,

—3A(T,§Tf) + 83(757’,;4) = —vB(T,ﬁTf + Tﬁrf) + merf — /iBNmT;?

+ A (=TT ),
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and hence

ONWii Nt = = 0a(TETBONN Y n) + O (TET2ONN Y nn) — Y N2 ONN U

~ (=P (e + ) + ENr — KN

+ A/A(_Trﬁ,rr? + TETnB))aNN\IJmn

= — dannVpg +IsNNTas — Y ONNTNA
+ 298NN an — EONNY BN + KPONNT AN + 7 ONN (W aa — UpR).

Therefore, (3.18) yields
ONWi Nyt = 0aVaa + 0Vap + 2v8Vap + 7 (Vaa — Vag).
Since div V =0 and VN = 0, we infer from (2.16) that
ONVAN +0aVaa + 7" (Vaa — Vep) + 05Vas + 27" Vap = 0.
Thus
ONWaN = —ONVanN.

Similarly, one gets ONWpy = —On VBN -
e Finally, it remains to consider OyW N - N. We have

ONWiiN;jN; = O (1504 — 7208) (1204 — 72208) Urnn
— eﬂn(rﬁaA — T,ﬁ&B)Nj(TlAaA + TlBQB + NlaN)\I/mn],
which by (3.17) is written as
ONWijN;jN; = (1B0na — 700N B) (7204 — 7/108) Vo
— €jin(TB04 — T20B)N; (17*0On 4 + TPONE + NiONN) Yinn,
and again by (3.17), recalling (3.23), is rewritten as

ONWi; N;N; = (TEQAN — T,ﬁ@BN)(TfﬁA — Tf&B)\I/mn
—em(RATRT + il — kPP — AT YNONN Vi
= (TﬁaA - TgaB)(TnBaNA - T;?aNB)\Ilmn

— (—HATrng + fTﬁTr‘? - RBT;‘LT;? + fTéTf)@NN\IJmn.
Hence, (3.17) and (3.23) imply that

ONWiN;N; = (tBoa — 7208) (1B 0an — 7204N) P mn

+ (FLATETE + ﬁBTﬂ‘f‘LT,‘:‘ — 57’57’,‘:‘ — §T£Tf)5NN\I/mn.
Yet, (3.17) yields
ONWiiN;N; = k2ONNTUp + kPONNU A — 260NNV aB,
which by (3.18) achieves the calculation, since

8NWiijNi = —/iAVAA - KBVBB - 2§VAB~
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Recall now that div V' =0 and VN = 0 to infer from (2.16) that
ONWNN = —ONVNN.

Thus (3.16) is satisfied.

Step 5. The proof is achieved by the classical lifting theorem in H*(Q) for the
components of ¥ in the local basis such that (3.17)—(3.19) are satisfied. O

If E is a symmetric matrix decomposed as (2.15), we denote by Ep the tangential
part of F with components

(3.29) (ET)ij = EAAT{qTf—FEBBTiBTjB +EAB(T{4TJB —I—TJATZ-B).

LeMMA 3.11. Let E € H%2(0Q,S%), G € H'Y/?(09,S?). There exists H €
H?(Q,S?) such that

H=E on 09,
(ONH)r = Gr  on 09,
div H=0 on ON).

Proof. By the lifting theorem in H2(2), one constructs functions Haa, Hap, Hpp €
H?(Q) such that on 9

Haa=FEa4a, Hap=FEap, Hpp=Epsp,

OnHaa=Gaa, ONHap=Gap, OnHpp=Gga.

By (2.16), the conditions div H = 0 and H = E on 92 impose OnHyn, ONHny 4,
and Oy Hyp on 0f2. Then one constructs Hyy, Hy 4, and Hyp in 2 using again the
lifting theorem in H?((2). O

THEOREM 3.12. Let E € H3/?(9%,S?) with

/ ENdS(z) = 0,
o)

i.e., E € H32(0Q,S?), and G € H'/2(99,S?). There exists E € H*(Q,S?) such that

E=E on 0N,
(8NE)T = GT on 39,
div E=0 in Q.

In addition, such a lifting can be obtained through o linear continuous operator
Loa : (E,G) € H?(09,S%) x HY/?(09,S%) — E € H?(Q,S%).

Proof. Let H be the function defined in Lemma 3.11. We must construct K =
E — H € H?*(Q,S?) satisfying

K=0 on 012,
(ONK)r =0 on 09,
div K = —div H in Q.

We have div H € H}(Q,R3) and
/ div Hdz = | HNdS(z) = / ENdS(z) = 0.
Q 219} o0

Therefore Theorem 3.10 provides the desired K. Finally, the linearity and the conti-
nuity of the obtained lifting are easily checked at each step of its construction. O
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3.3. Beltrami decomposition. The following result is again given for the sake
of generality in LP(Q) with 1 < p < 0o but should be considered here for p = 2.

THEOREM 3.13 (Beltrami decomposition [15]). Assume that Q is simply con-
nected. Let p € (1,4+00) be a real number, and let E € LP(Q,S?) be a symmetric ten-
sor. Then, for any U € WYPP(9Q), there exist a unique u € WP(Q,R3) with u = U
on O and a unique F € LP(Q,S3) with Curl F € LP(Q,R3*3), inc F € LP(Q,S?),
div =0, and FN =0 on 02 such that

(3.30) E=V% + inc F.

We call Vu the compatible part and E° := inc F the (solenoidal) incompatible part
of the Beltrami decomposition.

3.4. Green formula. Let V be a vector field defined on 99, and let V be any
extension of V' in 2 with appropriate regularity. The surface divergence of V' is defined
on 0f) by

(3.31) divs V = div V — (dxV) - N.
LEMMA 3.14 (see [12]). If V € WL1(0Q,R?), then

/BQ divg VdS(z) :/ KV - NdS(z).

o

LEMMA 3.15. For all A, B € C*(Q,M?),

/A- Curl Bda::/ CurlA-de—!—/ (A x N)-BdS(z).
Q Q o9

Proof. We have
/A- Curl Bdz = / €k AijOr Bimdx
Q Q
= —/ ejkmakAijBimdx—i-/ €jkm Aij Bim NpdS(x)
Q o9

= /(Curl A)imBimd{E +/ (A X N)lmBlmdS($) O
Q o0

Denote A° = (A + A?)/2 the symmetric part of a tensor A.
THEOREM 3.16. Suppose that T € C*(Q,S?) and n € H*(Q,S?). Then

/T-incndx:/ inc T - ndx
Q Q

(3.32) + [ T(T)-ndS@)+ [ To(T) - OnndS(x)
o0 o0

with the trace operators defined as
To(T) := (T x N)" x N,
(3.33)  Ti(T):= (Curl (T x N)t)s +((On + K)T x N)' x N+ (Curl® T x N)S.

Proof. By density we can assume that 7 is smooth. Lemma 3.15 yields

/ T - inc ndx = / Curl® T+ Curl ndx + Curl - (T x N)'dS(z).
Q Q a0
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From the definition of the cross product of two tensors and its trace we observe that
div (tr A x B) = Curl A- B — Curl B - A.

As a consequence, setting A = (T x N)! and B = n in the above identity, one has
/ T - inc ndx = / Curl® T - Curl ndz —|—/ n- Curl (T x N)'dS(z)
Q Q a0

_/ div (tr (T x N)' x 1)) dS().
o0

By definition of the surface divergence, this is rewritten as
/ T - inc ndx = / Curl® T - Curl ndx +/ n- Curl (T x N)'dS(x)
Q Q o0

— divs (tr ((T'x N xn))+0n (tr ((TxN) ' xn)) N|dS(z).
o Laivs (or (" em)) o (ir () ) - v s
A short calculation shows that for two tensors A, B,

tr (AxB)-N=—(AxN)-B.

Using Lemma 3.14 we obtain

/T- inc nda::/ Curl® T+ Curl T]dx—l—/ n- Curl (T x N)'dS(x)
Q Q lo)
+/ KJ(TXN)tXN-T]dS(ZIJ)—F/ On (T x N)' x N)-n) dS(z).
o9 lo)

Rearranging yields
(3.34) / T - inc ndx = / Curl® T - Curl ndx +/ (T x N)' x N - OnndS(x)
Q Q o0
+/ (Curl (T x N)t + ((Ox + k)T x N)' x N) -ndS(x).
a0

One concludes the proof using Lemma 3.15. d

Remark 3.17. By Remark 3.4, only (Oxn)r matters in the rightmost integral of
(3.32).

Remark 3.18. For a symmetric tensor A and vectors u and v, one has ((A x u)t x v)"
= (A x v)! x u. Indeed, we have componentwise
(3.35)
((A X u)t X ’U)l.p = epjmeiklAjkulvm = eiklepijkjvmul = Gikl(AX'U);kul = (Axv)txu)pi.

LEMMA 3.19. We have the alternative expressions

(3.36)
Ti(T) = —ZKJR(T x 1)t x TR—Zg(T x )5 7B 4 ((=On 4+ K)T x N)' x N
R R

S
-2 <Z(8RT x Nt x TR> ,

R
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(3.37)
T) =Y wHTx ) x 7B 43 T x 77) x 7 — ((On + )T x N)' x N

—23 (@r +7%) (T x N)' x r7)°
In addition it holds that
(3.38) Ti(T)NdS(x) =
9Q
Proof. We have
(Cwrl (T x N)") = —€im€jim O (NiTy)
= —€ikm€jin (O N Ti; + NyO/Ti5)

= —€ikmEjin (Z 1 Or Nk Tij + Niﬁlﬂj)

R

= —€ikmEjin (Z(KRTzRTlf + & T, + N!ﬁﬂb)
R

:—Zn T><7' TR)nm—Zf((TXTR)tXTR*)
R nm
(Curlt TxN),
Hence
(3.39)
Curl (T x N)! Zn (T x 77t s 7R =37 (T x 77)t s 77 4 (Curl' T x N)".
R

By Lemma 3.1 and (3.35) we obtain (3.36).
Denote E4 = E — E¥ = 1(E — E'). By (3.39) and Lemma 3.1 we have

A
(Curl (T x N)")* = — (Curl* T x N)* = (Z(&RT x TR % N) .
R

Integrating against N and using the Stokes formula, by which [, Curl FNdS(z) =0
for any tensor F', yields

[219)

Curl® (T x N)'NdS(z) = / (Z(&RT x TRyt N) NdS(x).
o0

R

Using (3.35) and reordering the mixed product entails

(3.40) Curl® (T x N)'NdS(x) = —/ (Z(@RT x N)b x N) TRdS(z).
o0 00 \ ‘G

From the Stokes formula we have
(3.41)
1

TT)NdS(z) = = [ Cwl® (T x NYNdsS(z) + = / (Curl® T x N)' NdS(z),
o 2 o 2 (o9}
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and by Lemma 3.1
(3.42)

(Curl' T x N)'N Z ((OrT x TR)! x N) ‘N = Z ((OrT x N)! x N) 8
R R

Combining (3.41), (3.40), and (3.42) entails (3.38).
Finally, (3.37) is derived from (3.36) using

(ORT x N)' x 78 = 9 (T x N)' x 77) — (T x 9pN)! x 78 — (T x N)! x 9pr®. O

3.5. Gauge conditions. Theorem 3.16 applies to arbitrary test functions n €
H?(Q,S?), but only solenoidal fields are considered in the targeted application. The
implications as to the dual characterization of the boundary term 77 (T") are discussed
below. We define the gauge set

G:={VON,VeR*} CC0QS?
with
1
VioV,:= 5(Vlvtg + WV VW,V €R3,
and the matrices

M= | NN'S(z), P =(|0Q|ly + M)~!
o0

In what follows we will denote duality pairings by integrals for the sake of readability.
LEMMA 3.20. Let E € H=3/2(0Q,S?). Then the condition

(3.43) / E-FdS(z)=0 VF e HY?09,s%)
o0

holds true if and only if E € G.
Proof. Assume first that E € G, i.e., E=V © N for some V' € R3. We have for
all F e H3/2(09,S%)

/ E. FdS(z) = / (V& N)- FdS(x) = / (FN)-VdS(z) =
o0 o0 o0

Assume now that B € H~3/2(00Q,S?) satisfies (3.43). Let F € H3/2(0%,S?) be
arbitrary, and define

®= [ FNdS(z), F=F-2(P® cN.
o
We have
FNdS(z) =& —2 / ((P®) © N) NdS(x)
o0 o
=d— / (PON'N + NN'P®) dS(x)
o0
=@ — (PD|OQY + MPD)
— (|09I> + M)P® = 0.
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This implies that F' € H3/2(9Q,S?). Therefore
0= / E - FdS(z)
oQ

_ / E-FdS(x) -2 / (P®) - (EN)dS(z)
oQ

[519)

= /m E . FdS(z) — 2P (/m FNdS(x)) . (/BQ ENdS(x)) .

Set V =P [,, ENdS(x). We obtain

oz/aQE-FdS(x)—zv- (/mFNdS(x)) :/m (E— NV' — VN') . FdS(a).

This being true for all F' € H3/2(9Q,S%), we infer E= NV  + VN'=2VoN. O
We denote by (H%/2(99,S?))’ the dual space of H3/2(9,S?). The restriction
operator

R H™3/2(6Q,S%) — (H*?(0Q,S%))

is surjective by the Hahn-Banach theorem, and Lemma 3.20 says that ker R = G.
Therefore, the reduced map R : H=3/2(9Q,S%)/G — (H3?(99Q,S?))’ is an isomor-
phism. This permits us to identify the dual of H3/ 2(09,S?) with the quotient space
H—3/2(00,S%)/G.

LEMMA 3.21. Every E € H3/2(0Q,S?) /G admits a unique representative E such
that

(3.44) /8 . ENdS(z) = 0.

It is given by
(3.45) E=FE -2 <P/ IENdS(x)) ®N.
o

Proof. Arguing as in Lemma 3.20, one obtains that the function E defined by
(3.45) satisfies (3.44). For the uniqueness, one has to show that if E € G satisfies
(3.44), then E = 0. Thus, suppose that E=V ® N, V € R3. We have

/ ENdS(z) = L / (VN!N + NN'V)dS(z) = 1P*lv,
80 2 Jaa 2

whereby (3.44) implies V = 0 and subsequently E = 0. O
With these elements at hand, we can now generalize Theorem 3.16 to arbitrary
tensors T € Hine(£2,S?). First we remark that, by density,

(3.46) / T - inc ndz = / inc T - ndx
Q Q

for every T € Hinc(Q,S%) and n € H?(Q,R3) such that n = (Onn)7 = 0 on Q.
Then, for every T € Hine(92,S?), we define the traces 7o(T) € H~'/2(09,S?) and
Ti(T) € H*/2(09,S%)/G by

(To(T), o) = /

T - inc nodx — / inc T - nodx Voo € HY2(89,S?),
Q

Q
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TT)on) = [

T - inc nde — / inc T - mdx Vo, € H3?(89,S?),
Q

Q

with 19 = L8a(0,¢0) and 11 = Laa(p1,0) (recall that Ly is the lifting operator
defined in Theorem 3.12). These definitions are independent of the choice of the
liftings by virtue of (3.46). In addition, by Lemma 3.21, the function 71 (7") satisfying
(3.38) is unambiguously defined in this way. By linearity of Lyq, this extends formula
(3.32) to any functions T' € Hi,(2,S?) and n € H(Q).

Because of the aforementioned gauge properties, Lemmas 3.20 and 3.21 are also
crucial in order to derive strong formulations. This issue is examined in the next
section.

4. A boundary value problem for the incompatibility. In this section we
assume that  is simply connected.

4.1. Governing equations. Let a € L*>(Q) with infoa > 0, G € L*(Q2,S?)
with div G = 0 in the sense of distributions. Consider the strictly convex minimization
problem

. Q. 2
(4.1) EGH'J}LIQI%Q)A (2|1nc E*-G E) dzx,

whose Euler—Lagrange equation is
(4.2) /aincE- inc Fdx:/G-Fdx VF € Ho(9).
Q Q

By Theorem 3.9 and the Lax—Milgram theorem, (4.2) admits a unique solution E €
Ho(2).

Remark that by Theorem 3.12, (4.2) also admits a unique solution in Hg r(£2)
and even in Hg r.r, () (with the test function F' € Hp,(€2)). In fact, it suffices to
consider Theorem 3.9 and the Lax—Milgram theorem with the unknown E— Lyq (E,F)
which satisfies homogeneous boundary conditions. Note that by (3.7), the tangential
components of F are permutations of the components of (OyF)r of Theorem 3.12. It
should also be remarked that by the Green formula (3.32) and arguing as in section
4.2, the solution E € Hgr,r,(€2) satisfies the Neumann conditions 7o(oinc E) =
Ti(aine E) =0 on 992\ T'y.

If F € D(£,S?) is not solenoidal, the Beltrami decomposition gives F' = F0+V 5w
with div ¥ = 0 and w = 0 on 912, and subsequently

/aincE~incha::/aincE-inc Foda:sz-FOda:
Q Q Q

(4.3) ::/mG~Fﬂx—:/d}-vswdx::/jG~Fﬂm
Q Q Q

since div G = 0. Thus, in view of (3.32) with T' = «inc E, the strong form associated
with (4.3) is

inc (ainc E) =G in Q,
div E=0 in Q,
E=0 on 012,
(ONE x N)!x N =0 on 09Q.

(4.4)
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Let us first focus on the specific case where « is constant. We have the following.

LEMMA 4.1. For all E symmetric and solenoidal, it holds that inc (inc E) =
AAE.

Proof. Componentwise, one computes

(inc (inc E))ij = €iki€ jmnEipgEnrsOkOmOpOr Egs
(5ip5kq - 6iq5kp)(6jr6ms - 6j86mr)8kam8parEqs
= 8i8jaq85Eqs — 8£8jasEis — 8£8rajEij + 8§8T2E” = AAEZ'J',

which gives the expected result. O

By (3.6) and (3.7), the expression (Oy E x N)* x N is a mere linear recombination
of O EEx N, whereby these two expressions are equivalent. Therefore, it is not difficult
to see [21] that (4.4) for a constant is equivalent to

A(aAE)=G in Q,
E=0 on 09,
(4.5) div E=0 on 09,
ONEXN=0 on 09,
Onvdiv E=0 on 0.

Moreover, one has the following result [21].

THEOREM 4.2. The system (4.5) admits a unique strong solution E € H*(2,S3),
which is also a solution of (4.2) and (4.4).

We infer the following property, which enables us to reconstruct a solenoidal
tensor field from its incompatibility.

LEMMA 4.3. Let T € L*(Q,S?) with div T = 0 in the sense of distributions.
There exists S € H*(Q,S3) such that div S =0 and inc S =T.

Proof. Tt suffices to set S = inc F with E a solution of (4.4) with @ = 1 and
G =T. Theorem 4.2 shows that E € H*(,S?); hence S € H*(Q2,S?). O

4.2. Transmission conditions. Let w CC Q with smooth boundary dw and
outward unit normal N. Suppose that

_{ ap in Q\w,

a; inw,

with ag, a1 two positive constants.

THEOREM 4.4. Assume E is a solution of (4.2), and denote T'= inc E. Denote
[A] the jump of the quantity A across Ow, with the trace counted positively on the
interior side of w. Then

(4.6) inc (aT) =G  inQ\ dw,
(4.7) [T:(aT)] =0  on dw,
(4.8) [To(aT)] =0  on dw,
(4.9) [TN]=0  on dw.

Conversely, if T € Hio(Q\ 0w, S?) satisfies

divT =0 inQ\Jw,
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together with (4.6)—(4.9), then
divT =0 and inc (aT)=G in§

in the sense of distributions. Moreover, there exists E € H?*(Q,S?) with div E =0
such that T = inc F.

Proof. Using (3.32) (in its generalized version; see the discussion in section 3.4),
we have for all F' € Ho(2)

/G-Fda:z/alT-inchx—F/ apT - inc Fdx
Q w Q\w

= / inc (a1 T) - Fdx —|—/ inc (7)) - Fdx
w Q\w

+ [ [Ti(aT)] - FdS(z) + / [To(aT)] - OnFdS(z).
Ow Ow

Choosing F' with compact support in w then in Q\ w yields (4.6), as in (4.4). By The-
orem 3.12 combined with Lemmas 3.19, 3.20, and 3.21, we infer the two transmission
conditions (4.7) and (4.8). In addition, one has div T = 0 which reads in the weak
form

/ T-VFdr =0 VF cD(Q,R?.
Q

Integrating by parts yields (4.9).
The converse relies on the standard Green formula, Theorem 3.16, and Lemma
4.3. O

5. Physical interpretation. The aim of this section is to describe two physi-
cally motivated problems where our model fourth-order boundary value problem with
the inc operator is considered. In the first example special emphasis is given to the
two Dirichlet boundary conditions, whereas in the second example, the main con-
cern is the first Neumann boundary condition. In both cases, providing two Dirichlet
boundary conditions on (arbitrarily small, but nonflat) Iy is mandatory to ensure
uniqueness of the solution.

The displacement in linear elasticity in the presence of dislocations.
Let us assume that the distribution of dislocations is known and is given by the
smooth second-rank tensor A satisfying a local conservation law expressed in the
form div A* = 0, meaning that the dislocation lines are closed or end at the boundary
[14, 23]. Let I'g be a subset of 99 which is not everywhere flat and has nonzero H?-
measure. Let F € H'/2(9€;S?) such that FN = 0. By Lemma 3.1, one rewrites (1.7)
with the second Dirichlet boundary condition restricted to I'y and nonhomogeneous
as

inc inc F=Curl k in £,
(5.1) E=0 on 09,
Curl' Ex N=-F on I\.

It is understood that natural (homogeneous Neumann) boundary conditions comple-
ment this system. It is first observed from (1.4) that Curl s is symmetric as soon as
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Al is divergence-free, since its skewsymmetric part vanishes, as seen by the following
computation:

1
(52)  emnpenkiOr(K)mi = emnpenkiOk(A)mi = 5 emnpemniOk(A)gq
1
(5.3) = Op(M)ut = O (D) mp — S€mnpemniO(A)gg = 0,

where we have used the identity €np€mni = 20,5. Moreover, the second boundary
condition is on the Frank tensor, the physical meaning of which is alluded to in the
introduction.

Recall (3.2) and define

(5.4) Hrro () :={E € Horr,(Q) : £ =0 on 0Q}.

Therefore, by our existence result for the nonhomogeneous problem, the field E is
found as the solution of

1
(5.5) min / (—| inc B> — Curl & - E) dx.
EGHF;FO (Q) Q 2

Let us denote €® := inc E. Now, by (1.6), one infers that the displacement wu is the
solution of

(5.6) —div (AVIu) = AVtr ¢ in
' (AVSu)N = g — Atr N on 9.

In this equation, one identifies AV tr €? as a dislocation-induced conservative force in
the body, and —Atr eV as a dislocation-induced traction at the boundary.

Remark that by Theorem 3.16 one has 7o(e”) = 0 on 9 \ T'g; i.e., the tangential
components of € vanish. Obviously one can take Iy = 99 to recover the full pure
Dirichlet problem. It should also be noted that by Remark 3.5, taking F = 0 in the
second Dirichlet condition implies that (inc E)N = "N = 0 on T.

To summarize, in this section we have given a meaning to the equation

{—div (AVSu) = f in Q,

(5.7) (AVSu)N =g on 09,

where u is the displacement field and f is a conservative force (as the gravity), in
the case where —div o = 0 (global equilibrium) and in the presence of dislocations,
ie., Vou = A~lo — € with inc €® related to the density of dislocations. Thus, we
have started with the strain as variable, as in the intrinsic models of elasticity, and
then introduced the displacement as the solutions of PDEs which describe the static
problem of an elastic body with dislocations.

Elements of a thermodynamic model for crystal growth. Assume that
the elastic body with dislocations is embedded in an environment whose temperature
field T is known. Assume that the dislocation density and hence the contortion tensor
satisfy a constitutive law of the type

(5.8) K(T) = Keq exp (%To <% - 1) + 5(1 - TZO) (? - 1)) :

where ky is the Boltzman constant, Keq is the equilibrium concentration at the refer-
ence temperature Ty, and H and S are the effective formation enthalpy and entropy,
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respectively. A law such as (5.8) has been used successfully for the numerical sim-
ulation of point defects in single crystals, as reported in [22]. Referring to the brief
discussion in the introduction and to Theorem 3.16, we would like to consider the
mixed problem

inc (Minc ) =G in €,
=0 on 09,
Curl' € x N=—-F on Ty,
To(inc ') =T on 90N\ Ty,

(5.9)

whose solution exists and is unique in Hp.r,(2) as defined in (5.4). Our aim is to
physically interpret the boundary conditions of (5.9) and in particular the Neumann
condition. First, the first Dirichlet boundary condition means by Beltrami decompo-
sition that

oN = (Ae)N = (AVSu)N = g

on 0f); i.e., pure traction is exerted, with u interpreted as the displacement field. As
for the second condition, taking F = 0 implies that (inc )N = (Curl k)N = 0 on
Iy. By (5.8) this is rewritten as &'(1p)(VI x N) = 0 with Tj the temperature at
T'p, which is a condition satisfied if and only if 7' = T is a constant on I'g, that is,
the temperature gradient is purely normal on I'y. As for the first Neumann boundary
condition, one has To(Curl k) = (Curl k x N)! x N =T. By the symmetry property
of k (cf. (5.2)), by Lemma 3.1 and (3.35), one has

(Curl & x N)' = (Curl* k x N)' = —(Onk x N)' x N—Z(@RH x N)Ex rf.
R

By (5.8), this yields

(Curl & x N)t = —ONT(K'(T) x N)! x N — (k/(T) x N)! x VsT,
where VsT' =", TRORT means the surface gradient. Thus
(5.10) (Curl & x N)' x N = OnT(x'(T) x N)' 4 ((5'(T) x N)' x N) x VsT.

We have assumed that the temperature field is known and hence T must be given by
the right-hand side of (5.10), which involves the normal and tangential gradients of
T. Note that the tangential gradient may not be zero if one thinks of a physical ex-
periment such as Czochralski growth of single crystals [16, 22]. Moreover, in this case
one can take I'y as the solidification interface, where on the one hand the temperature
is constant (and equal to the solidification temperature Tp), and which on the other
hand is nowhere flat (by superficial tension properties).
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